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CHAPTER 1 



Introduction 

The goal of this work is to develop, in a systematic way and in a full natural 
generality, the foundations of a theory of functions of (free) noncommuting vari- 
ables. This theory offers a unified treatment for many noncommutative objects 
appearing in various branches of mathematics. 

Analytic functions of d noncommuting variables originate in the pioneering 
work of J. L. Taylor on noncommutative spectral theory [771 178) . The underlying 
idea is that a function of d noncommuting variables is a function on rf-tuples of 
square matrices of all sizes that respects simultaneous intertwinings (or equivalcntly 
- as we will show — direct sums and simultaneous similarities). Taylor showed 
that such functions admit a good differential (more precisely, difference-differential) 
calculus, all the way to the noncommutative counterpart of the classical (Brook) 
Taylor formula. Of course a d-tuple of matrices (say over C) is the same thing 
as a matrix over C d , so we can view a noncommutative function as defined on 
square matrices of all sizes over a given vector space. This puts noncommutative 
function theory in the framework of operator spaces [291 1621 I63j . The theory 
has been pushed forward by Voiculescu [HI [84j, with an eye towards applications 
in free probability [801 1811 1821 185] . We mention also the work of Helton-Klep- 
McCullough 0QII41], of Popescu [Ml HO], and of Muhly-Solel [54], [56]. 

In a purely algebraic setting, polynomials and rational functions in d noncom- 
muting indeterminates and their evaluations on d-tuples of matrices of an arbitrary 
fixed size (over a commutative ring 1Z) are central objects in the theory of polyno- 
mial and rational identities; see, e.g., [711 133] . 

In systems and control, noncommutative rational functions and formal power 
series appear naturally as recognizable formal power series of the theory of automata 
and formal languages [HI [73l EH [301 [HI [32l [19] and as transfer functions of mul- 
tidimensional systems with evolution along the free semigroup |14L [9], I11L 1101 [3l 
112] . In particular, transfer functions of conservative noncommutative multidimen- 
sional systems are characterized as formal power series whose values on a certain 
class of d-tuples of operators are contractive (matrix evaluations actually suffice — 
see [4]). 

Coming from a different direction, it turns out that most optimization problems 
appearing in systems and control are dimension-independent, i.e., the natural vari- 
ables are matrices, and the problem involves rational expressions in these matrix 
variables which have therefore the same form independent of matrix sizes; see [39j . 
This leads to exploring such techniques as Linear Matrix Inequalities (LMIs) — see, 
e.g., [591 158L 176] — in the context of noncommutative convexity and noncommu- 
tative real semialgebraic geometry, where one considers polynomials and rational 
functions in d noncommuting indeterminates evaluated on d-tuples of matrices over 
K [381142114511441143] . 
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A key feature of noncommutative functions that we establish in this work is very 
strong analyticity under very mild assumptions. In an algebraic setting, this means 
that a noncommutative function which is polynomial in matrix entries when it is 
evaluated on n x n matrices, n = 1, 2, . . ., of bounded degree, is a noncommutative 
polynomial. In an analytic setting, local boundedness implies the existence of a 
convergent noncommutative power series expansion. 

Difference-differential calculus for noncommutative rational functions, its rela- 
tion to matrix evaluations, and applications were considered in |50l 151] . 

Recent papers |64l 1151 116] used the results of the present work on noncom- 
mutative function theory to study noncommutative infinite divisibility and limit 
theorems in operator-valued free probability. For instance, in the scalar-valued 
case a measure is free infinitely divisible if and only if its so-called i?-transform 
has positive imaginary part on the complex upper half-plane ( |17j , see also [601 - 
this is the free analogue of the classical Levi-Hingin Theorem) . One of the main 
results of [64 is a similar statement in the operator-valued case except that the 
i?-transform of an operator-valued distribution is a noncommutative function. 

Finally, in a recent paper pQ , a general fixed point theorem for noncommutative 
functions has been proved, and, in particular, the corresponding variation of the 
Banach contraction mapping theorem has been obtained. This result was applied 
then to prove the existence and uniqueness theorem for ODEs in noncommutative 
spaces. In addition, a noncommutative version of the principle of nested closed sets 
has been established. 

We proceed now to give some motivating examples of noncommutative func- 
tions followed by their definition; we then discuss the difference-differential calculus 
and present some of the main results of the theory and finish the introduction with 
a detailed road map. 



We wish to thank Mihai Putinar for directing our attention to the work of J. L. 
Taylor, and Shibananda Biswas for a careful reading of the manuscript and valuable 
suggestions. It is also a pleasure to thank J. A. Ball, S. Belinschi, M. Dritschel, J. 
W. Helton, I. Klep, S. McCullough, P. Muhly, M. Popa, and B. Solel for fruitful 
discussions. 

1.1. Noncommutative (nc) functions: examples and genesis 

Let TZ be a unital commutative ring, and let TZ{x%, . . . ,Xd) be the ring of nc 
polynomials (the free associative algebra) over TZ. Here X\,...,Xd are nc indeter- 
minates, and / € TZ{x\, . . . , Xd) is of the form 



where denotes the free semigroup on d generators (letters) g\, . . . , with iden- 
tity (the empty word), f w G TZ, x w are nc monomials in xi,...,Xd (x w = 
xj 1 ■ ■ ■ Xj m for w = gj 1 ■ ■ ■ gj m €E F,; and ar — 1), and the sum is finite. / can 
be evaluated in an obvious way on d-tuples of square matrices of all sizes over TZ: 



Aknowledgements 



(1.1) 




weF d 



foTX = (X 1 ,...,X d )£ (K nxn ) d 
(1-2) f(X) = 




weF d 



weF d 
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We can also consider nc formal power series or nc rational functions. The ring 
1Z((xi, . . . , Xd}} of nc formal power series over 1Z is the (formal) completion of the 
ring of nc polynomials; / G lZ((xi, . . . , x c i)) is of the same form as in (jl.ip . except 
that the sum is in general infinite. There are two ways to evaluate / on d-tuples of 
square matrices: 

• Assume that X — (X\, . . . ,Xd) € (7J" x ™) <i i s a jointly nilpotent d-tuple, 
i.e., X w = for all w € with \w\ > k for some k, where \w\ denotes the 
length of the word w; when 1Z = K is a field, this simply means that X 
is jointly similar to a d-tuple of strictly upper triangular matrices. Then 
we can define f(X) as in (|1.2p . since the sum is actually finite. 

• Assume that 1Z = K is the field of real or complex numbers and that / 
has a positive nc multiradius of convergence, i.e., there exists a (i-tuplc 
p = (pi, ... , pa) of strictly positive numbers such that 

limsup J \U\p w < 1. 

Then we can define f(X) as in (|1.2p . where the infinite series converges 
absolutely and uniformly on any nc polydisc 

oo 

U{Ae (K" x ") d : ||X,-|| <r„ j = l,...,d] 

n=l 

of multiradius r — (r\,. . . , r^) with Tj < pj, j = 1, . . . , d. 

The skew field of nc rational functions over a field K is the universal skew 
field of fractions of the ring of nc polynomials over K. This involves some non- 
trivial details since unlike the commutative case, a nc rational function does not 
admit a canonical coprime fraction representation; see [6l 1181 1211 123) for some of 
the original constructions, and |71[ Chapter 8] and [22|, 124] for good expositions 
and background. The following quick description follows I50|, I51j . to which we 
refer for both details and further references. We first define (scalar) nc rational 
expressions by starting with nc polynomials and then applying successive arithmetic 
operations — addition, multiplication, and inversion. A nc rational expression r 
can be evaluated on a ei-tuple X of n x n matrices in its domain of regularity, 
domr, which is defined as the set of all c?-tuples of square matrices of all sizes such 
that all the inverses involved in the calculation of r(X) exist. (We assume that 
domr ^ 0, in other words, when forming nc rational expressions we never invert 
an expression that is nowhere invertible.) Two nc rational expressions r\ and r-i 
are called equivalent if domri n domr^ ^ and r\(Z) = r2(Z) for all cf-tuplcs 
Z G dom n H dom r2 . We define a nc rational function r to be an equivalence class 
of nc rational expressions; notice that it has a well-defined evaluation on {J r€z dom r 
(in fact, on a somewhat larger set called the extended domain of regularity of r). 

We notice that in all these cases the evaluation of a formal algebraic object / 
(a nc polynomial, formal power series, or rational function) on c?-tuples of matrices 
possesses two key properties. 

• / respects direct sums: f(X © Y) = f(X) © f(Y), where 
X® Y = (Xi ®Y U . . .,X d © Yd) = 



Xi 




x d o 




Y 1 


, . . . , 


Y d 
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(we assume here that X = (Xi, . . . , Xd), Y = (Yi, . . . , Yd) are such that 
f(X), f(Y) are both defined). 
• / respects simultaneous similarities: f(TXT ) = T/(X)T _1 , where 

TXT- 1 = {TX 1 T- 1 1 ...,TX d T- 1 ) 

(we assume here that X = (X%, . . . , Xd) and T are such that f(X) and 
/(TXT- 1 ) are both defined). 

More generally, one can consider a p x q matrix- valued nc polynomial / with 
coefficients f w £ W xq and with evaluation 

(1.3) f(X) = XW ® /« e K " X " ® KPX? - K npx ™ 9 

«i6F d 

for X G (K nx ™) d , and similarly for nc formal power series with matrix coefficients 
and matrix-valued nc rational functions^ It is still true that the evaluation of / on 
matrices respects direct sums and simultaneous similarities (where for similarities 
we replace Tf{X)T~' 1 by (T ® I p )f(X)(T ® I,)" 1 ). In the case K = C or IK = M, 
one can also consider operator-valued nc polynomials and formal power series. 

Quasideterminants [36, 37, 34 and nc symmetric functions [35 are important 
examples of nc rational functions, whereas formal Baker-Campbell-Hausdorff series 
[2 8) are an important example of nc formal power series. Let us also mention here 
nc continued fractions [86] . 



1.2. NC sets, nc functions, and nc difference-differential calculus 

Both for the sake of potential applications and for the sake of developing the 
theory in its natural generality, it turns out that the proper setting for the theory 
of nc functions is that of matrices of all sizes over a given vector space or a given 
module. In the special case when the module is lZ d , nxn matrices over lZ d can be 
identified with d-tuples ofnxn matrices over 1Z, and we recover nc functions of d 
variables, key examples of which appeared in Section ll.il 

Let M. be a module over a unital commutative ring 1Z; we call 

oo 

M nc = ]]_M nXn 

n=l 

the nc space over Ai. A subset Q C A4 nc is called a nc set if it is closed under 
direct sums, i.e., we have 



X®Y 



X 
Y 



n+m 



for all n, m e N and all X g D, n , Y e O m , where we denote 0„ = il n M nxn . NC 
sets are the only reasonable domains for nc functions, but additional conditions on 
the domain are needed for the development of the nc difference-differential calculus. 
Essentially, we need the domain to be closed under formation of upper-triangular 
block matrices with an arbitrary upper corner block, but this is too stringent a 
requirement (e.g., this is false for nc polydiscs or nc balls — see Section 11.2.31 
below). The proper notion turns out to be as follows: a nc set fi C A4 nc is called 



Notice that, unlike in 1501 and 1511 . we write the coefficients f w on the right. 
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right admissible if for all X € Q, n , Y £ il m and all Z G j^nxm j^ere exists an 
invertiblc reK such that 



o y 



G 



n+m ■ 



Our primary examples of right admissible nc sets are as follows: 

1.2.1. The set fi = Nilp(A^) of nilpotent matrices over a module M.. Here 
X G A"f ix ™ is called nilpotent if A 0fc = for some k, where X &k denotes the 
power of X as a matrix over the tensor algebra 

oo 

T(M) = 0A<® J ' 

j'=o 

of .M (this is often called the "faux" product in operator space theory, when M. =V 
is an operator space); in the case where 1Z = K is a field, this means that there 
exists an invertible T £ K nx ™ such that TXT -1 is strictly upper triangular. 

1.2.2. Assume that V is a Banach space (so K = C), as well as the spaces 

V nx ™, n = 2, 3, We usually need the topologies on y nx ™ to be compatible in 

the following sense: we require that the corresponding system of matrix norms || • || ra 
is admissible, i.e., for every n, m G N there exist Ci(n,m), C[(n,m) > such that 
for all X G V nxn and Y G V mxm , 

(1.4) C7 1 (n,m)^ 1 max{||X|| n ,||y|| m } < ||X©Y|| n+m 

<C!(n,m) max{||X|| n ,||y|| m }, 

and for every n G N there exists C2(n) > such that for all X G V" x " and 
(1-5) ||5XT|| n <C 2 (n)||5||||X||„||T||, 

where || • || denotes the operator norm of C™ x " with respect to the standard Eu- 
clidean norm of C ra . If fi C V nc is open in the sense that 0„ C v™ x " is open for all 
n, then is right admissible. 



1.2.3. Assume that V is an operator space, see, e.g., [291 1621 163] . Recall 
that this means (by Ruan's Theorem) that there exists a system of norms || • ||„ on 
V ,lXTl , n = 1, 2, . . ., satisfying 

(1.6) ||XeY||„+ m =max{||A||„,||r|| m } for all X G y™ x ™, y g V mxm , 
and 

(1.7) ||TAS*||„ < ||T||||A||„||S*|| for all AG V nx ™, T,5eC nxn . 

Clearly, this system of norms is admissible, with the constants in (11 .4[) and (|1.5p 
satisfying 

Ci(n, m) = C((n., m) = C 2 (n) = 1, n,meN. 
For y G V sxs and r > 0, define a nc ball centered at Y of radius r as 

oo m oo rn 

B nc (Y,r) = II S (0 y ' r ) = II {xeW smxsrn : || X - 0y|| < r}. 



m— 1 a— 1 m— 1 
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NC balls form a basis for a topology on V nc , that we call the uniformly- open topology, 
which is weaker than the disjoint union topology of Section 11.2.21 In particular, 
every uniformly-open nc set is right admissible. 

Let M. and M be modules over a unital commutative ring TZ, and let il C A4 nc 
be a nc set. A function / : £1 — s- Af nc with f(£l n ) C J\f nxn is called a nc function if: 

• / respects direct sums: f(X®Y) = f(X)®f(Y) for all X eQ, n ,Y E Sl m - 

• f respects similarities: f{TXT- v ) = Tf(X)T- 1 for all X e 0„ and 
invertible T £ TZ nxn such that TXT- 1 € Q„. 

It turns out that these two conditions are equivalent to a single one: / respects 
intertwinings, namely if XS = SY then f(X)S — Sf(Y), where X € Q n , K € il m , 
and S 1 G TZ nxm . This condition originates in the pioneering work of Taylor |78j . 
We denote the module of nc functions on ft with values in J\f nc by T(H; A/" nc )- 

The main idea behind the nc difference-differential calculus is to evaluate a nc 
function on block upper triangular matrices. Let / be a nc function on a right 
admissible nc set £1 C A4 nc with values in Af nc - Let X <E £1„, Y € f2 m , and 
Z e >( nxro , and let r e K be invertible and such that [* r /] e O n+m . Then it 
turns out that 

f(X) A R f(X,Y)(rZ) 
/(F) J ' 

where the mapping Z i-> A R f(X, Y){Z) from .M« xm to A/" nxm is ^-linear. 

We will call A = A R the right difference- differential operator. (The left 
difference-differential operator can be defined analogously via evaluations on 
block lower triangular matrices.) Its main property is that for all n, m 6 N, X € il„, 
y e Q m , and SeK rax " one has 

(1.8) S/PO - /(y)5 - Af(Y, X)(SX - 

In particular, when n — m and S = I n , we have the following formula of finite 
differences: 

(1.9) f(X)- f(Y) = Af(Y,X)(X-Y) (=Af(X,Y)(X-Y)). 

Thus, the linear mapping Af(Y, Y)(-) plays the role of a nc differential. 

Let TZ — K be a field of real or complex numbers. Setting X = Y + tZ (with 
t £ K), we obtain from (|1.9[) that 

f(Y + tZ) - f{Y) = tAf(Y, Y + tZ)(Z). 

Under appropriate continuity conditions, it follows that Af(Y,Y)(Z) is the direc- 
tional derivative of / at Y in the direction Z . 
In the case of M — 7l d , (|1.9[l turns into 

d 

(1.10) f(X)-f(Y)=J2^if(y,X)(X i -Y i ), X,Yen n , 

i=l 

where AJ(Y~,X)(C) = Af(Y, X)(0, . . . , 0, C, 0, . . . , 0), and C £ TZ nxn is at the 
i-th position. The linear mapping Aj/(Y, Y)(-) plays the role of an i-th partial nc 
differential at the point Y. 

For Mo, Mi, TVo, A/i modules over a unital commutative ring TZ, and f2'°) C 
jV(o,nci f^ 1 ^ C A^i.nc nc sets, we define a nc function of order 1 to be a function / on 
x fiW so that for X° e fl^ and X 1 € 0$, X 1 ) : A/i" *" 1 -> A/'o™ oX " 1 

is a linear mapping, and so that / respects, in a natural way, direct sums and 





X 


rZ 




( 





Y 
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similarities in each argument. A typical nc function of order 1 is f(X,Y)(Z) = 
f (X)(Zh{Y)), where f E T(M°hM>*c) and h € T(Sl^; 7Vf inc ). We denote the 
class of nc functions of order 1 by T 1 (fi^°\ Sl^; A/o, nc , A/i, nc )- 

It turns out that for / € T(fi;7V nc ) one has A/ e T^fi, 17; 7V nc , -M nc )- More 
generally, one can define nc functions of order k, T k (Sl^°\ ■ ■ ■ , Sl^;Af ,nc, ■ ■ ■ , A4,nc), 
where Sl^ ' C A^o,nc, • ■ ■ , Q -Mk,nc, to be functions of k + 1 arguments in 

flno ) • • • , ^ri^ whose values are fc- linear mappings 

^y^noxni x . . . x ^nnxiii, ^ ^y^n xn fc 

and that respect, in a natural way, direct sums and similarities in each argument. 
There is a difference-differential operator A: T k — > T fe+1 , so that by iteration 
we obtain for / e T{tt\N nc ) that A e f € T e (Sl, . . . , SI; M nc , Mxc, • • • .Mxc)- (We 
view usual nc functions as nc functions of order 0: T(il;A/"n C ) = T° (SI; Af nc ) .) 
Rather than using iterations, we can also calculate A e f(X°, . . . , X e )(Z 1 , . . . , Z l ) 
directly, by evaluating / on a block matrix having X°, . . . , X 1 on the main diagonal, 
Z 1 , . . . , Z l just above the main diagonal, and all the other block entries zero, and 
taking the (1, 1 + l)-th block entry. 

The difference-differential operators A (and A^) are obviously linear. They also 
satisfy a version of the chain rule (for a composition of nc functions), and — in the 
case when a product operation is defined — a version of the Leibnitz rule. 

Using these higher order difference-differential operators, iterating the first or- 
der finite difference formula (|1.9|) . and using the fact that direct sums are respected, 
leads to the following nc counterpart of the classical Taylor formula (see, e.g., |75] 
for the commutative multivariable version), that we call the Taylor-Taylor formula 
(or simply the TT formula), in honour of Brook Taylor and of Joseph L. Taylor. 
Let f: SI —> Af nc be a nc function on a right admissible nc set SI C A4 nc , let s e N, 
and let Y G Sl s ; then for all m € N, X € Sl ms , and N = 0, 1, . . . one has 




JV+l times 



Here (X — ^) 0S denotes the 1-tYi power of X — (J)a'=i Y viewed as a m x 

to matrix over the tensor algebra T(A4 SXS ); this power is a to x to matrix over 
(A4 sxs )® e , to which the mapping A e f(Y, . . . ,Y) viewed as a linear mapping on 
(A4 SXS )® is applied entrywise, yielding a to x to matrix over J\f sxs , i.e., an element 
of J\f msxms ^ The remainder term has a similar meaning. 

The TT formula makes it natural to consider the infinite TT series of / 

around Y € Sl s , 

(i.i2) E( x -0 r )' s AV(y,...,n 

l = Q Q = l 
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In the case M. = lZ d and Y = fi G K d is a scalar point (so s = 1), (I1.12|) can be 
rewritten as an ordinary nc power series using the d-tuple of partial nc difference- 
differential operators A = (Ai, . . . , A<j) (with an obvious abuse of notation), 

(1.13) ( X - M^rA- T /(M, ■ • ■ ,/*), 

w£F d 

where A w = A ie ■ ■ ■ A it for a word w — ■ ■ ■ G F<j. There is a version of 
(|1.13l) for a general matrix center Y: 

(1.14) J2 (x-($Y)' sW A wT f(Y,...,Y). 

w£Fd a=l 

For / G T(fi;A/" nc ) and Y G fi s , the sequence of ^-linear mappings fi := 
A e f(Y, ...,Y): {M sxs f -> A/" sxs , £ = 0, 1, . . ., satisfies the following conditions: 

(1.15) Sf -foS = fi(SY-YS), 
and for £ = 1, . . ., 

(1.16) Sf t (Z\ ...,Z e )~ MSZ\Z 2 , ...,Z l )= f t+1 (SY -YS,Z\..., Z% 

(1.17) h{z l , . . . , Z 3 ' -1 , Z i+1 ,. ..,Z e )~ f e (Z\ Z\ SZi +l ,Z i+2 , ... 7 Z e ) 

= f e+1 (Z\ . . . , Z\ SY - YS, Z*+\. . . , Z e ), 

(1.18) fe(Z\ Z*-\ Z l S) - fe(Z\ Z l )S = fe+i(Z\ ...,Z e ,SY- YS), 

for every 5 G 1Z SXS . (Notice, that in the case s = 1, conditions (|1.15p - ()1.18[) are 
trivial.) Conversely, given a sequence of ^-linear mappings fe : (Al sxs ) — >• J\f sxs , 
£ = 0, 1, . . ., satisfying conditions (|1.15[> - (|1.18[) . the sum of the series 

(1.19) /(X) = ^ (X - Yj ' S A'/(y, • ■ • , Y), 

i=0 a=l 

whenever it makes sense, defines a nc function. Similar direct and inverse statement 
can also be formulated in the case where M. = lZ d for the series along F<£. 

1.3. Applications of the Taylor Taylor formula 

The Taylor-Taylor formula is the main tool for the study of local behavior of 
nc functions. Here are some sample results. 

1.3.1. Any nc function on Nilp d (7£) := Nilp(7?.' i ) (the set of jointly nilpotent 
d-tuples of matrices over a unital commutative ring TV) is given by a nc power series 

f(X)= £ X w A wT f(0,...,0), 

where the sum is finite. More generally, let Y G (TZ SXS ) . Denote by Nilp d (TZ,Y) 
the set of (i-tuples of sm x sm matrices over TZ, m = 1,2,..., such that X — 
(BqLi Y € Nilp d (7£). Then any nc function on Nilp d (72., Y) can be written as in 
(|1.14|) where, again, the sum is finite. 
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1.3.2. Let IK be an infinite field, and let / be a nc function on (K ci ) nc such that 
for every n each matrix entry of f(Xi, . . . , Xd) is a polynomial in matrix entries of 
Xi, . . . , Xd of a uniformly (in n) bounded degree. Then / is a nc polynomial. 

The condition of uniform boundedness of the degrees is necessary. However, 
we can get a sharp result without this condition as well: namely, / belongs to the 
completion of the ring of nc polynomials with respect to the decreasing sequence 
of ideals {Tn}™^, where X n denotes the ideal of identities |71| for n x n matrices 
(over K and in d variables). 

1.3.3. Let K — C, let V and W be Banach spaces equipped with admissible 
systems of matrix norms over V and over W — see Section H.2.21 and let C V nc be 
an open nc set. If a nc function / on Q is locally bounded, then it is analytic, i.e., 
f\n„ is an analytic function on f2„ C y nxn with values in W nxn (see, e.g., |47L 157] 
for the general theory of analytic functions between Banach spaces), and the TT 
series (|1.12l) converges to / locally uniformly. More precisely, if / is bounded 
on -B((J)™ =1 Y, £), then the series (|1.12[) converges absolutely and uniformly on 
£?((D™ =1 y, r) for all r < S. In the case V — C d and W = C, analyticity simply 
means that for every n each matrix entry of f(X\, . . . , Xd) is an analytic function 
of the matrix entries of X\, . . . ,X d \ in this case it is enough to require that for 
every n, f\n n is locally bounded on slices, that is, for any fixed d-tuples of matrices 
X = (X u ...,X d ) € M s and Z = (Z u ...,Z d ) € (C sxs ) d , f(X + tZ) is bounded for 
all t: \t\ < e, with some e > 0. In fact, if a nc function /: O — > W nc (for a general 
vector space V and a Banach space W as before) is locally bounded on slices, then 
/ is Gateaux differentiable and its TT series converges. 

1.3.4. Let V and W be operator spaces, and let fl C V nc be a uniformly-open 
nc set (see Section H.2.31) . If a nc function / on is locally bounded in the uniformly- 
open topology, then the TT series (11.12[) converges to / locally uniformly in that 
topology. More precisely, if / is bounded on B nc (Y,8), then the series converges 
absolutely and uniformly on B nc (Y, r) for all r < 5. / is called a uniformly analytic 
nc function. 

In the case V = C d , it is further true that the series (|1.13[) — without grouping 
together terms of the same degree into homogeneous nc polynomials — converges 
absolutely and uniformly on somewhat smaller sets, namely on every open nc dia- 
mond about Y, 



with r < 6; here ei, . . . ,e d denote the standard basis for C d . 

TT series expansions allow us to reformulate some results that were originally 
established for nc power series as results about nc functions. This includes, in 
particular, realizations of nc power series as transfer functions of noncommutative 
multidimensional systems (systems with evolution along the free semigroup F^). 
These systems were first studied in [14] in the conservative infinite-dimensional 
setting, in the context of operator model theory for row contractions due mostly 
to Popescu [651 1661 1671 168] and of representation theory of the Cuntz algebra 
[201 125] . A comprehensive study of nc realization theory, in both finite-dimensional 
and infinite-dimensional setting, appears in [9l 1111 110] ; these papers give a unified 
framework of structured nc multidimensional linear systems for different kinds of 
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realization formulae. We also mention the paper [12] where an even more general 
class of nc systems (given though in a frequency domain) was described and the 
corresponding dilation theory was developed. 

We give (a somewhat imprecise version of) the main conservative realization 
theorem from restated as a theorem about nc functions. Let Q\ , . . . , Qd be p x q 
complex matrices with a certain additional structure that comes from a bipartite 
graph. Let U and y be Hilbert spaces, and let £(U,y) be the space of bounded 
linear operators from U to y . The corresponding nc Schur-Agler class consists 
of contraction-valued / € T{B nc (0, 1); C(U, y) nc ), where B nc (0, 1) C (C d ) nc , and 
C d is equipped with the operator space structure defined by the system of matrix 
norms 

ll^lln = ||Q(-X")||£(C"®C«,C»«>C*)) 

where Q(X) := X\ Cg> Q\ + • • • + <E> Qd- Then the following are equivalent: 

(1) / is in the nc Schur-Agler class. 

(2) There exists an Agler decomposition 

Ic^y - f(X)f(Y)* = H(X)(I Cn ® CP ® g - (Q(X) ® Ig)(Q(Y)* ® Ig))H{Y)* 

for an auxiliary Hilbert space Q and some H £ T(B nc (0, 1); C(C P <E>G, 3^)nc) 
which is bounded on every nc ball i? ri c(0, r) of radius r < 1. 

(3) There exists a conservative realization: 

f(X) = I n ®D + (/„ ® C)(/c« 0CP ®6 - Q(X)(I n ® A))- 1 g(X)(/„ (g) fl). 
Here the colligation matrix 



\4 






"c p ® g 






C 






u 


-> 





is unitary. 

(The statement in is considerably more precise in identifying the state spaces 
C P ®G and C q (S)G of the unitary colligation in terms of the bipartite graph generating 
the matrices Q\, . . . , Qd-) This is the nc version of the commutative multidimen- 
sional realization theorem of [5] and [8] for the linear nc function Q defining the 
domain of /, which in turn generalizes Agler's seminal result on the polydisc [2], see 
also 1131 . Such generalized transfer- function realizations occur also in the context 
of the generalized Hardy algebras of Muhly-Solel (elements of which are viewed 
as functions on the unit ball of representations of the algebra — see |5 3|. I55|, \f\) 
and of the generalized Schur-Agler class associated with an admissible class of test 
functions (see [26l[27] V 

We note that the formulation of the realization theorem for the nc Schur- 
Agler class given above suggests generalizations to an arbitrary finite- or infinite- 
dimensional operator space (instead of C d equipped with the system of norms as- 
sociated with the linear nc function Q) and to more general nc domains (a nc 
counterpart of the commutative domains of [5] and [8] , where the defining nc func- 
tion Q is a nc polynomial). 

1.4. A road map 

In Chapter H we introduce nc functions and their difference-differential cal- 
culus. In Section 12. 1[ we define nc spaces, nc sets, and nc functions, and prove 
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that respecting direct sums and similarities is equivalent to respecting intertwin- 
ings (Proposition 12. 1|) . In Section \2.2\ we introduce the right and left difference- 
differential operators An and Al via evaluation of nc functions on block upper 
triangular matrices and then taking the upper right (left) corner block of the value, 
and show that A R f(X,Y)(Z) and A L f(X,Y)(Z) are linear in Z (Propositions [27J 
and 12. 6j) . We proceed to formulate basic nc calculus rules in Section 12.31 and to 
establish the first-order finite difference formulae in Section [2.41 Then we prove in 
Section l2"31 that ArJ{X, Y)(Z) and AlJ(X, Y){Z) respect direct sums and similar- 
ities in X and in Y (in the terminology of Chapter[3J Anf and A^f are nc functions 
of order 1). We conclude Chapter [2] by discussing in Section [2761 directional and (in 
the special case M. = 7Z d ) partial nc difference-differential operators. 

In Chapter [3l we first introduce higher order nc functions, and then extend the 
difference-differential operators to these functions, which leads to a higher order 
calculus for ordinary and higher order nc functions. In Section 13 . 1 1 we define nc 
functions of order k and introduce the classes T fe of those functions (so that the 
original nc functions belong to the class T°). The values of nc functions of order 
k are fc-linear mappings of matrices over modules, which can also be interpreted 
as elements of tensor products of k + 1 matrix modules (Remarks 13.41 and 13. 5|) . 
This allows us to define a natural mapping T k <S> T l — > J~ k + e+1 : fc, I — 0, 1, . . ., and 
consequently — a mapping from the tensor product of k + 1 classes T° (perhaps 
over different operator spaces) to T fc (Remark I3.6[) and interpret a higher order 
nc function in terms of nc functions of order 0. We then extend in Section 13.21 
the right difference-differential operator Ar to a mapping of classes T k — > T k+1 , 

k = 0, 1, In this definition, the last argument of f(X°, . . . , X k ) 7 where / is a 

X kf Z 

nc function of order k, is taken in the form of a block matrix X k = „ X fe " 

and then we take the upper right corner block of the matrix value. The extended 
operator A^ is also linear as a function of Z (Propositions 13.81 and 13. 91) . Starting 
from this point, we concentrate on the right version of calculus, since the left version 
can be developed analogously or simply obtained from the right one by symmetry. 

The iterated operator A^ : T k — > J~ k+e can also be computed directly, by 
evaluating a nc function on block upper bidiagonal matrices and then taking the 
upper right corner block of its matrix value fTherems l3.Ill and l3.12p . The definition 
of the extended operator A# becomes more transparent when we interpret higher 
order nc functions using tensor products of nc functions of order (Remark I3.17[) . 

We can also take X? in f(X°,...,X k ) in the block upper triangular form, 
which leads to operators j Ar : T k — > T fc+1 , j = 0, 1, . . . (so that Ar = fcAjj), that 
also extend the original operator A#: T° — > T 1 (Remark 13. 18)) . In Section [331 we 
establish the first order difference formulae for higher order nc functions (Theorem 
13.19)) and its generalized version for the case of matrices X and Y where we evaluate 
the higher order nc function in these formulae, of possibly different size (Theorem 
I3.20|) . Similar formulae are valid for operators jAn (Remark l3.22j) . 

In Section l3~4"l we show that for a nc function / £ T k which is k times integrable, 
i.e., can be represented as A^g with g £ T°, one has iA^A^/ = jAmAjtf, for 
all i,j = 0, . . . , k. Finally, we discuss in Section [3.51 higher order directional nc 
difference-differential operators; in particular, when the underlying module is lZ d , 
we discuss higher order partial difference-differential operators A^, w £ F^. 
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In Chapter [U we establish the Taylor-Taylor formula (Theorem 14.11 or more 
general Theorem 14.2) in the case A4 = lZ d — Corollary 14.41 and, in tensor product 
interpretation of A^ /, Theorem l4.6|) . We show in Remark 14 . 31 that the coefficients 
in the TT formula, the multilinear mappings fg = Ar/(Y, . . . , Y), I = 0,1,..., 
satisfy conditions (|1.15l) - (|1.18p that we mentioned in Section [TT2"1 The counterpart 
of these condition for the sequence f w — A R ' f(Y,...,Y), w £ F^, in the case 
Ai = lZ d is established in Remark 14.51 

As a first application of the TT formula, we describe in Chapter [5] nc functions 
on the set Nilp(TW) (or, more generally, on Nilp(.M;F)) of nilpotent matrices (or 
nilpotent matrices about Y) over a module Ai — sec Scction [1.2.1l for the definition. 
In Section 15.11 we show that every such a nc function is a sum of its TT series 
(Theorems E21 E3] \EM and !5.8|) . Then we show that the coefficients of a nc power 
series representing the nc function are uniquely determined. In fact, this series 
is unique and is equal to the corresponding TT series (Theorems 15.91 and I5.10|L 
In Section 15.21 we show that, conversely, given a sequence of multilinear mappings 
ft: {M sxs f -> W sxs , I = 0,1,..., satisfying conditions ffTT5ll - (fTTT8l) . the sum 
of the nc power series X!fclo(^ — ©™=i Y) Gai fe is a nc function on Ni\p(Ai;Y) 
with values in Af nc (Theorem 15. 121) . and a version of this result, Theorem 15. 14[ for 
the case Ai = lZ d and a sequence of multilinear mappings /„, : (A4 SXS ) — > Af sxs , 
w e Fd, satisfying the conditions analogous to (|1.15|) (|1.18[) . These results are 
algebraic in their nature, since the sum of the corresponding series is finite at every 
point of Nilp(M;F). 

In Chapter [SI we give some other algebraic applications of the TT formula. We 
prove that a nc function on (K d ) nc , with K an infinite field, which is polynomial in 
matrix entries when evaluated on n x n matrices, n — 1, 2, . . ., of bounded degree, 
is necessarily a nc polynomial (Theorem 16.11) . The degree boundedness condition 
is essential and cannot be omitted (Example I6.3[) . However, if we do not require 
this condition, then the following is true: an arbitrary nc function on (K d ) nc , which 
is polynomial of degree M n in matrix entries when evaluated on n x n matrices, 
is a sum of a nc polynomial and an infinite series of homogeneous polynomials fj 
vanishing on all d-tuples of n x n matrices for j > M n (Theorem 16. 4p . We also 
obtain a generalization of Theorem 16.11 to nc functions on (much more general) nc 
spaces, which are polynomial on slices (Theorem I6.8[) . 

In Chapter we study analytic nc functions and the convergence of their TT 
series. We consider three different topologies on a nc space V nc (over a complex vec- 
tor space V), or three types of convergence of nc power series, and, correspondingly, 
three types of analyticity of nc functions: finitely open topology and analyticity on 
slices, norm topology and analyticity on n x n matrices over V for every n — 1,2,..., 
and uniformly-open topology and uniform (in n) analyticity. The main feature of 
analytic nc functions established in Chapter [7] is that local boundedness implies 
analyticity, in each of the three settings. In the first part of Section [7.11 we intro- 
duce the finitely open topology on V nc and prove that a nc function which is locally 
bounded on slices is analytic on slices and discuss the convergence of the corre- 
sponding TT series (Theorem [721) • I n the second part of Section [73] we show that 
a nc function which is locally bounded (with respect to the norm topology on y nx ", 
for every n) is analytic, with the TT series convergent uniformly and absolutely on 
certain open complete circular nc sets about the center Y € £l s (Theorem 17. 4[) or 
on open balls centered at Y (Corollarv l7.5p . We also establish the uniqueness of the 
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convergent nc power series expansions, in both of the above topologies (Theorem 
I7.9|) . In Section \7.2\ we introduce and study the uniformly-open topology on a nc 
space V nc over an operator space V. In Section[731 we show that a uniformly locally 
bounded nc function is uniformly analytic, and its TT series converges uniformly 
and absolutely on certain uniformly-open complete circular nc sets about Y (The- 
orem [72T]) or on certain uniformly-open matrix circular nc sets (Theorem 17. 23[) or 
on uniformly-open nc balls (Corollary I7.26j) . We also prove a version of this result 
for the case V = C d and the TT series convergent along (Theorem 17.291 and 
Corollary I7.31[) . In Section T7.4I we introduce and study analytic higher order nc 
functions, also in the three different settings. The main results are analogous to 
those in Sections 17.11 and 17.31 

In Chapter 13 we study the convergence of nc power series in the three different 
topologies, as in Chapter [3 to an (analytic in the corresponding sense) nc function. 
The results are the converse of the results of Sections 17.11 and 17.31 We discuss the 
convergence of nc power series in the finitely open topology (resp., in the norm 
topology and in the uniformly-open topology) in Section [8TTI f resp. . 18.21 and !8.3|) . In 
each topology, we have Cauchy-Hadamard type estimates for radii of convergence 
and sharp estimates for the size of convergence domains of various shapes. We 
also characterize the maximal nc sets where the sum of the series is an analytic on 
slices (resp., analytic and uniformly analytic) nc function and give many example 
illustrating the differences between various types of convergence domains. 

In Chapter [9j we define and study so-called direct summands extensions of 
nc sets and nc functions. If a nc set fi is invariant under similarities, then one 
can extend to a larger nc set, fidirsum, which contains, together with a matrix 
which is decomposable into a direct sum of matrices, every direct summand of the 
decomposition. This extension preserves many properties of f2 (Proposition 19.11) . 
We then can extend a nc function / on Q to a nc function /dirsum on f^dirsum, which 
inherits most important properties of /, in particular, analyticity (Proposition l9.2| ). 
Similarly, we define and establish the properties of the direct summands extensions 
of higher order nc functions (Proposition 19. 3p . We also define and study direct 
summands extensions of sequences /g, I = 0, 1, . . . (resp., f w , w £ F^) of multilinear 
mappings satisfying conditions (|1.15|) - (|1.18|) (resp., their counterparts in the case 
A4 = lZ d ) in Proposition ^. 41 (resp.. in Proposition l9.6[) . 

As we mentioned in Section H~2l we need a nc set to be right (left) admissible 
in order to define right (left) difference-differential operators via evaluations of nc 
functions / on Q at block upper (lower) triangular matrices. However, for a (say, 



upper) block triangular matrix 



X Z 
Y 



we need to scale Z, so that 



X rZ 
Y 



Then we can define A.Rf(X,Y)(rZ) and extend this definition to arbitrary Z by 
linearity of Anf(X, Y)(-). Although the properties of A# (A^) can be established 
using these scalings, this creates cumbersome technicalities in the proofs. To bypass 
those technicalities, we define the so-called similarity invariant envelope Q of f2, 
which is the smallest nc set containing f2 and invariant under similarities. Then 
it turns out that f2 is also invariant under formation of block triangular matrices 
(Proposition lA.2"j) . Our next step is to extend a nc function / on Q to a nc function 
/ on ft. Such an extension is unique (Proposition IA.3|) . A similar extension is 
constructed for higher order nc functions (Proposition IA.5[) . It turns out that 
(A/?/)|sixo = A/;/ (Remark I2.5[) . which allows us to prove various statements 
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about the difference-differential operators throughout the monograph assuming, 
without loss of generality, that the underlying nc set Q is similarity invariant. 
The results on similarity invariant envelopes and the corresponding extensions of 
nc functions are presented in Appendix which is written in collaboration with 
Shibananda Biswas. 



CHAPTER 2 



NC functions and their difference-differential 

calculus 



2.1. Definition of nc functions 



Let TZ be a commutative ring with identity. For M. a module over TZ, we define 
the noncommutative (nc) space over M 



]I M ' 



For X e M nxn and Y £ M mxm we define their direct sum 

~X 0" 



X®Y 



Y 



(n+m) X (n+m) 



Notice that matrices over TZ act from the right and from the left on matrices over 
M by the standard rules of matrix multiplication and by the action of TZ on M. : if 
X e M pxq and T e TZ rxp , S G TZ qxs , then 

TXeM rxq , XSeM pxs . 

A subset f2 C A^nc is called a nc set if it is closed under direct sums; explicitly, 
denoting 0„ = Q n Al" x ", we have A F e 0„ +m for all A e 0„, Y e Q m . 
We will sometimes use the convention that M nx0 , M 0xn , and Q = M 0x0 consist 
each of a single (zero) clement, the empty matrix "of appropriate size", and that 
X Y = Y A = A e 0„ for n e N, A e 0„, and Y e fi - 

In the case of AI = 72 d , we identify matrices over M with c?-tuples of matrices 
over TZ: 



(X 1 ,...,X d ) e (TZ nxn f and Y = 





(^ d ) pX 




(7e p> 




Under this identification, for <i-tuples A 


= (A 1; . 


(Y u ...,Y d ) € (TZ mxm ) 


d 










A® Y = ^ 


'Ai 0" 




X 


0" 




. y i. 


•)••••) 







)« 



^ g ^^(n+m)x(n+m)~j . 



and for a d-tuple A = (Ai , . 



,X d ) e (W x «)° and matrices T e 72 rx P, 5 e 7J« > 

,d 



TA = (TAi, . . . , TX d ) g (7e rX9 ) a , XS=(X 1 S,...,X d S) € {TZ pxs ) a . 

Let A4 and A/" be modules over 72., and let il C A'Jnc be a nc set. A mapping 
/: fl — > A/" nc , with f(Cl n ) C M nxn , n — 0, 1, . . ., is called a nc function if / satisfies 
the following two conditions: 

• / respects direct sums: 



(2.1) 



/(A®Y) = /(A)©/(Y) 
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for all X,Y en. 

• / respects similarities: if X G fl n and S G j^ny.n j g mver tible with 
SXS- 1 G then 

(2.2) /(S-XS- 1 ) = SfiX)^ 1 . 

The two conditions in the definition of a nc function can be actually replaced 
by a single one. 

Proposition 2.1. A mapping f: fi — >■ W nC7 /(fi n ) c TV"*™, n = 0, 1, . . ., 
respects direct sums and similarities if and only if it respects intertwinings: for any 
X G fi„, y G n m , and T G ft nxm , one has 

(2.3) XT = TY f(X)T = Tf(Y). 
Condition (12.31) was used by J. L. Taylor in |78j. 

Proof of Proposition 12. It Assume that / respects direct sums and simi- 
larities. If X G Sin, Y G fi m , and T G K nxm are such that XT = TY, then 



Since 



X 


0" 




X 


—T 




X 


0" 




/„ 


T" 





y 














y 













"/„ 


-T 




'In 


r" 




1 





























we can apply first (|2.2p and then (|2.1[) to get 



f{X) 

/(y) 





X —T 






J m _ 





/PO 

f(Y) 



In T 
Im 



Equating the (1,2) block entries on the two sides of this equality, we get = 
f(X)T - Tf(Y), i.e., holds. 

Conversely, assume that / respects intertwinings. It is then clear that / respects 
similarities. To prove that / respects direct sums, let X E fl n , Y E Cl m , Obviously, 



'X 


0" 




V 




"/«" 





y 













Therefore 
(2.4) 

Denote 

Then (l2~4ll becomes 





'X 


0" 








'In 


( 





1" 


) 











/(*)■ 



x 

Y 



A B 
C D 



f{X) 




In the same way the identity 



implies that 



'X 


0" 




' " 




' " 





y 




1)71 







Y 





f(Y) 



Thus A = f{X), B = 0, C = 0, D = f(Y), i.e., 427Q) holds. 



□ 
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2.2. NC difference-differential operators 



Our next goal is to introduce right and left difference-differential operators 
on nc functions. This will be done by evaluating a nc function / on block upper 
(respectively, lower) triangular matrices. The idea is to show that, for X 6 O n and 

Y e n m , 

\f(X) A R f(X,Y)(Z)-] 
f(Y) 



(2.5) 





X 


z 




( 





Y 


H 



Here Z h-> A R f(X, Y)(Z) is a 7£-linear operator from M nxm to J\f nxm which plays 
the role of a right nc difference operator when Y ^ X, and of a right nc differential 
operator when Y = X. Analogously, 

f(X) " 

\A L f(X,Y)(Z) f(Y) ' 



(2.6) 



/ 





X 


0" 




( 


z 


Y 


)"[ 



where Z M- A L f{X, Y){Z) is a ^-linear operator from A^ mxn to J\f mxn which plays 
the role of a left nc difference operator when Y ^ X, and of a left nc differential 

X Z~ 

operator when Y = X . The assumption that 



Y G fi m , and Z G _A/P ixm (respectively, that 







F 
0' 

y 



for all X £ fl n , 
e fi„ +m for all x e fl n , 



Y G £l m) and Z £ M mxn ) would be however too strong, and we will proceed with 
a weaker assumption on a nc set SI, which is naturally suggested by the following 
proposition. 

Proposition 2.2. Let f be a nc function on a nc set fl. Let X G £1„, Y € Cl m , 

X Z 

and Z £ M" X1 ° be such that „ TA € f2„_|_ m . TTien (|2.5p holds, where the off- 



o r 

diagonal block entry A R f(X,Y)(Z) is determined uniquely by 

X rZ 



and has the 



Y 



& Qn+m, then 



following property. Lf r G TZ is such that 

(2.7) A R f(X, Y){rZ) = rA R f(X, Y){Z). 

Proof. Denote 



We have 



By Proposition [271 



This implies that A 



X 


z 


)■ 




'A 


A R f(X,Y)(Z)] 





Y 






C 






D 




X 


z~ 




In 




In 


X. 







Y 













f 





X 


z 




'In 




'In 


( 





Y 


) 











/(*)• 



/(X) and C = 0. We have also 
Y [0 J TO ] = [0 I m ] 



X 




By Proposition [2T 



f(Y) [0 J m ] = [0 I m ] f 



X 
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which implies that D = f(Y) and that again C = 0. Thus, (|2.5[) holds. 
Next, we have 



~rl n " 




X 


z~ 




X 


rZ" 




"rJ„ " 


. I m _ 







Y 







y 




J m 



By Proposition 12.1 




X z 

Y 



= f 



X 




rZ 
Y 



rJ 




which is by (|2.5p equivalent to 



r T 








f(X) Af(X,Y)(Z) 
f(Y) 



f(X) Af(X,Y)(rZ) 
/(F) 



rl 

o 



Writing out the (1, 2) block in the product matrix on both sides of this equality, 
we obtain (l2~7l). □ 



(which has a similar proof) is the 



The "left" counterpart of Proposition 
following. 



Proposition 2.3. Let f be a nc function on a nc set f2. Let X e fi n , Y G fi T , 

" 

1 G f2 n _|_ m . Then (|2.6[) holds, where the off- 



and Z G M' 



be such that 



Z Y 



diagonal block entry A^/(X, Y)(Z) is determined uniquely by 

' X 

following property. Ifr£lZ is such that ' 



and has the 



G tt 



(2.8) 



rZ Y 

A L f(X,Y)(rZ)=rA L f(X,Y)(Z) 



then 



fl m , and Z G M n 



there exists an invertible r ElZ such that 



G ilnH 



We will say that the nc set f2 C M. nc is right admissible if for every X G f2 n , Y G 

X rZ" 
Y 

We will say that the nc set f2 C 7W nc is left admissible if for every X G Y G fi,, 

X 0" 
rZ Y 

Let the nc set f2 be right admissible, and let / be a nc function on £1. Then 
for every X G f2 n , Y G f2 m , and Z G 7\4™ xm ; and for an invertible r £ 1Z such that 
X rZl 

G ^n+m we define first Anf(X, Y)(rZ) as the (1, 2) block of the matrix 



and Z G A4 r 



there exists an invertible r G 1Z such that 



G £l n -{ 



Y 
"X rZ 
Y 



/ 
(2.9) 



(see (|2.5p ). and then define 

A R f(X, Y){Z) = r-^K/^, Y)(rZ). 



Similarly, let the nc set f2 be left admissible, and let / be a nc function on f2. 
Then for every X G ft n , Y G O m , and Z G M mxn , and for an invertible r e R 
"X 0" 



such that 
the matrix / 
(2.10) 



rZ Y 
X 





rZ Y 



G fin+m we define first Aj,f{X, Y){rZ) as the (2,1) block of 
(see (|2.6p ). and then define 
A L f(X, Y)(Z) = r- x A L f{X, Y)(rZ). 
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2:S 



By Proposition 12.21 (respectively, by Proposition I2.3j) . the right-hand side of 
(|2.9|) (respectively, of (|2.10|l ) is independent of r, hence the left-hand side is defined 
unambiguously Moreover, we obtain the following. 

Proposition 2.4. Let f be a nc function on a nc set fl. The mappings Z i— > 
A R f(X, Y)(Z) and Z i— > Ai,f(X,Y)(Z) are homogeneous as operators acting from 
M nxm to N nxm and from M mxn to M mxn , respectively. In other words, if fi is 
right admissible then for every X £ tt n , Y £ fi m> and Z £ J\y[ nxm ^ anc [ every 
r £ 1Z, (12. 7[) holds; respectively, if f2 zs Ze/i admissible then for every X £ Q n , 
Y £ n m , and Z £ M mxn , and every r £ 1Z, fll]§ holds. 

Proof. Let us prove one of these homogeneity properties — the proof of the 
other one is analogous. Let ft be right admissible, X £ f2„, Y £ f2 m , Z £ _\4 nxm j 

'X r x Z 



and r £ 1Z. Then there exist invertible r\,r 2 £ TZ such that 



Y 



£ n 



and 



and 



X r 2 rZ 
Y 



£ Vt n+m . Then 

A R f(X,Y)(Z) =r- 1 A R f(X,Y)(r 1 Z) 



A R f(X,Y)(rZ) 
Moreover, by Proposition 12.21 

A R f(X,Y)(r 2 rZ) 
These three equalities imply (|2.7p . 



r^A R f{X,Y){r 2 rZ). 
r 2 rr^A R f(X, Y)( n Z). 

□ 

Remark 2.5. The proof of Proposition 12.41 can be simplified with a use of the 
similarity invariant envelope Q of a right (resp., left) admissible nc set Q and the 
canonical extension J\f uc of a nc function /: 57 — > A/" nc ; see Appendix 1X1 

for the definitions. We will show this for a right admissible nc set ft. By Propo- 
X Z 



sitionESl ~ € Q n+ra for all X £ Q n , Y £ ft m , and Z £ M nxm , and by 

Proposition IA.31 / is a nc function. Therefore, a formula analogous to (|2.5[) de- 
fines A R J(X,Y)(Z) for all n,m £ N, X £ Q n , Y £ Q m , and Z £ M nxm , and by 



Proposition 12.21 applied to /, one has 

A R f(X,Y)(rZ) = rA R f(X,Y)(Z) 
for every r £ 1Z. In particular, if X £ fi n , y € f2 m , Z £ M. 7 

^ x rZ ] r, 
q y € Sin+m) then 



and r £ 1Z is such 



that 



A fl J(X,y)(rZ) = A fl /(X,y)(rZ) = rA R f(X,Y)(Z). 
If, in addition, r is invertible, then from (|2.9p we obtain 
(2.11) A fl /(X, Y){Z) = A R f(X, Y)(Z). 

Consequently, the mapping Z i-> A R f(X, Y)(Z) is homogeneous, and the statement 



of Proposition 12.41 for a right admissible nc set f2 follows. An analogous argument 
works for a left admissible nc set fi. 

We see that the homogeneity of the mapping Z M- A R f(X,Y)(Z) follows di- 
rectly from the homogeneity of the mapping Z M> A R f(X, Y)(Z), and the proof for 
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the latter is less involved, since it does not require manipulating with appropriate 
invertible elements r G 1Z so that the relevant block triangular matrices get into 
the nc set Q. In the sequel, we will often use similarity envelopes of nc sets and 
canonical extensions of nc functions to simplify the proofs. 

Proposition 2.6. Let f be a nc function on a nc set Q. The mappings 
Z i— > A R f(X,Y)(Z) and Z t— > AlJ{X,Y){Z) are additive as operators acting 
fromM nxm toN nxm and from M mxn to N rnxn , respectively. In other words, if 
Q is right admissible, then for every X G £l n , Y G ft m , and Zj, Zu G A4 nXm , 

(2.12) A R f(X,Y)(Z I + Z n ) = A R f(X,Y)(Z I ) + A R f(X,Y)(Z n ); 

respectively, if Q is left admissible then for every X G O n; Y G Q m} and Zi, Zn G 



(2.13) 



A L f(X, Y)(Z! + Zu) = A L f(X, Y)(Zi) + A L f(X, Y)(Z n ) 



Proof. Let us prove one of these additivity properties — the proof of the other 
one is analogous. Let f2 be right admissible, X G Q n , Y G Q m , Zi,Z R G _A4 nxm . 
By (|2.1ip . we may assume, without loss of generality, that ft is similarity invariant, 
i.e., ft = ft; see Remark 12.51 and Appendix [A] Then, by Proposition IA.21 



X 




Zi 
Y 



G ft„ 



and 



X 


X 





Zn 
Y 


X 




g ft„ 



Zi 
Zn 
Y 



g ft 



x 





Zi + Z u 
Y 



g ft 



2n+m 



(for the latter, we use the fact that if X G ft n then 



X 






X 



G ft. 



We have 







X 






X 




Zu 
Y 



X 






In 


" 





Y 







I m 



By Proposition 12. 1[ 

'In 
.0 I m 

Clearly, we have 

/ 



X 







X 




zi 

Zu 
Y 



X 




Zi 
Y 



X 










X 


Zu 








Y 



7P0 
o 







/(*) 





B 

f(Y) 



with some matrices A and B, and also we have 
/ 





X 


zi 




( 





Y 


)"[ 



/(x) A fl /(x,y)(z / ) 
o /00 



Therefore, 



'/(*) 
o 










B 

f(Y) 



f(X) A R f{X,Y){Zi 
f{Y) 
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Comparing the (1, 3) block entries in a product matrix on both sides, we get 

A = A R f(X,Y)(Z I ). 
Similarly, we proceed with the intertwining 



I n 
I m 



X Z l 
X Z n 
Y 



'X 


Z n 







i„ o" 





Y 







o i m 



By Proposition 12.1 



In 
I m 



X 





Zi 





X 


Z n 








Y 



X Z n 
Y 



I n 

I m 



or equivalently, 



I n 
I m 



'f(X) 





A ' 

f{X) B 
f(Y) 



f{X) A R f(X,Y)(Zn) 
f(Y) 



I n 

/ m 



Comparing the (1, 3) block entries in a product matrix on both sides, we get 

B = A R f(X,Y)(Zn). 
Next, we use the intertwining relation 



In 



o o i, 







X Zi 
X Z u 
Y 



X Zj + Zn 
Y 



In In 
L m 




X 
X 




Zi 
Zn 
Y 



= .f 



X Z r + Z u 
Y 



In In 

J m 



in ^ 

I m 



'f(X) Ah/PT.YXZ/)- 
f(X) A R f(X,Y)(Z n ) 

o o /(y) 

f(X) A R f(X,Y)(Z T + Z u ) 

o /(y) 



in In 
/ m 



Comparing the (1, 3) block entries in a product matrix on both sides, we get 

A R f(X,Y)(Z!) + A R f(X,Y)(Z u ) = A R f(X,Y){Zj + Z n ), 
i.e., ([2~12)1 is true. 



□ 



The transposition of matrices induces naturally a transposition operation on nc 
functions and enables us to relate right and left nc difference-differential operators. 

Proposition 2.7. (1) I/O C M nc is a nc set, then so is 

fl T := {X T : Ie!l}C M nc . 

(2) If f : CI — > Af nc is a nc function, then so is f T : Cl T — > JV nc , where 
f{X) :=/(X T ) T . 
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(3) If fl is right (respectively, left) admissible, then il T is left (respectively, 
right) admissible. In this case, 

A L f T (X, Y){Z) = (A R f (X T ,Y T ) (Z T )) T 

(respectively, A R f T (X,Y)(Z) = (A L f(X T ,Y T ) (Z T )) T ). 

The proof is straightforward. Proposition 12.71 allows us to deduce results for 
Al from the corresponding results for A R and vice versa, using a transposition 
argument. 

In the case where a nc set Q is both right and left admissible, there is also a 
simple symmetry relation between right and left nc difference-differential operators. 

Proposition 2.8. Let /: Q -> Af nc be a nc function on a nc set fl C M nc 
which is both right and left admissible. Then 

A R f(X,Y)(Z)=A L f(Y,X)(Z) 

for all n,m£N, X G Q n , Y G fl m , and Z G M nxm . 

Proof. By (|2.1ip and its left analogue, we may assume, without loss of gen- 
erality, that is similarity invariant, i.e., Q = Q; see Remark 12.51 and Appendix 
IA1 Then by Proposition IA.21 for arbitrary n,m G N, X G Q n , Y 6 Q m , and 

Z e M nxm one has 

X Z] \Y 0] 

q y ' 2i X ' m ' 

Clearly, 

By Proposition 12.1 
/ 

i.e., 



X 


z 




' I n ' 




' In 




~Y 


0" 





Y 




i m o 




Im 0_ 




Z 





X z 
o y 



o 



In 





y o 



/(X) A fl /(x,y)(z) 





' I n ' 




'0 In 






Im 0_ 




Im 0_ 





/00 o 

A L f{Y,X){Z) f{X) 



Comparing the (1,1) block entries in the matrix products on the left-hand side and 
on the right-hand side, we obtain 

A R f{X 1 Y)(Z) = A L f(Y,X)(Z). 



□ 



2.3. Basic rules of nc difference-differential calculus 

We proceed to identify basic building blocks which allow one to compute A R f 
and A^f much as in the classical commutative calculus. 

2.3.1. If /: -M nc jVnc is a constant nc function, i.e., there is a c G Af 
such that f(X) = cl n (= diag[c, . . . ,c]) for all n G N and all X G 7W nx ™, then 
A R f(X, Y){Z) = and A L f(X, Y){Z) = for all X, y, Z of appropriate sizes. 



PROOF. Trivial. 



□ 
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2.3.2. If /, g: fl — > J\f nc are nc functions on a right (respectively, left) admis- 
sible nc set f2 C A4 nc and a, b £ 1Z, then A R (af + bg) — aA R f + bA R g (respectively, 
A L (a/ + bg) = aA L f + bA L g). 



PROOF. Trivial. 



□ 



2.3.3. Let I : A4 — > AT be a 7?.-linear mapping. We extend I to a linear 
mapping from M nxm to 7V" nxm , n, in £ N by l(\fHj]) = ['(/%')]• Then I is a nc 
function from M ac to 7V nc , and A R l(X,Y)(Z) = 1{Z) and A L l{X,Y){Z) = 1{Z) 
for all X, Y, Z of appropriate sizes. In particular, if l 3 ■ : (7Z d ) DC — > lZ nc is the j-th 
coordinate nc function, i.e., 

h ( x ) = h (-^"i >•••■> x<i) = Xj , 

then A fl Z J (X,F)(Z) = Z,- and A L ^(X,r)(Z) = for all d-tuples X,Y,Z of 
matrices over 7?. of appropriate sizes. 

PROOF. Trivial. □ 

2.3.4. Let f:Q—> Af nc , g: O — > C nc be nc functions on a right (respectively, 
left) admissible nc set il C A^ nc . Assume that we are given a product operation 
(x, y) x ■ y on J\f x O with values in a module over 1Z which is left and right 
distributive and commutes with the action of 1Z (i.e., we are given a 1Z- linear map 
from AT<S>k O to P). We extend the product operation to matrices over and over 
O of appropriate sizes. It is easy to check that / ■ g : Q — > V nc is a nc function. 

Then 

A R (f ■ g)(X, Y)(Z) - f(X) ■ A R g(X, Y)(Z) + A R f(X, Y)(Z) ■ g(Y) 
for all n, m £ N, X £ £1„, Y £ £l m , and Z £ M nxm (respectively, 

A L (f ■ 9)(X, Y){Z) = A L f(X, Y)(Z) ■ g(X) + f(Y) ■ A L g(X, Y)(Z) 
for all n,m G N, X £ Q n , Y £ Q m , and Z £ M mxn ). 



Proof. We shall now give a proof of the first equality. By p. lip , we may 
assume, without loss of generality, that £1 is similarity invariant, i.e., fl = O; see 
Remark 12.51 and Appendix lAl Then by Proposition IA.2| for arbitrary X £ Sl n , 

\X Z 
Y 



Y £ n m , and Z £ M nxm one has 



£ Q 



n+m ■ 



On one hand, 



(2-14) (f-g) 
On the other hand, 



X Z 
Y 



(f-g)(X) A R (f ■ g)(X,Y)(Z) 
o (J -9)00 



(2.15) / 



X z 
Y 



X Z 
Y 



f(X) A R f(X,Y)(Z) 
f(Y) 



g(X) A R g(X,Y)(Z) 
g(Y) 

f(X) • g(X) f(X) ■ A R g(X, Y){Z) + A R f(X, Y)(Z) ■ g{Y) 
f(Y) ■ g{Y) 



Comparing the (1, 2) blocks on the right hand sides of (|2.14|) and (|2.15p . we obtain 
the required formula for A R (f ■ g)(X, Y)(Z). 
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The formula for Al(J ■ g)(X, Y){Z) is proved analogously. In the case where Q, 
is both right and left admissible, we can also use a symmetry argument (Proposition 

□ 



Remark 2.9. We can define also an opposite product operation (y, x) y- op x 
on O x N with values in V by y - op x := x ■ y (i.e., we are using the canonical isomor- 
phism N ®k O = 0®nN). Extending the product operation "- op " to matrices over 
O and over AT of appropriate sizes, we clearly have (X ■ Y) T = X T - op Y T , hence also 
(/ ■ g) T — f T - op g T ■ In particular, we can use Proposition ^. 71 to derive the formula 
for A L (f ■ g)(X,Y)(Z) from the formula for A R (/ T - op g T ) (X T ,Y T ) (Z T ). 

2.3.5. Let /: fi — > A nc be a nc function on a right (respectively, left) admis- 
sible nc set ft C A4 DC , where A is a unital algebra over 1Z. Let 

oo 

n inv := Y[{X e fl n : f(X) is invertible in A nxn }. 

n=l 

Then f2 lnv is a right (respectively, left) admissible nc set, / _1 : Sl mv — » A nc defined 
by f _1 (X) := f(X)^ 1 is a nc function, and 

A R r\X,Y)(Z) = -fiXr'AnfiX^WfiY)- 1 

for all n,m eN, X e Q™, Y G Q™ v , and Z G A nxm (respectively, 

A L r\x,Y){z) = -/(y)- 1 A i /(x,r)(z)/(x)- 1 

for all n, m G N, X G ftjf v , Y G «™ v , and Z G „4 mxn ). 

Proof. Observe that f2 mv is a nc set since / respects direct sums. 
We show next that if ft is right admissible, then so is f2 lnv . Recall first that 

fA Cl 

a block upper triangular matrix n D is invertible if and only if both A and B 
are invertible, and in this case 

(2.16) 



B 



A 


c 


-l 


'A- 1 -A- X CB- X 





B 




B- 1 



Now, let X G fC v C!l„,re C n m , and ZeM' 



Then there exists an 



invertible r dlZ such that 



Qinv 



o y 



g n 



We have 





'X rZ~ 




7P0 


A fl /(X,y)(rZ) 


( 


o y 


)- 





/00 



rZ 

Since /(X) and /(y) are invertible, so is the right-hand side. Therefore, ^ y 

and f2 mv is right admissible. 
By (235), 

AflZ-^yXrZ) - -/(x)- 1 A i? /(x,y)(rZ)/(y)- 1 , 

which implies the required formula for A^/^ 1 (X, y)(Z) by linearity. 

The "left" statements can be proved analogously, or can be deduced from the 
"right" statements by a transposition argument (see Proposition ^. 7p using the fact 

that (f- 1 ) = (/ T ) In the case where Q is both right and left admissible, we 
can also use a symmetry argument (Proposition [22]). 



2.4. FIRST ORDER DIFFERENCE FORMULAE 



2!) 



Alternatively, we could also use equality p. lip and its left analogue, and Propo- 
sition 122] which guarantees that the similarity envelope O of the right (resp., left) 
admissible nc set O is right (resp., left) admissible; see Remark 12.51 and Appendix 

IA"1 Then, similar to the argument in the proof above, so is O mv = O lnv , and then 
the rest of the proof above works with r = 1 . □ 

2.3.6. Let / : O — > Af nc and g : A — > O nc be nc functions on right (respectively, 
left) admissible nc sets O C A4 nc and A C JV nc , such that /(O) C A. Then the 
composition g o f; O — > O nc is a nc function, and 

A R (g o f)(X, Y)(Z) = A R g(f(X), f(Y))(A R f(X, Y)(Z)) 

for all n, m £ N, X £ 0„, Y £ O m , and Z £ M nxm (respectively, 

A L (g o f)(X, Y){Z) = A L g(f(X), f(Y))(A L f(X, Y){Z)) 

for all n, m £ N, X £ Q n , Y £ Q m , and Z £ M mxn ). 

PROOF. It is easy to see that g o f is a nc function. 

By (|2.11|) applied to /, g, and go f, we may assume, without loss of generality, 
that f2 is similarity invariant, i.e., = 0: see Remark 12.51 and Appendix [A] Then, 
by Proposition E21 for arbitrary n, m £ N, X £ 0„, Y £ O m , and Z £ M nXn; 
X Z 

£ 0„ +m . On one hand, 



one 



has 



Y 



(2-17) (go/) 
On the other hand, 





X 


z" 




( 





Y 


) = 



(gof)(X) A R (gof)(X,Y)(Z) 

o (g°f)(Y) 



(2-18) glf 



X 




= 9 



f(X) A R f(X,Y)(Z) 
f(Y) 

= -g(f(X)) A R g(f(X)J(Y))(A R f(X,Y){Z)) 
g(f(Y)) 

Comparing the (1, 2) blocks on the right hand sides of (|2.17[) and (|2.18p . we obtain 
the required formula for A R (g o f)(X, Y)(Z). 

The formula for A^(g o f)(X, Y)(Z) can be proved analogously, or by a trans- 
position argument, or (when O is both right and left admissible) by a symmetry 
argument. □ 

2.4. First order difference formulae 

We establish now formulae which justify the claim made in Section 12.21 that 
A R and play the role of nc finite difference operators of the first order. We will 
see in the sequel that these formulae are nc analogues of zeroth order Brook Taylor 
expansions. 

Theorem 2.10. Let / : O — > J\f nc be a nc function on a right admissible nc set 
O. Then for all n £ N, and arbitrary X,Y £ 0„, 

(2-19) f(X)-f(Y) = A R f(Y,X)(X-Y) 

and 



(2.20) 



f(X)-f(Y) = A R f(X,Y)(X-Y). 
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Analogously, let f : il — > M nc be a nc function on a left admissible nc set fi. 
Then for all nefl, and arbitrary X, Y 6 Q n , 

(2.21) f(X) - f(Y) = A L f(Y, X)(X - Y) 



and 
(2.22) 



f(X)-f(Y) = A L f(X,Y)(X-Y). 



In fact, Theorem 12.101 is a special case of the following more general finite 
difference formulae. 

Theorem 2.11. Let f:Q—> J\f nc be a nc function on a right admissible nc set 
il. Then for all n, meN, and arbitrary X G Sl„, Y G VL m and S G JZ mxn , 

(2.23) Sf(X) - f(Y)S = A R f{Y, X)(SX - YS). 

Analogously, let /: O — > A/" nc &e a function on a left admissible nc set £1. 
Then for all n, m G N, and arbitrary X G O n , Y G Q m and 5 G TZ mxn , 

(2.24) - f(Y)S = A L f(X, Y)(SX - YS). 

Proof. We prove the "right" statement first. By (|2.11j) and Proposition IA.31 
we may assume, without loss of generality, that f2 is similarity invariant, i.e., Q = Q: 
see Remark 12.51 and Appendix [XI Then, by Proposition lA.2[ for arbitrary n, m G N, 

X G fl n . Y G fl m , and S G K mxn one has 



Y SX-YS 



Y SX-YS 
X 








X 






~s~ 


In 




In 



g n 



Clearly. 



X. 



Therefore, 



Y SX-YS 




s 




s 


X 


) 









fix), 





~s~ 




"5" 








7 « 



7(y) A fl /(r,x)(sx-ys)" 

o /(X) 

Comparing the (1,1) block entries in the matrix products in the right-hand side 
and in the left-hand side, we obtain 

f(Y)S + A R f(Y,X)(SX - YS)) = Sf(X), 

which yields (|2~2g|) . 

The "left" statements can be proved analogously using the intertwining 



[S -I m ] 



X 
SX-YS Y 



= Y[S -J m ], 



or by a transposition argument, or (in the case where Q is both right and left 
admissible) by a symmetry argument. □ 

Remark 2.12. ([2~19|) and ([2~20|) in Theorem l2~T0l are both obtained from ([2^23)) 
by writing X — Y = X ■ I n — I n ■ Y and X — Y — I n ■ X — Y ■ I n respectively. We 
note that (|2.19[) and (|2.20|) are obtained from each other by interchanging X and 
Y . In particular, we have 

A R f(Y, X)(X -Y) = A R f(X, Y)(X - Y). 
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This follows also directly from the intertwining 



Y X - Y~ 




'In " 




In " 




X X-Y 


X 




I 71 I 71 




In In 




Y 



using, if necessary, the similarity envelope Q of the nc set fl and the canonical 
extension / of the nc function / by comparing the (1,1) block entries in the ma- 
trix products. Notice that comparing the (1,2) block entries yields (|2.19[) . and 
comparing the (2,1) block entries yields (|2.20p . 

An analogous remark applies to (|2.21l) and (I2.22[) . and the resulting equality 

A L f(Y,X)(X -Y)= A L f{X,Y)(X - Y). 

Remark 2.13. Clearly, each of the formulae (|2.23j) and (|2.24|) generalizes the 
condition (|2.3j) . 

Remark 2.14. Let K = R or TZ = C. Setting X = Y + tZ (with (6 1 or 
t € C), we obtain from Theorem 12.101 that 

f(Y + tZ) - f(Y) = tA R f(Y, Y + tZ)(Z). 

Under appropriate continuity conditions, it follows that A R f(Y,Y)(Z) is the direc- 
tional derivative of / at Y in the direction Z, i.e., A R f(Y,Y) is the differential of 
/ at Y. 

2.5. Properties of A R f(X,Y) and A L f(X,Y) as functions of X and Y 

A nc function / possesses certain key properties: it respects direct sums, sim- 
ilarities, and intertwinings. We will show now that these properties are inherited, 
in an appropriate form, by A R f(X,Y)(-) and by Al/(X,Y)(-) as functions of X 
and Y. 

Proposition 2.15. Let f: £1 — > Af nc be a nc function on a right admissible nc 
set ft C Mac- Then: 
(IX) 

ArJ (X 1 © X",Y) (col [Z f , Z"]) = col [A R f {X' , Y) (Z') , A R f (X", Y) (Z")] 

forn',n",m 6N, I'e Q, n ,, X" G fi n „, Y G tt m , Z' G M n ' xm , Z" G M n " xm ; 
(1Y) 

A R f (X, Y' © Y") (row [Z', Z"\) = row [A s / (X, Y') (Z') , A R f (X, Y") {Z")\ 
fom,m',m" eN.le fi n , Y' g fi mS Y" e tt m „, Z' e M nxm ' , Z" e M nxm " ; 
(2X) A R f(TXT~\Y) (TZ) = T A R f(X,Y)(Z) 

for n,m G N, X G fl n , Y G Q, m , Z G M nxm , and an mvertible T G TZ nxn such 

txt- 1 e n n ; 

(2Y) A R f (X, SYS' 1 ) (ZS- 1 ) = A R f(X, Y)(Z) S' 1 

for n,m G N, X G Q„, Y G f2 TOj Z G .A/P xm , and an mvertible S G ft mxm suc/i 
tftaf SYS 1 " 1 G n m ; 

(3X) // TX = XT then T A R f(X, Y)(Z) = A R f{X, Y){TZ) 

for n,h,meN, X € Q n> X G n a , ^ € fi m , Z £ X« xm , and T G "K Sx "; 
(3Y) 7/ YS = SY then A R f(X, Y)(Z) S = A R f(X, Y)(ZS) 

for n,m,rh G N, Y G f2 n , ^ € fi m , Y G Z G X" xm , and 5 G K mxrh . 
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Proof. By (|2. 1 lj) . we may assume, without loss of generality, that fi is simi- 
larity invariant, i.e., $1 = 17; see Remark l2.5l and Appendix lAl Then, by Proposition 
lA~2l for arbitrary n',n",m E N, X' E fi n /, X" E Q. n », Y E Q m , Z' E TZ n ' xm , and 
Z" e TZ n " xm , 



X' Z r 
Y 



X" Z"' 
Y 



£ fl n "-|_ r , 



X' 
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X" 


Z" 
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We have 
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By Proposition ^. 1[ 
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i.e., 
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A fl j(x'ex",y)(coi[z',z"]) 



7(x') A fl /(x',y)(z') o 

f(Y) 

f(X") 








A R f(X",Y){Z") 

fQO 
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/»" 
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Comparing the columns formed by the (1,3) and the (3,3) block entries in the matrix 
products in the left-hand side and in the right-hand side, we obtain (|lXp . 
The statement (|1Y[) is proved analogously, using the intertwining 



X Z' 
Y' 
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Next, for arbitrary n,m E 
'X Z 



T E TZ nxn we have 



o y 



Ue^Je On, Z e .A/P 
TXT- 1 TZ 







y 



'TXT- 1 TZ' 




"T " 
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z~ 




T " 


o y 




.0 I m _ 







1' 




I m 



xm , and an invertible 
E f2 n +m- Clearly, 
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Then 



'TXT- 1 TZ 




T " 


'( 


X 


z 




T " 


Y 


)- 


.0 I m _ 





Y 


) 


.0 7 TO _ 



i.e., 



/ (TXT- 1 ) A R f (TXT- 1 , Y) {TZ) 
f(Y) 

T " 
I m 



f(X) A R f(X,Y)(Z) 
f(Y) 



T 

Ira 



Comparing the (1,2) block entries in the matrix products in the left-hand side and 
in the right-hand side, we obtain (|2Xj) . The statement (|2Y|) is obtained analogously, 
using the similarity 

-l 



x zs- 1 

SYS- 1 
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The statements pX[) and (|3Y[) are obtained using the intertwinings 
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z~ 
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and 
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Remark 2.16. Much as in Proposition ^. 11 the respect of intertwinings f (|3X|) 
& (J3YJ)) is equivalent to the respect of direct sums ( llXj) & (jlYp ) together with 
the respect of similarities ( (|2X[> & (|2Yp ). We will show this equivalence later in 
Proposition 13.11 



Combining the X and the Y properties in Proposition 12.151 one obtains an 
equivalent joint formulation. 

Proposition 2.17. Let f: ft — » Af nc be a nc function on a right admissible nc 



set SI C A4 nc . Then: 



(2.25) A R f(X'®X",Y'@Y" 



Z"' 1 



z ,,,r 
z n,n 



A R f (X', Y') (Z'>') A R f (X', Y") [Z'>") 
A R f (X", Y') (Z"'') A R f (X", Y") (Z"'") 



for n',m' G N, n" ,m" € Z+, X' G Sl n >, X" € Q„», F'eO 



Y" P fl n 
rn' j 1 ~ ^ L va" ? 

G JV\S n +n ) x ( m + m ) } tyjift entries of appropriate sizes, and if 

either n" or m" is then the corresponding block entry is void; 

(2.26) A R f (TXT- 1 , SYS- 1 ) (TZS- 1 ) = T A R f(X, Y)(Z) S' 1 

for n, m G N, X € Q n , Y G fi m , Z € .M« x "\ and mvertible T G ft"*™, 5 G ft mxm 
such that TXT- 1 G Q„, SYS' 1 G O m ; 

(2.27) = XT, YS = SY => T A R f(X, Y)(Z) S = A R f (x,Y) (TZS) 
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for n,n,m,rh £ N, X £ Sl n> X £ Sln, Y E Sl m , Y € Sim, Z E M nxm , and 
r£ ^ J^f 1 x n S £ 7^. m x ^ 

In fact, Proposition 12.171 is a special case of Proposition 13.21 which will be 
proved later. 

The "left" counterparts of Propositions 12 . 1 51 and 12 . 1 71 are as follows. They can 
either be proved analogously or deduced from the corresponding "right" statements 
by a transposition argument, or (in the case where the nc set Si is both right and 
left admissible) by a symmetry argument. 

Proposition 2.18. Let f: SI J\f nc be a nc function on a left admissible nc 
set SI C A4 nc . Then: 

(IX) A L f(X> © X", Y)(row[Z', Z"\) = vow[A L f(X', Y){Z'), A L f{X" , Y){Z")] 

for n',n",m £ N, X' £ Sl n , , X" £ Sl n „ , Y £ Sl m , Z' £ M mxn ' , Z" £ M mxn " ; 

(1Y) A L f(X, Y' © Y")(col[Z', Z"\) = co\[A L f(X, Y')(Z'), A L f(X, Y"){Z")] 

for n,m',m" £ N, X £ Sl n , Y' £ Sl m , , Y" £ Sl m „ , Z' £ M m ' xn , Z" £ M m " xn ; 

(2X) A L f (TXT-\ Y) (ZT- 1 ) = A L f(X, Y)(Z) T" 1 

for n,m £ N, X £ Sl n , Y £ Sl m , Z £ M mxn , and an invertible T £ TZ nxn such 
TXT- 1 £ Sl n ; 

(2Y) A L f (X, SYS' 1 ) (SZ) = S A L f(X, Y)(Z) 

for n,m £ N, X £ Sl n , Y £ Sl m , Z £ M mxn , and an invertible S £ TZ mxm such 
that SYS- 1 £ Sl m ; 

(3X) // XT = TX then A L f{X,Y)(Z)T = A L f(X,Y)(ZT) 

for n,h,m£N, X £ Sl n , X £ Sl. h , Y £ Sl m , Z £ M mxn , and T £ K nxfl ; 

(3Y) // SY = YS then S A L f(X, Y){Z) = A L f(X, Y){SZ) 

for n, m,m£N, X £ Sl n , Y £ Sl m , Y £ Sl fn , Z £ M mxn , and S £ ^™ xm . 

Proposition 2.19. Let f: SI — > J\f nc be a nc function on a left admissible nc 
set SI C M nc . Then: 



(2.28) A L /(Y'ffiY",Y'ffiY") 



Z'<' Z'>" 
Z">' Z"<" 



A L f(X>,Y>)(Z>>>) A L f(X»,Y>)(Z>>"y 
A L f(X', Y")(Z"<') A L f(X", Y"){Z">")\ 

for n',m' £ N, n",m" £ Z+, X' £ Sl n >, X" £ Sl n », Y' £ Sl m >, Y" £ Sl m », 
171,1 Z l,n ~\ 1 n 1 a 

ryu 1 rjn a £ MS m +m ) x (™+™ ) > with block entries of appropriate sizes, and if 
either n" or m" is then the corresponding block entry is void; 

(2.29) A L f {TXT- 1 , SYS- 1 ) (SZT- 1 ) = SA L f{X, Y)(Z)T- 1 

for n, m EN, X E Sl n , Y E Sl m , Z E M mxn , and invertible T E TZ nxn , S E U mxm 
such that TXT- 1 E Sl n , SYS- 1 E Sl m ; 

(2.30) XT = TX, SY = YS => S A L f(X,Y)(Z)T = A L f(X,Y)(SZT) 

for n,n,m,fh E N, X E Sl n , X E Sl n , Y E Sl m , Y E Sl m , Z E M mxn , and 
T E K nxh , S £ ft Axm . 
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2.6. Directional nc difference-differential operators 

Alongside the full difference-differential operators introduced above, we will also 
consider their directional versions. Let il C A4 nc be a right (resp., left) admissible 
nc set, and let /: fi — > JV nc be a nc function. Given /i e M, we define for all 
7i, m e N, X e Cl n , Y e Q m the linear mapping A R>lt f(X,Y): TZ nxm -> A/" nxm 
(resp., Az,, M /(X, F) : ft mxn -> A/" mxn ) by 

(2.31) A fl>M /(X, F)(A) = A fl /(X, y)(A M ) 
and, respectively, 

(2.32) A L ,J(X, Y)(A) = A L f(X, Y){Ap). 

Here for a matrix A over 1Z and /i £ M. , the product is a matrix over A4 of the 
same size and (A/i)ij — Aijjj, for all i and j. 

In the special case where M. — lZ d , we define the j-th right (resp., left) partial 
nc difference- differential operator by Arj = Au jej (resp., A^- = Ai ie .) where 
is the j-th standard basis vector in TZ , j = 1, . . . ,d. By linearity, we have 

(2-33) A fl /(X,Y)(Z) = £ A Hj -/(X,y)(Z,) 

j'=i 

and 

(2-34) A L f(X,Y)(Z) = J2A L jf(X ) Y)(Z j ). 

3=1 

For the basic rules of nc calculus. 12.3.11 [2~.3.21 12.3.41 and 12.3.51 have exactly the 
same form for the directional nc difference-differential operators. In the setting of 
12X31 

A R J{X, Y){A) = Alfji) and A L J(X, Y)(A) = Al(ji); 

in particular, in the case where Ai = lZ d we have 

A R J 3 {X, Y)(A) = 5 VJ A and A^X, Y)(A) = 5 VJ A. 

A version of 12.3.61 for the right and left partial nc difference-differential operators 
in the case where M. = 7Z d and Af = 1Z £ is 

i 

A R<i (g o f)(X, Y)(A) = £ A R) ^(/(X), /(F))(A fl)i / i (X, F)(A)) 



and 



3=1 



A £)i G, o /)(X, F)(A) = ^ A L , j9 (f(X), f(Y))(A L ^{X, Y){A)) 

3=1 

for i = 1, . . . , d, where f(X) — f\{X)ei + ■ ■ • + fg(X)eg with the component nc 
functions fj : f2 — > 7£ nc . 

The first order difference formulae of Theorem l2.10l in the case where M. = lZ d 
can be written in terms of partial nc difference-differential operators. It follows 
from (p39| - (p^0|) and ([2T33]) that 

d d 

f(X) - f(Y) = J2 Anjf(X, Y)(Xj - Yj) = J2 ^ 3 f(Y, X){X S - Y : ). 
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Similarly, it follows from (f^2T]) (pT22|) and ([234]) that 

d d 

f(X) - f(Y) =J2^L, j f(X,Y)(X j - Yj) =J2&L, j f(Y,X)(X j - Y : ). 

j=l 3=1 

For the properties of A# jM /(X, Y) and Al^/(X, Y) as functions of X and Y, 
all the statements of Section 12.51 have exactly the same form. 



CHAPTER 3 



Higher order nc functions and their 
difference-differential calculus 

Our next goal is to define higher order differentials of a nc function (more 
precisely, higher order nc difference-differential operators). As we saw in Chapter 
[3J for a nc function / on a nc set il C A4 nc to a nc space AT nc , Anf(X,Y)(-) is 
a function of two arguments A € f2 n and Y £ fl m (for all n and m) with values 
linear mappings M nxm — > J\f nxm . We also saw that Auf(X, Y)(-) respects (in an 
appropriate way) direct sums, similarities, and intertwinings. This motivates the 
appearance of classes T k = T k (&°\ fl^;Afo,nc, ■ ■ ■ ,-A4,nc) of nc functions of 
order k (k = 0, 1, . . .) together with the right nc difference-differential operators 

A R : r fc (^ (0) ,---,^ (fc) ;AA a 1 c,...,A4,nc) 

T fe+1 (fi (0) , . . . , fiW.nWj^nc, • ■ • Mh, m ,Mh,Ji- 

A nc function of order k is a function of k + 1 arguments, in nc sets f^ ' C A^o.nc, 
. . . , fl^ C A^fc !ri c, with values certain fc-linear mappings, which respects (in an 
appropriate way) direct sums, similarities, and intertwinings. Higher order nc 
difference-differential operators will be obtained by iterating Ar. 

(From now on, we will concentrate on right nc difference-differential operators. 
Of course, one can construct an analogous "left" theory.) 

3.1. Higher order nc functions 

Let Mo, . . . , Mk, A/o, . . . , A4 be modules over ring TZ. Let C M hnc be 
a nc set, j — 0, . . . , k. We consider functions / on X • • • X with 

/(fi£>, . . .,0^) C hom K (AAr oXri1 ® • • • ® A4™ fe - lXnfc ,AA no><nfc ) . 

In other words, for A € f^° \ . . . , A fc € f2^, / (A , . . . , A fe ) is a fc-linear mapping 
over 72 from A"i™° xni x • • • x A^™*- 1 x ™ fc to Af Q n ° xnk . We will call such a function 
/ a nc function of order k if / satisfies the following two conditions: 

• / respects direct sums: if no, . . • , n& G N, A G Qno > ■ ■ ■ > A fc G , 
Z 1 G A/i noXm , • • ■ , Z k G A4" fc - lX " fc , then 

(IX ) /(A ' A ", A 1 , . . . , A fc )(col [Z 1 ', Z 1 "], Z 2 , . . . , Z k ) 
= col [/(A ', A 1 , . . . , X k )(Z 1 ', Z 2 , . . . , Z k ), 

/(A ", A 1 , . . . , A fe )(Z 1 ", Z 2 , . . . , Z k )] 
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for n' Q ,n% g N, x°' g fi^, g fi<°>, Z 1 ' g M n ° xrtl , z 1 " e M 

where Z 2 , . . . , Z k do not show up when k — 1; 



(Z 1 , . . . , Z j -\ row [Z j Z J '"],col [Z (j+1) Z (j+1) "], Z j+2 , . . . , Z fe ) 

= f(x°, x j -\x j ', X j+ \ ...,X k ) 

(z 1 , . . . , z J '-\ Z J '', Z^' +1 ) Z J '+ 2 , . . . , Z k 
+ . . . , x*- 1 ^' ", Jf J ' +1 , . . . , X k ) 

(z 1 ,..., z j -\z j ", z^+v ", Z j+2 , . . . , Z fe ) 

for every j G {l,...,fc - 1}, and for n$,r^ € N, X'J' G f$\ X*'" G 

f2°2, Z-?' e Afj n *- lXn 'i, Zi" e Nj ni - lXn 'i ', zV +v >' e (.A/}+i) n ' xn ' +1 , 

ZCi+i)" e ( - A/ r J . +1 ) n " xn *+ 1 , where Z 1 , . . . , Z^ 1 do not show up for j = 1, 
and Z-? +2 , . . . , Z fe do not show up for j = k — 1; 

(ix fe ) . . . ,x fe - 1 ,x fe ' e x k "){z\ z k -\mw [z kl , z k "\) 

= row [f(X°, . . .,X k ~\X k ')(Z 1 ,. . . , Z k -\ Z kl , 

f(x°, . . . , x k -\x k "){z\. . . , z k -\ Z k ")] 

for n' fc ,ng G N, e fi$\ Jf fe " G Z fe ' G 7V fc n *- lXn «' ) Z fc " G 

jVt"" x "', where Z 1 ,..., Z^ 1 do not show up when k = 1. 

• / respects similarities: if n , . . . , n fc G N, X° G fin?, ^ fc G fin^, 
Z 1 G M"° xni , • • ■ , Z fc e A4 rlfc - lXnfc , then 

(2X°) f{S X So\X\ . . . , X fc )(S Z\ Z 2 , . . . , Z fe ) 

= 5 /(X°,...,X fc )(Z 1 ,...,Z fe ) 

for an invcrtiblc 5 G x ™° such that S q X°Sq 1 G f^ , where Z 2 , . . . , Z k 
do not show up when k = 1; 

(2XJ) . . . , J^'" 1 , SjXiSj 1 , X j+1 , ...,X k ) 

(Z 1 , . . . , z J '- 1 ,z J '57 1 ,s j z J ' +1 , Z J+2 , . . . , Z fc ) 

= /(X°,...,X fe )(Z 1 ,...,Z fe ) 

for every j G {l,...,fc — 1} and an invertible 5j € lZ njXrlj such that 
SjXiST 1 G n^, where Z 1 , . . . , Z^'" 1 do not show up for j = 1, and 
Z' J+2 , . . . , Z k do not show up for j = fc — 1; 

(2X k ) f(X°, . . .,x k -\s k x k s^){z\ z k - l ,z k s k ~ 1 ) 

= f{X°,...,X k ){Z\...,Z k )S^ 

for an invcrtiblc S k G n n " xnk such that S k X k S^ G 0$ , where Z 1 , . . . , 
Z fe_1 do not show up when k = 1. 
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We define nc functions of order zero to be simply nc functions as in Section fe.ll 
We denote by T k = T k (^°\. . . , fiWjjVo.nc, . . . ,Af k ,nc) the class of nc functions of 

order k, k = 0, 1, In the case where Mo = ■ ■ ■ = M k =■ M and fl^ = ■ ■ ■ = 

fiW =: £1, we will write T k = T k {£l;ATo, n c, ■ ■ ■ , A/fc,nc)- We will provide later a 
slightly different interpretation of nc functions of order k using tensor products 
rather than multilinear mappings for their values, which shows why the definition 
of higher order nc functions is natural and generalizes nc functions of order zero. 

Similarly to the class T° (see Proposition I2.1j) . the two conditions in the defi- 
nition of a nc function of order k can be replaced by a single one. 

Proposition 3.1. Let fiO') C M hnc , j = 0, . . . , k, be nc sets. A function f on 
fi(°) x • ■ ■ x Q( fc ) with 

. .,fiW) C hom K (A/i noXm ® • • ■®N k nk - lXnk ,Afo noXnk ) 

respects direct sums and similarities, i.e., f G l~ k (Q,(°\ . . . , fi^; A/"o, nc , • ■ • ,-A/fc lIlc ), 
if and only if f respects intertwinings: if Uq, . . . ,n& G N, X° e fl$ B , , . . . , X k G 
n {k) k , Z 1 G M noXni , ■ ■ ■ ; Z k G Af k nk - lXnk , then: 

(3X°) if T X° = X°T , f/iera 

T f(X°, X k )(Z\. ..,Z k ) = f(X Q , X 1 ,..., X k )(T Z\ Z 2 ,..., Z k ) 

for n g N, I" £ tt^ , and T G TZ A « xn ° , where Z 2 ,..., Z k do not show up when 
k = l; 

(3X») if A'/,, then 

f(X°, . . . , X k ){Z\. . . , Z*- 1 , Z ] Tj, Z' J+1 , Z ]+2 , ...,Z k ) 
= f(X°, . . .,X j - x ,X j ,X j+l : . . .,X k )(Z\ . . .,Z j -\ Z j ,TjZ j+1 ,Z i+2 , . . .,Z k ) 

for every j G {1, . . . ,k - 1}, and for hj £ N, Xi € , Z j G A/}" J - lXf \ Tj G 
K s 3' xn >, w/iere Z 1 , . . . , Z^ 1 do not show up for j = 1, and Z j+2 , . . . ,Z k do not 
show up for j = k — 1; 

(3X fc ) if X k T k = T k X k , then 

f(X°, ...,X k ){Z\..., Z k )T k = f(X°, . . . , X k -\X k )(Z\ Z k -\Z k T k ) 

for h k G N, X k G fij^, and T k G "K™ fcXfl <% w/iere Z 1 ,...,^ -1 do not show up 
when k = 1. 

Moreover, conditions (|1X°|) and (|2X°|) intte definition of a nc fu ncti on of 
order k together are equivalen t to c ond ition (|3X°|) , awe? similarly, (|lX 3 l) & (2X£ 
(H13) Cj = 1, . . . , k - l), (tlX^T) k (H3) <^> d3X~ 



Proof. We will provide a detailed proof of (llX°l & (|2X°|) (l3X°l Other 
equivalences in the proposition can be proved analogously. 

Assume first that conditions ( 1X° I and ( 2X°I) in the definition of a nc function 
of order k are fulfilled. Let rc , ho, n u . . . , n k G N, X° G X° G X 1 G 

X fc G Q^ 3 , Z 1 g Mi naXn \ Z 1 G A/i fioXni , Z 2 G AA 2 " lX ™ 2 , Z fc G 



' HIGHER ORDER NC FUNCTIONS AND THEIR DIFFERENCE-DIFFERENTIAL CALCULUS 



A4"'- lX " 1 , and let T Q e K floXno be such that T X° = X°T . By (|1X°|) , one has 

f(X° © 1°, X 1 , . . . , X fc )(col [Z 1 , Z 1 ], Z 2 , . . . , Z fc ) 

= col[/(X°,...,X fc )(Z 1 ,...,Z' £ ),/(X ,X 1 ,...,X' £ )(Z 1 ,Z 2 ,...,Z fe )]. 
On the other hand, using the identity 



x° 


" 




In 


" 




'x° 


" 




"4o 0" 


_ 


x°_ 






Ih _ 







x°_ 




— To Ifi a _ 



and conditions (llX°[) and (|2X°|) , we obtain 

f{X° © X°, X 1 , . . . , X fe )(col [Z 1 , Z 1 ], Z 2 , . . . , Z k ) 

= .f 



In 
To I no 



X° ' 

X° 



—Tq I h a 



In 

To Ih 
" 



col[Z 1 ,Z 1 ],Z 2 ,...,Z k 
f(X° © X°, X 1 , . . . , X fe )(col, [Z 1 , -TqZ 1 + Z 1 ], Z 2 , . . . , Z fe ) 







" 






( 




In _ 




—To Iho_ 



'no 



col[/(X°,...,X' £ )(Z 1 ,...,Z' £ ), 

/(x°, x 1 , . . . , x^X-ToZ 1 + z\ z 2 , . . . , z fc )] 

= col[/(X°,...,X' £ )(Z 1 ,...,Z' £ ), 

T /(X°, . . . , X k )(Z\ ...,Z k ) + /(X°, X k ){~T Z l + Z\ Z 2 , . . . , Z k )\. 
The comparison of the (2,1) blocks in the two block column expressions for 
/(X° © X°, X 1 ,..., X fe )(col [Z 1 , Z 1 ], Z 2 , . . . , Z k ) 

gives 

f(X°,X 1 ,...,X k )(Z 1 ,Z 2 ,...,Z k ) 
= T f(X a , . . . , X fe )(Z\ . . . , Z fe ) + f(X°, X 1 ,..., X fe )(-T Z 1 + Z 1 , Z 2 , . . . , Z k ). 
Using linearity in Z 1 of f(X°, X fe )(Z\ . . . , Z fe ), we obtain 

= T f(X°, . . .,X k )(Z\ . . . , Z k ) - /(X°,X\ . . .,X k )(T Z\Z 2 , . . . ,Z fe ), 
and (|3X°|) follows. 

Conversely, assume that ( 3X°[) holds. Let n , rig, fti, . . . , Uk € N, X ' € j 

x°" e n$, x 1 e n^, x fc e n^, z 1 ' e A/i"° xni , z 1 " e A/;"« xni , z 2 e 

7V 2 " lXn2 , Z fe e7V fc nfc - lX " fc . The intertwinings 



and 



col [/„, , 0]X l " = (X u ' © X u ") col [I n , , 0] 



col [0, I n ,,]X°" = (X ' © X°") col [0, / n »] 



^0// ( vOi ^ vOn\ 
coi[u,J„»jvi - 

imply, respectively, 

col [/„,, 0]/(X°',X 1 ,...,X fc )(Z 1 ',Z 2 ,...,Z fc ) 



/(X ' © X°", X 1 , . . . , X fe )(col [I n , , 0JZ 1 ', Z 2 , . . . , Z k ) 
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and 

col [0, I^fiX ", X\..., X k )(Z v >, Z 2 ,..., Z k ) 

= f(x°' e x°", x\..., x k ){co\ [o, i„u]z v ', z 2 ,..., z k ). 

Summing up these two equalities, we obtain (jlX°|) by linearity. 

If n G N, X° G Q^o, Z 1 G Afi loXni , and S a G K n ° xn ° is invertible, then, in 
virtue of 4H3), the intertwining S X° = (S a X°So 1 ) S implies (|2X°|) . □ 

Similarly to Proposition 12 . 1 7l each of the conditions of respecting direct sums, 
similarities and intertwinings admits an equivalent joint formulation. 

Prop ositi on 3.2. (1) Conditions (|lX°|) . (|lX J |) for j = 1,. . . ,k -1, and 

( IX I are equivalent to 



(3.1) /(X u 'ffiX u ",...,X fe '©X fe ") 



where, for a, j3 G {'/' }, 



(3.2) / a! ' /3 = ^ /(X° Q0 ,...,X feQ '=)(Z lQ0 ' Ql ,...,Z' CQ '=- 1 ' Qfc ). 

Qo,...,a t g{',"}: ao=a,a t =(3 

Fere n$ € N, r$ G Z +; G /or j = 0, . . . , k, a G {'," }, Z^* 3 G 

7V}"?- lXn f for j = l,...,k, a,P e {',"}, tfce 6/ocfc entry / Q ^ is uoirf j/ 
either n$ or n k is 0, and a summand in (|3.2p is i/ at Zeast one o/ n* 3 , 

j = 1 , . . . , k — 1, is 0. 

(2) Conditions (|2X° ). ( 2X J I for j = 1, ...,k— 1, and ( 2X fc ) are equivalent to 

(3.3) /(So^So \ ■ ■ • ; SkX k S k 1 )(SqZ 1 S 1 1 , . . . , S k -\Z k S k 1 ) 

= ^o/(X°,...,X' £ )(Z 1 ,...,Z' £ )^- 1 



/or rij G N, X j G fi^, and invertible Sj £ n n i xn i such that S j X j S j 1 G 



n$ , j = 0, • • • , *, and /or # G A/}" 3 ' -1 x "' , j = 1, . . . , k. 
(3) Conditions ( 3X°|) . (|3X J |) /or j = 1, . . . , k — 1, and ! 3X fe 1 are equivalent to 

(3.4) J/ TjX j = X j Tj, j = 0, . . . , k, then 

T f(X°,...,X k )(Z 1 T 1 ,... ) Z k T k ) 

= fiX , X k )(T Z\ . . .,T k ^Z k )T k 

for n^hj G N, X j G f2^, X j G ^ G ft"> xn >, j = 0, . . . , k, and for 
Z* eAf^- lX ^, j = l,...,k. 
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Proof. (1). Suppose that (|lX°|) -(|lX fe | ) hold - Tlien 



Z 1 ''' Z 11 '"' 



= col 

ao6{',"} 



f(X 0/ (5X°",...,X k ' ®X k ") 

f(x 0a °,x v © x 1 ", ...,x k '® x k ") 

row[Z lQ °'',Z lQ °'"] 
>i [ f{x Qa \x la \x 2 ' @X 2 ",...,X kl @X k ") 



ykl,l z ki,n 
z kii,i Z kn,n 



- Z 2,J 


Z 2 '"~ 




■ Z kl,l 


Z kr,tr- 




Z 2 "'' 


Z 2 "'" 


1 • • • 1 


Z kn,t 


z kit,ti 


)] 



col 

c<o6{ 







z z,,,r 




" Z kl,l Z kl,H~ 






z w,, 


Z 3//," 


j ... , 


Z kll,l z kii,n 


)] 



col 

ao6{',"} 



f(X 0ao ,X lai , X 2a2 , X 3 ' © X 3 ", ...,x k '®x 

cki,ck2€:{/,//} 



kll\ 



Z lao > ai ,Z' 2ai > a;! ,row[Z 3a2 >',Z 3a2 '"], 



col 

«o6{',"} 



■"], 


- Z it,, 


Z 4,,,r 




- Z kl,l 


Z k/,n~ 




Z 4„,, 


z All, n 


, . . . , 


Z k ">' 


Z kii,n 


)] 


f(x 0ao , 


^{k-l)a k - 


lx kl 


© X k ") 



ai,...,Q fc _ie{/,//} 

^ z la ,ai z (k—l)a k - 2 ,oik-l YOw[Z kak ~ 1 '' Z kak ~ 1 '"]) 



= col 

"oe{',"} 



E 



ai,...,afc_i £{',"} 



row [/(X 

a fc e{',»} 



0a„ 



X ' £Qfc ) (^Z la °' ai Z ka k - 1 ,a k ^ 



where are as in 



Conversely, if (|3 . If) holds, then each of ( 1X°[H lX fc ) is obtained as a special 



case when all n"'s but one equal 



(2). Suppose that (f2X°l) (l2X fc jl hold. Then 



f(SoX°S , . . . , SkX k S k 1 )(SqZ 1 S 1 1 , . . . , Sk~\Z k S k 1 ) 

= Sof(X°, S\X 1 S 1 , . . . , SkX k S k 1 )(Z 1 S 1 , S\Z 2 S 2 , Sk-\Z k S k 1 ) 

— dOjyJL 7 A ,i>2^- 2 , . . . , OfcA O fe )(Zj , Z D 2 ,02-^ i ■ ■ ■ i Jk-1^< ) 

= ... = S f(X°, X k -\S k X k S^){Z\ z k - 1 ,z k s k 1 ) 

= S f(X° 1 ... 1 X k )(Z 1 ,...,Z k )S k 1 . 



Conversely, if (|3.3[) holds, then each of (|2X°|) -( 2X fc ) is obtained as a special 
case when Sj = I rlj for all j's but one. 
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(3). Suppose that (|3X° |) - (j3X fc | hold, and TjX j = X j T h j = 0,...,k. Then 

T f{X\...,X k ){Z l T x ,...,Z k T k ) 

= f(X°, X 1 ,..., X k ){T Z l T u Z 2 T 2 , . . . , Z k T k ) 
= f(X°, X\X 2 ,..., X^ToZ^T^Tz, Z 3 T 3 , Z k T k ) 
= ... = f(X°, . . .,X k -\X k )(T Z\ . . . ,T k ^ 2 Z k -\T k ^Z k T k ) 
= f(X°, . . .,X k )(ToZ\ . . .,T k ^Z k )T k . 



Conversely, if (|3.4[) holds, then each of (|3X°|) -( 3X fc ) is obtained as a special 



case when fij = rij and Tj — I n . for all j's but one. □ 

Formulae (|3.1[) - (|3.2j) admit a generalization to the case of direct sums of more 
than two summands as follows. Let 

™i 

X j =0I jtt , Z j = [Z^] Q =l 1 ...,m,_x,|9=l,... jTOj , 

where e Z+, X^ a e 0^2 for j = 0, . . . , k, a = 1, . . . , mj; Z^ e A/}"?- lX "f for 
j = 1, . . . , k, a = 1, . . . , ntij-i, (9=1,..., mj. Then 

(3.5) . . . , X fe )(Z\ . . . , Z k ) = [f^] a=1 ,..., m0i /?=!,...,„, , 
where 

(3.6) /"' /3 = 51 /(X° QQ ,...,X feafe )(Z lQ0 ' ai ,...,Z fcQfc - 1 ' afe ). 

otj — l,...,mj : ao- c*,afc=/3 

Here the block entry / a '^ is void if either rig or "n? k is 0, and a summand in (|3.6|) is 
if at least one of n" J , j = 1, . . . , k — 1, is 0. The proof is similar to the proof of 
Proposition I3.2T 1 ) . 

The case where for each j the diagonal blocks X^ a are all equal will be of special 
importance (see Chapter 2]). Some notations are in order. For Z J e Afj Uj ~ lXnj , 
rij = rrijSj, j = 1, . . . , k, we define 

zK^Qs, ■ ■ ■ s k _ 2 ,s k & Sk ^ Z k e (A/-! SoXSl • • • M k s ^ XSk ) moXmk 

viewing Z J as a rrij^i x rrij matrix over J\fj Sj ~ lXSj and applying the standard rules 
of matrix multiplication, i.e., 

(3.7) ' 

{Z\ , s f) si --- s k ^s k Qs k ^Z k Y^ = J2 z la ^®---®z ka *-^\ 

ctj— l,...,mj : ao—a,a k —j3 

where Z J = [^• 7a '^] Q =i,... )TO 3_i,/3=i,...,m 3 - This is an iteration of a product of ma- 
trices over two modules that are endowed with a product operation into a third 
module, as in 12.3.41 In case two factors have square blocks (necessarily of the 
same size), we omit the left subscript indices, i.e., we write Z 1 S Z 2 instead of 
Z 1 S ^0 S Z 2 . For s = 1 we omit the right subscript, i.e., we write Z 1 So>S2 QZ 2 instead 
of Z l S0tS2 Qi Z 2 , and we write Z 1 • • • Z k instead of Z l 0i • • • 0i Z k ; see, e.g., 
Page 86] or [62j Page 240]. 
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Proposition 3.3. Let f g T k (fl (0 \ . . . , fi (fc) ; A/o,nc ■ • • ,-A4,nc) and™., = m^sj, 
,7 = 0,...,fc. 

(1) for g n^, = 0™!^', j = 0, . . . , fc, and for Z* g Mj^-^i , 
j = 1, . . . , k, 

(3.8) /(X°, . . . , A^XZ 1 , . . . , Z k ) = Z\ Q . S2 Q Sl ■ ■ ■ Sk ^ Sk Q Sk ^ Z k f(Y°, . . . , Y k ). 
Here the linear mapping 

f{Y ,...,Y k ):Ni° XSl ®---®N k Sk - lXSk -^M SoXSk 
is acting on the matrix Z^ S0>S2 Q S1 ■ ■ ■ s t _ 2 A®si-i % entrywise. 

(2) ForY? g tig}, X* = Q)2U Yj > 3 = 0,...,k- 1, X k g 0$, «W /or 
Z* € ATf- 1 *"* , j = l,...,k, 

(3.9) 

. . . , x fc )(z\ . . . , z fe ) = z\ , S2 q s1 ■ ■ ■ Sfc _ 2 , Sfc Sfe _ 1 z fc /(^°, • . • , y*- 1 , x fe ). 

Here the linear mapping 
f{Y°,...,Y k -\X k ): A/; soXSl <g> (A4_i) Sfc - 2XS,t - 1 <g) A^- 1 xmfcSfc 

= (Ni SoXSl ® ■ ■ ■ ® Af k Sh - lXSh ) 1Xmk — -> AA SnXmfcSfc 3* (7Vo SoX;i ' c ) 1X " lfc 

is acting on the rows of the matrix Z 1 S(uS2 Q Sl ■■■ s fc _ 2 ,Sfc©Sfc-i Z k ; i.e., 
f(Y°, . . . , Y k ~ 1 , is a mfc x matrix of linear mappings 

N' 1 SoXSl (g>---(g)N k Sk - lXSk — >W SoXSfc 

that multiplies the matrix Z 1 So . S2 Sl ■ ■ ■ Sk - 2 ,s k G>s k - 1 Z k on the right. 

PROOF. Follows immediately from p.5l) - (|3.6p . □ 

Remark 3.4. We notice that there is a natural mapping 

(3.10) 7Vo" oX "° (g) A/"*™ 1 *™ 1 ® • • • ® AA*" fcX " fc 

— > hom K (7Vi" nXni • • • A4" fc - lX " fc ,AA ™ oXnfc ) 
for fc a positive integer, defined on an elementary tensor Y° <E> Y 1 g) • • • ® y fe by 

(3.11) (z\ . . . , z k ) > y^y 1 ) • ■ • (z fc r fc ), 

with ^'yj g n n J- lXn i for g N j ri] - lXn \ j = 1, . . . , fc. If the modules A/i, ■ • • , 
A/fe are free and of finite rank over 1Z and the module Ao is free (in particular, 
when 1Z is a field and A/i , . . . , A/fc are finite-dimensional vector spaces) , the natural 
mapping (13. 10p — (|3. 1 ip is easily seen to be an isomorphism. 

Remark 3.5. In the case where the natural mapping p.l0j) - (|3.11[) is an iso- 
morphism, we can view a nc function of order fc as a function / on x • • • x 
with 

(3.12) /(fi<°>, , . c AA "« X "« ® A/i*" lXni ® • • ■®M' k tnkXnk . 

Direct sums and similarities on Af n ° xn ° , A/"* 711 *" 1 , Af* nkXn " induce i-th fac- 
tor direct sums and similarities on A/" ™ oX ™° ® A/? ™ lXni ® • • • <X> A^"" x " fc fo r the 
corres p ondin g i = 0, . . . , fc. With this interpretation, conditions ( !X°|) -( lX fc I and 
(|2X°[| — ( 2X fc 1 mean that direct sums and similarities in each argument of / result 
in direct sums and similarities in the corresponding factor in the value of /. This 
explains the form of the conditions of respecting direct sums and similarities in the 
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definition of nc functions of order k and also puts the cases k = and k > on an 
equal footing. 

Remark 3.6. There is also a natural mapping 

(3.13) T fc (fi (0) , . . . , fiW;A/a >nc , . . . ,A4,nc) 

® T £ (^( fe+1 ) , . . . , fi^ +1 > ; £S,ac, A,nc, • • • , A,nc) 
— > r fe+f+1 (0(°\ . . . , Q( fc +W); AA , nc , . . . , A4,nc, £ 0) nc, • • ■ , A,nc) 

defined on elementary tensors as 

/ ® 5 i — > /;,, 

where 

(3.14) . . . , X k , U°, . . . , U e ) = f(X°, ...,X k )® g(U°, U% 

interpreting the values of higher order nc functions as elements of tensor products 
(see Remark [3~S1 . or 

(3.15) h(X°, ...,X k ,U ,..., U l ){Z\. . . , Z k ,W°, W 1 ,..., W l ) 

= f(X°, X k ){Z\ . . . , Z k ) (w a g{U\ U l ){W\ W 1 )) , 

interpreting the values of higher order nc functions as multilinear mappings. Here 

x° g Q®, ...,x k e U° e fi^ +1) , ...,U e e n&+' +1) , z 1 g M noXni , • , 

Iterating this construction, we obtain a natural mapping 

(3.16) 7°(fi< >;</Vo,nc) ® r°(fi«;.A/i* nc ) ® ••• ® T°(fi«;A/;* nc ) 

— > T fe (^ (0) , . . . , fi W ; M),nc, • ■ • , A4,nc), 

defined on elementary tensors as 

f ® • • • ® / fe i— > h, 

where 

(3.17) = /°(X°)®/ 1 (X 1 )®---®/ fc (X' £ ), 

interpreting the values of higher order nc functions as elements of tensor products, 
or 

(3.18) h(X°, X\...,X k )(Z\...,Z k ) = f(X°) (V/ 1 ^ 1 )) • • • (z k f k (X k )) , 

interpreting the values of higher order nc functions as multilinear mappings. Here 
X° G fig?, . . . , X k G fi&\ G A/i™ *" 1 , . . . , Z k G A4." fc - lX " fc . 

It is clear that the natural mappings ([3TT5]) fc (|3TT3]l (or ([3~TS|) fc (l3Tl5l) ) and, 
in particular, (|3.16l) fe (l3.17[) (or (|3.16p &: (|3.18p ) are embeddings; we will sometimes 
abuse the notation writing h — f ® g and ft. = /° ® • • • ® f k for Q3.14p (or (j3.15|l ) 
and (|3~T7) (or ([3TT8]) ). respectively. 
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3.2. Higher order nc difference-differential operators 

Proposition 12.151 tells exactly that, for / e T°, one has A R f e T ■ We will 
extend A R to an operator from T k to T k+1 for all k. Similarly to the case k = 0, 
it will be done by evaluating a nc function of order k (> 0) on a (k + l)-tuple of 
square matrices with one of the arguments block upper triangular. We start with 
the following analogue of Proposition 12.21 It will be shown later, using the tensor 
product interpretation of the values of higher order nc functions, that this is indeed 
a natural analogue. 



Proposition 3.7. Let M 3 , A/} be modules, and let ft® C Mj 



set, j — 0, . . . , fc. Let f G T fc (^°\ . . . , fi< fc >; M,,„ c , . . . , Af k , DC ). Let X° G ^ , 



be a nc 

(0) 



(fc-i) 



x kl e n (k ,\ x k " e Sl ( *l, z 1 e M 



(fc) 



., z 



k-1 



(Af k - 1 ) n "- 2Xnh - 1 , Z kl e M k nk - lXn ' k , Z k " e Af k nh - lXn *. Let Z e M k n ' kXn ' k ' be 



such that 



x kl z ' 

X k " 
o 



G n {k ), ,, . Then 

n. +n. 



(3.19) / [X°,...,X 



'fc-1 



X kl Z ' 
X k " 



(Z\...,Z k - 1 ,row[Z k ',Z k "}) 

r. f(X°, . . . , X k ~\X k ')(Z\ Z k -\Z k '), 

A R f(X°, . . . , X k -\ X k/ , X k/, )(Z\ Z k - l 1 Z kl , Z) 
+ f{X°, x k -\x k// )(z\ . . . , z k -\ Z k ") 

Here A R f = (X°, X k ~\X k ', X h "){Z x , Z k -\Z k/ , Z) is determined uniquely 
by (|3.19[) . is independent of Z k " , and has the following property. If r G TZ is such 

lXk ' rZ] ert k \„,then 



that 



X 



kll 



(3.20) A R f{X°, . . . , X k -\X k ', X k ")(Z\ . . . , Z k ~ 1 ,Z k ', rZ) 

= rA R f(X°, X k -\X k ', X k "){Z\ . . . , Z k ~ 1 ,Z k ', Z). 
For k — 1, the matrices Z 1 , . . . , Z k ~ 1 do not show up in p,19[) and (|3.20p . 
Proof. Denote 

X kl Z 



f x°, 



.X 



k-l 



X 



kll 



Z 1 ,..., Z k - x ,Tow [Z kl , Z k "] ) =: vow[A, B] 



where A € Af noXn * , B G M noXnk . We have 



- X kl 


z ' 




V 




fc 





X k " 













x k '. 



By (3X_' 



A = f(X c 



,X 



fc— 1 yfc/ 



X fe ')(^\---,^ 



fc— 1 gkl 



We have also 



X fe "[0 7 n »] = [0 / n »] 







By (|3X fc |) and the additivity of 

f(X°,...,X k -\X k ')(Z\. 



rk-1 



Z k ) 
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-0 vk—l vkll\l ryl ryk—\ rrkllw 
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row [0, f(X", X k -\X k ")(Z\ . . . , Z k ~\Z 

~X k ' Z 



[A,B]-f(x°,...,X k - 1 



x kl z 

X fe " 



Z\...,Z k -\row[0 1 Z k "}) 

(Z\...,Z k -\i-ow[Z k/ ,0}), 



which implies that 

B = f(x°,...,X k -\ 



X k ' z 
X k " 



(Z 1 ,...,Z k -\iow[Z k ',0}) 



+ f(X°, . . . , x k -\x k ")(z\ z k ~\z k "). 

Therefore, we obtain (j3T9f with 

(3.21) A R f (X°, X k -\X kl , X k ") (Z 1 ,..., Z k -\ Z kl , Z) 



f[x°,...,x k - 1 , 



x kl z 



Z\...,Z k -\row[Z k ',0]) 



X k " 

We observe that (|3.21[) implies that for any r € 1Z one has 

(3.22) A R f(X°, X k -\X k ', X k, ')(Z\ . . . , Z k - 1 ,rZ k/ , Z) 

= rA n J(X°, X k -\ X kl , X k,/ )(Z\ Z k -\ Z k, ,Z) 



Next, for r £ TZ such that 



X kl rZ ' 
X k " 



X k ' rZ 
X k " 



rl n > 
/„» 



g fi V . „ we have 

rI K 
I n » 



x kl z 

X k " 



By |3X' 



X kl rZ ' 
X k " 



f(x°,...,x k -\ 

= f(x°,...,x k 

Multiplying both parts on the right by 



rI K 
!„>■ 



j (Z\...,Z k -\row[Z k ',Z k "}) 

(Z 1 ,...,Z k - 1 1 row[rZ k ',Z k "}) 



1 


- X k, 


z ' 









X k " 


) 



and subtracting 



f(X°, . . . 7 x k -\x k ")(z\ z k -\z k "), 

we obtain in virtue of (|3.19j) that 

A R f(X°, X k -\X k/ , X k// )(Z\ . . . , Z k -\ Z k, ,rZ) 

= A R f(X a , X k - 1 ,X kl , X k ") = (Z 1 ,..., Z k -\rZ k/ , Z). 
Then applying ([3~2"2"|) we obtain ([3~2T))) . □ 

Assume now that the nc set VL {k) C M k nc is right admissible, and let 
/er fc (« (0) ,...,r!W;AAo, nc ,...,A4,„c). 



38 HIGHER ORDER NC FUNCTIONS AND THEIR DIFFERENCE-DIFFERENTIAL CALCULUS 

Then for every X° £ 0$ , . . . , X k ~ x £ X kl £ Q$ , X k " £ fij*), Z 1 £ 

A/i noXni , • • ■ , Z k ~ l £ {N k - 1 ) nk -^ nk -\ Z kl £ A4" fe - lX "' fc , Z £ M k n '" xn '\ and for 

~X kl rZ 



an invertible r £ 7Z such that 



£ fil^ we define first 



X k " 

A R f{X°, X k - 1 ,X k ',X k ")(Z 1 , . . . , Z k -\ Z kl , rZ) 

by ([535} , with Z replaced by rZ (for an arbitrary choice of Z k " £ Af k nk - lXn ' k ), 
and then define 

(3.23) A R f(X°, X k -\X k ',X k ")(Z\ Z k - l ,Z k ',Z) 

= r^AnfiX , X k -\X k, 1 X k ")(Z\ . . . , Z k ~\Z k ', rZ). 

By Proposition 13. 7\ the right-hand side of (|3.23p is independent of r, hence the 
left-hand side is defined unambiguously. Using Proposition IA.5| we can establish a 
higher order version of (12. f lj) . 

(3.24) A R f(X°, X k -\X k ', X k ")(Z\ Z k -\Z kl , Z) 

= A R f(X°, X k - 1 ,X k ',X k ")(Z 1 , Z k -\Z k ',Z). 
We have the following analogue of Proposition ^. 41 with essentially the same proof. 

PROPOSITION 3.8. Let f £ r fc (0(°),...,OW;A/'o,nc,...,M ; , I1 c) ) with f#) C 
■Mk,nc a right admissible nc set. The mapping 

Z i— > A R f(X°, . . . , X k - 1 ,X kl , X k "){Z\ ... 7 Z k - 1 , Z kl , Z) 

is homogeneous as an operator from J\A k nkXUk to Afa n ° xrik , i.e., (|3.20[) holds for 
every X° £ , X^ 1 £ X k > £ Sl {k ), X k " £ Q^, Z 1 £ M x m \ 

Z k - X £ (Af k _ 1 ) n "- 2Xnk - 1 , Z kl £ Af k n "- lX < , Z£M k n ' kXn ' k , and every r £ K. 

We proceed with establishing an analogue of Proposition 12.61 

Proposition 3.9. Let f £ T fc (^ (0) , . . . , W , nc , . . . ,W fe , nc ), with Q<» c 
M-k,nc a right admissible nc set. The mapping 

Z i— > A R f{X°, . . . , X k -\X k/ , X k ")(Z\ . . . , Z k -\Z kl , Z) 
is additive as an operator from M. k lkXnk to Ao"° x ™ fc , i.e., 

(3.25) A R f(X°, X k -\X k ', X k ")(Z\ . . . , Z k ~ l ,Z kl , Zi + Z n ) 

= A R f(X°, . . . , X k -\X k/ , X k ")(Z\ . . . , Z k -\Z k ', Z z ) 

+ A R f(X°, X k -\X k ', X k ")(Z\ Z k -\Z kl , Zn) 

for every X° £ 0$ , . . . , X k ^ £ , X k ' £ Sl {k ), X k " £ fljW Z 1 GM noXWl , 

Z k - X £ {Af k - 1 ) nk - 2Xnk - 1 , Z kl £ N k nk - lXn ' k , and Zj,Z n £ M k n ' kXn ' k . 

Proof. Let X° £ f>l° \ X k ^ £ X kl £ n (k ), X k " £ 0%), Z 1 e 

M noXni , ■ ■ • , Z k ~ l £ {N k -i) nk - 2y - nk -\ Z kl £ N k nk - lXn ' k , and Zi, Z n £ M k n '" x < 
be arbitrary. By (|3.24l) . we may assume, without loss of generality, that is 
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similarity invariant, i.e., fl^ k ' = D,^; see Remark 12.51 and Appendix lAl Then by 
Proposition IA.2| 



X kl Zi 
X k " 



n k+ n k ' 



X kl z n 
X k " 



(Zi + Zn) 





(k) 



and 








Zi 





X k, 


Zn 











(fe) 



(for the latter, we use the fact that if X k/ € fr , then 
have 



X kl 
X fe ' 



e We 



X fe ' Z z ' 




By (|3X* 



/„i o 

/„« 



/«i o 

J„« 








Zi 















X k " 



X k ' Zi 
X k " 



(Z l ,...,Z*- l ,row[^,0])[ / ;i ° ^ 

(Z\...,Z k '\row[Z k/ ,0 7 0}). 



X KI Z/ 
X kl Zn 
X fc " 



Multiplying both parts by col[0, 0, I n »] and taking into account (|3.21[) . we obtain 

(3.26) A R f(X°, . . . , X k -\X k, 7 X k ")(Z\ . . . , Z k -\Z k ' } Zi) 
= A R f(X°, . . . , X k ~\ X kl ® X k ', X k ")(Z\ . . . , Z fc "\ row [Z k \ 0], col [Z z , Z n ]). 
Similarly, using the intertwining relation 



X k ' Z n ' 
X k " 



o i n - h 

I nl , 



o i K 

I n n 



X k> 





Zi ' 





X kf 


Zn 








X k " 



we obtain 

(3.27) A R f(X°, . . .,X k -\X k ',X k ")(Z\ . . . , Z k -\ Z kl , Z n ) 
= A R f{X°, X k -\X k ' X k ', X k ")(Z\ Z k -\iow [0, Z k \ col [Zi, Zjr]). 
Next, using the intertwining relation 

~X kl Zi 



X fc ' Zi + Z n 
X*" 



I n 







I„ 



X fe ' z 
X 



we obtain 

(3.28) A R f(X°, X k -\X k ',X k "){Z\ Z*" 1 , Z fe ', Zj + Z n ) 
= A R f(X°, . . . , X k -\X k '®X k ', X k ")(Z\ Z k -\iow [Z kl , Z kl ],co\ [Z r , 
We observe that (|3.21|) implies the additivity of 

A R f(X°, X k -\X k ',X k ")(Z\ . . . , Z k -\Z k ', Z) 
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as a function of Z kl . Therefore, the sum of the right-hand sides of (|3.26j) and (|3.27p 
equals the right-hand side of p.28|) . and (|3.25|) follows. □ 

Theorem 3.10. Let f e T k {^°\ . . . , fiW; A/o,„ c , ■ ■ ■ Mk^c), withCl^ C M k , ac 
a right admissible nc set. For every X° £ 0,$ , . . . , X k E 0,$ , X k+1 E the 
mapping 

(Z 1 , . . . ,Z k+1 ) i— > A R f(X°, . . . . . . ,Z fc+1 ) 

fromMx noXni x---xAT k nk - lXnk xM k n " xnk+1 to Afo n ° xnk+1 is (k+l)-lmear over 
K. Furthermore, A R f E T k+1 (rt°\ ■ • ■ , ^ k \ flW; 7V 0)I1C , . . . , 7V fe , nc , M Mc ). 

Proof. The fact that A R f (X°, X k+1 ) (Z 1 ,..., Z k+1 ) is linear as a func- 
tion of Z J , for every j = 1, follows from dMU). The linearity in Z fc+1 
follows from Propositions 13.81 and 13.91 We also observe that (|3.21[) implies that 
the function A R f (X°, X k+1 ) (Z 1 , . . . , Z k+1 ) respects direct sums and similar- 
ities in variables X°, . . . Thus, it only remains to show that the function 
A R f (X°,...,X k+1 ) [Z x ,...,Z h+v ) respects direct sums and similarities, or equiv- 
alently (by Proposition 13. lj) . respects inter twinings, in variables X k and X k+1 . 

Let x° e ngj, . . . , x k e fift\ * k+1 e nffl-x, x k e ng>, a^ 1 e ng^' z 1 e 

A/i™° xni , Z^ 1 e (A4_i)" fe - 2Xnfe - 1 , Z fc G A4" fe - lxSfc , and Z fc+1 e A^ fc nfcXS * +1 
be arbitrary, and let T k E W lkXnk and T k+1 E K"^ 1 ™^ 1 satisfy the identities 
T k X k = X k T k and T k+1 X k+1 = X k+1 T k+1 . By J52^, we may assume, without 
loss of generality, that is similarity invariant, i.e., fl^ — Q( k >; see Remark 
and Appendix |A"1 Then by Proposition IA. 21 



X k Z k+1 T k+1 

x k+1 



E Q 



(ft) 



We have 



T k 








Z k+1 T k+1 
X k+i 



X k+1 T k Z k+1 
X k+1 

T k Z k+1 

fe+1 



e n 



(fc) _ 



X k+1 











Tk+1 



Using (|3~2Tj) and applying (|3X fc |) to /, we obtain 
A R f(X°, 

~X k 



,x k - 1 ,x k ,x k+1 ){z 1 ,. 




.X 



fe-1 



.X 



fe-1 





AT fe 





= / x° 



.A 



fe-i 



X fe 





r/k rji ryk-\- 1 \m 

, Z , ifcZ ] J fe+1 



Z* _1 ,row[Z*,0]) 
,Z fc - 1 ,row[Z fe ,0]) 



"T fe 




fe+i 



o 

Tk+i 



Z k+1 T k+1 
X k+i 



,Z fc 



fc-i 



r[Z k ,0] 



T k 
T k+1 



f(X°, . . .,X k+1 )(Z\ . . . , Z k -\ Z k T k , Z k+1 T k+1 ), 



which is a special case of (3X3) applied to A R f. 



a 
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Wc have therefore the right nc difference-differential operator 
A R : T fe (f»(°) , . . . ,Q W ; AA , nc , . . . , Af k , nc ) 

— ► T fe+1 (0(°), . . . , fiW, fiW; A^nc, . . . ,A4,nc, Mfc,nc), 

for fc = 0,1, Iterating this operator I times, we obtain the l-th order right nc 

difference- differential operator 

A^:T fe (r!( ),...,OW;AAo, nc ,...,A4,nc) 

r fe+£ (r»(°), . . . , OW,S]W,. . . , Q^A^nc, . . . ,M k , nc ,Mk,nc, • • • , A4fc, nc ), 



for fc = 0,1, According to our definition, A e R f is calculated iteratively by 

evaluating nc functions of increasing orders on 2 x 2 block upper triangular matrices 
at each step. It turns out that A R f can also be calculated in a single step by 
evaluating / on (I + 1) x (£ + 1) block upper bidiagonal matrices. We formulate 
the result separately for the case fc = and for the case k > 0. 

Theorem 3.11. Let f G T°(Q;Af nc ), with Q C M nc a right admissible nc set. 
For every X° G fl no , . . . , X e G fi n<J Z 1 G M n ° xni , . . . , Z l G M ne - lXnt such that 



X° 




z 1 

X 1 







x t-l 








z e 

X 1 



G ft 



noH Vnt i 



one has 



(3.29) / 



X° Z 1 
X 1 



x e-i 




f(X°) AnfiX^X 1 )^ 1 ) 

o fix 1 ) 





z l 

X 1 



fix'- 1 ) 





A R fiX\...,X')iZ\...XY 
A i R 1 f(X 1 , ■■, X e )(Z 2 , Z l ) 



A R f{X"-\X"){Z") 
f(X l ) 



Theorem 3.12. Let f G T fe (^ (0) , . . . , fi( fc ); A/" , n c, • • • , A4,nc), fc > 7 witft 
c Alfe.nc a right admissible nc set. For every X° G flno > •••> X k ^ 1 G 

n^-p, x fe >° g n^lo, x k ^ g n { n %, z k +^ g a^"*- *^ 1 , _ ; z w e 
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M k nk - e ~ lXnk - e such that 



■ X k,o Z k+i.i o 
X k ' x 



one has 



(3.30) / 





x k,i-l gk+1,1 

x k < e 



r x k,o Z k+i,i 
X k ' 1 



e r> (fe) 

nfc,o^ h"fc,<?> 



fc-1 









(Z 1 ,...,Z' £ - 1 ,row[Z fc ' ,...,Z' £ ^) 
9^, [ E A « • • • , X k -\X k >\ . . . , X k '=) 

i<7<£ L * — ' 



i=0 



"fc-2Xn fc _i <7fe,0 



Z fc '° G M 



/or a// Z 1 G A/i™ oX "\ 

Remark 3.13. In the special case where Z fe ' 1 = 0, . . . , Z w = 0, the right-hand 
side of (|3.30p becomes 

row [ f(X°, . . . , X k -\X k '°)(Z\ Z k -\ Z k <°), 

A R f{X°, . . . , X k -\X k ' Q , X k - 1 ){Z 1 1 . . . , Z k -\Z k '°, Z^ 1 - 1 ), . . . , 

A e R f(X°, X k ~\X k '°, . . .,X k < e )(Z\ Z k -\Z k >°, Z k+l -\ . . . , Z k+l ^)} . 

For the proofs of Theorems 13.111 and 13.121 we will need the following lemma. 

Lemma 3.14. Let C A4 nc be similarity invariant, i.e., — CI; see Appendix 
GO Then for all n , n e , X° G Q„ , X 1 € fl nt , Z 1 G M n " xni , 

rx-j o ••■ o 



o xi- 





X l-1 Z l 





g n 



n,H |-rif ! 



j = 0,...,£-l. 



Proof. Induction on £, using Proposition IA. 21 □ 

Proof of Theorem 13.111 By (|3.24j) . we may assume, without loss of gen- 
erality, that f2 is similarity invariant, i.e., Q = Q; see Remark 12.51 and Appendix 
lAl We will prove the statement by induction on £. For t = 0, the two sides of 
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(|3.29[) are identical. For I — 1, (|3.29[) coincides with (|2.5j) up to notation. Suppose 
now that the statement is true for I — to, with some to G N. Let X° e fi„ , 
Jf m+1 G O nm+1 , Z 1 G M™ *™ 1 , Z m+1 G M n ™ xn ™ +1 . Using induction 
hypothesis, Lemma [3. 141 and (J37T9J), we obtain 



X° Z 1 

x 1 '■■ 



V 

/(*°) 






X m-i Z m o 

x m z m+1 

X m+1 
AS/fx°,...,X m - 



f(X" 
















x m+1 



(Z 1 ,...,Z m - 1 ,row[Z m ,0]) 



x m+1 



A 



'( 

V^ , ■ ■ • ,x m+1 ) (z 1 , . . . , z m+l ) 



A R f(X m ,X m+1 )(Z m+1 ) 
f(X m+1 ) 



Thus, we have (|3~29|) for ^ = m + 1. 



□ 



Proof of Theorem 13.121 By (|3.24[) . we may assume, without loss of gener- 
ality, that fiw is similarity invariant, i.e., fl^ = Q( k >; see Remark [53] and Appen- 
dix [XJ We will prove the statement by induction on I. For I = 0, the two sides of 
(13.301) are identical. For I — 1 , (|3.30l) coincides with (|3.19[) up to notation. Suppose 
now that the statement is true for all k > and i = to, with some to € N. Let k > 
be fixed. Let X° G A . . . , X k ^ G ^t'\ * fe '° e r>« , . . . , G n<g m+I , 



'"0 3 • 

Z fe+i,i e M k nk -" xnK \ ■ 



Z k+l, m +l £ M n„. 



<nfc,m+l 



, Z 1 G M' 



Z fe - X G CA/ib_ 1 ) n *- aXn *- 1 > Z fe -° G A4." fc - lX ™ fc '°, Z fc > m+1 g jV fc n *- lXn *- m+1 . By 
Lemma 13. 141 



X k ^ +1 



o 







g n 



n*, 3 H h«fc,m+i 
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for each j = 0, . . . , m. By (|3.19[) . we have 



X°,...,X 



fc-i 



V 



■ X k,0 Z k+i,i o 
X^ 1 





j^k.m gk-\-l,m-\-l 

J£"fe,?7l+1 



(Z 1 , . . . , Z k -\row [Z k '°, Z k > m+1 }) 
[f(X°, . . . , X k - 1 ,X k '°)(Z 1 , Z k -\Z k '°), 



( 



X»,...,X 



fc-i 



X k.l Z k+1,2 o 

o x k > 2 '■. 







* " ' ^k,m gk-\-l,m-\-l 

x fe ' m+1 J / 

(Z 1 , . . . , Z fc -\ Z fe '°, row [Z fc+M , 0, . . . , 0] 



+ / 



X\...,X 



k-1 



X k ' 1 z k+1 ' 2 

o x k - 2 















(Z\...,i? fc -\row[^>V..,i 



])] 



3.2. HIGHER ORDER NC DIFFERENCE-DIFFERENTIAL OPERATORS 



55 



Applying the induction assumption to the right-hand side of the latter (see also 
Remark l3.13p . we obtain 



X° X 



fc-i 



X k,o Z k+i,i 
X^ 1 







row 



o x k > m+1 J J 

(Z\...,Z k - 1 ,T0w[Z k ' Q , 

f(X°, . . . , X k -\X k '°){Z\ . . . , Z k ~ 1 ,Z k ' ), 



7fe,m+l] 



A R f(X°, X k -\X k '°, X k ' 1 )(Z\ Z k ~\Z k '°, Z k+1 - V ) 
+ f(X°, X l> - 1 ,X k ' 1 )(Z 1 , Z k -\ Z k ' r ), 
A 2 R f(X°, X k -\X k '°, X k '\X k ' 2 )(Z\ Z k ~\Z k '°, Z k + l '\Z k+1 > 2 ) 
+ A R f(X°, X k - 1 ,X k '\X k ' 2 )(Z 1 ,. . . , Z k ~ 1 ,Z k ' 1 ,Z k+1 ' 2 ) 
+ f(X°, X k ~\X k > 2 ){Z\ z k -\z k ' 2 ), 



z 



fc+l,m+l\ 



1=0 



£ A R l - l f{x°, . . . , X fc_1 , X fc,i+1 , . . . , x fc ' m+1 ) 

^^■1 — 1 r?k,i+l r?k-\-l,i + 2 

_ x [ g a;, 7;.\". . . . , X*" 1 , X fc '*, . . . , A^") 
Thus the statement is true also for ^ = m + 1. 



fe+l,m+l> 



row 

0<j<m+l 



□ 



Remark 3.15. It follows from Theorem 13.111 (and Lemma l3~14f that if fi' a 
right admissible nc subset of Q and X°, . . . , X 1 £ CI', then A R f(X°, . . . ,X e ) is 
determined by f\n>. 

Remark 3.16. Using the tensor product interpretation of the values of a nc 
function / of order k (see Remark l3.5p . we can view the definition of A R f as follows. 
Let rik = n' k + n' fc '. Then we have the 2x2 block matrix decomposition of x 
matrices over Af£ : 

This decomposition induces the corresponding decomposition of 

A/o" 8X "° <g> A^" lXni <g> • • • ® Af* nkXnk 1 
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and 

f / yO yk-1 X kl Z \ _ r/yO vk-1 Y kl\ 

JIJL , ^ kll I — J {A. , . . . , -A , A J 

+ A fl /(X°, . . . , X k ~\ X kl , X k "){; Z) + f(X°, . . . , X*- 1 , X k "), 

where 

/(X°, . . .,X k -\X k ') g AA noX "° ® AA*" lXni ® • • • ® (M;_ 1 ) nk - 1 * nk - 1 ® M* k <xn '\ 

A R f(X°,...,X k -\X k ',X k ")(;...,;Z) 

G AA " oX " <8 A/? " lXni ® ... ® (A/^r- 1 ^- 1 ® jVJ n * xn », 

. . . ,X k -\X k ") G AA " oXno ® A/?" 1 *" 1 <8> • • • ® (^/J_ i r , - lXn *- 1 ®Af£ n « y<nk ' 
(this is equivalent to (|3.19|) when using the multilinear mapping interpretation of 
the values of /). Furthermore, the mapping 

(3.31) M k n '* xn * — ► AA " oXno <8 AAr iXni ® ••• ® (A/;*_ 1 )" fe - lX " fe - 1 <8 A^"**"*, 

(3.32) Z .— > A fl /(X°, . . . , X*- 1 , X fe ', X k ")( : , Z) 

is linear (this is equivalent to Propositions 13.81 and I3.9[) . We have a special case of 
the natural isomorphism (|3. 10|) (|3. 1 1[) . 

A/r' fcXn ' fc ®M* k <x< hom K (A4^ x <,A/T' fcX< ) 

(we assume here that the module M k is free and of finite rank, in addition to 
our previous assumptions that the modules Afi , . . . , Af k are free and of finite rank 
and that the module Af is free). Tensoring with N n ° xn ° ® _/ v ^ 1 * niX " 1 <8 • • • <8 
(A/^_ 1 ) nfc_lX ™ fe_1 yields a natural isomorphism 

Mi noXno ® A^" lXni ••• ® (A^_ 1 )" fe - lX " fc - 1 <8 Af*< x < g Mf' x < 

hom K (x fe < x <,AA " oXno ® AA* niXni « ... ® (A^_ 1 ) n "- lX " fe - 1 ® A/r' fcXn ' fc ') ■ 

It follows from (|3"3i) - (j3"32")) that 

A R f(X°,...,X k -\X k/ ,X k ") 

G AA " oXno ® A?™ 1 ® • • • ® (J\/J_ 1 ) n *- lXn *- 1 ® AA fe * n ' fcX< ® Mr i ' fe ' xn ' fc ', 
which is equivalent to the first part of Theorem 13.101 

Remark 3.17. It follows from the definition of that its action on a tensor 
product of (possibly, higher order) nc functions (see Remark |3.6[) boils down to its 
action on the last factor: 

(3.33) A R (f ® g) = f ® A R g, 
where 

g G T £ (^ fe+1 ) , . . . , fif*^ ; C* 0>nc , C hnc , . . . , C e , nc ), 

and 

(3.34) A R (f ® • • • ® ® / fe ) = /° ® • • • ® Z*" 1 <8 A fl / fe , 
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where f e r°(fi(°); AA , nc ), J 1 e 7°(n«;J\/? jnc ), . . . , f k G T°(^ fc >; A^! nc ). 

Remark 3.18. More generally, we can define a difference-differential operator 
jA R by evaluating an nc function of order k on a (fc + f )-tuple of square matrices 
with the (j + l)-th argument upper triangular, j = 0, . . . , k. Hence, A R = kA R . 
To define A R f for / G T fe (^ (0) , • ■ • , ^ (fc) ; A/" , nc , . . . , 7\4, nc ), where C X , nc is 
a right admissible nc set, let X ' G G fi$, X 1 G Q£\ . . . , X k G 

Z f g jVi n o Xni i z 1 " G M n ° xn \ Z 2 G AA 2 " lX " 2 Z fe G A4" fc - lX " fc . Let Z G 
"y"0/ ^ "1 

n „ n// € ft , „. Then, similarly to Proposition 13. 71 

() JC "ot"o 



M n ° be such that 



(3.35) / 
= col 



X q /o„] , X\ . . . , X k ^J (col [Z 1 ', Z"'],Z\ . . . , Z k ) 

f(X°',X\...,X k )(Z v ,Z 2 ,...,Z k ) 

+ A R f(X w , X°", X\..., X k ){Z, Z 1 ", Z 2 , . . . , Z% 



f(X a,, ,X\...,X k )(Z 1 ",Z 2 



Here A R f(X ', X°", X 1 , . . . , X k )(Z, Z 1 ", Z 2 , . . . , Z k ) is determined uniquely by 

\X°' Z 

(|3.35p , is independent of Z and is homogeneous in Z whenever 



n 



(0) 

n 'o+ n o 



Oil 



X 

, . We can define A R f(X ', X°", X 1 ,..., X k )(Z, Z 1 " , Z 2 , . . . , Z fc ) for all Z G 



Mo n ° xn ° by homogeneity analogously to (|3.23p . Similarly to Proposition 13.91 it is 
linear in Z; similarly to Theorem 13. f 01 

A R f G T fc+1 (" (0) , ^\ • ■ • , ^ (fe) ; M,nc,M ,nc,M,nc, ■ • • ,A4,nc). 

To define jA R f, 1 < j < k — 1, we assume now that is a right ad- 
missible nc set. Let X° G Q^, X^ 1 G f^I^, X*' G 1$) , X j " G f2$, 

xi +1 g . . . , x k g 0$, z 1 g 7Vi noXni , . . . , z^- 1 e M-i)"'-"*"'- 1 , z*'e 

^- lXn l, ZJ" G Nj n *- lXn 'J, Zi+ V G (Af i+ i) n ' Xn,+1 , Z^ +1 " G (Af i +i) n ' x ' ,J+1 , 
Z^'+ 2 G (A/} +2 ) nj+lX ™ 3+2 , Z fc G A4" fc - lX " fc . Let Z G Mj n > n i be such that 



JfJ' Z 
X^ 



G 



0) 

n' +n'.' 



Then, similarly to Proposition [221 



(3.36) f[X ,...,X^-\ 



X 3 ' Z 
X^'" 



+1 



.,x 



(Z 1 , . . . , Z j ~\ row [Z jV , ZJ"],col [Z J ' +1/ , Z 3+1 "], Z J + 2 , . . . , Z k ) 

= f(x°, . . . ,x j - 1 ,x j ',x j+1 , . . .,x k )(z\ . . .,z J '-\z^', Z j+V , Z j+2 , ...,Z k ) 

+ jA R f(X°, . . . , .Y-' '..V'". .V". X^'+\ . . . , X k ) 

(Z 1 , . . . , z J ' _1 , z jV , z, Z J+1 ", Z J '+ 2 , . . . , Z fc ) 
+ /(X°, . . . , X J ", . . . , X k )(Z\ . . . , z j -\z j ", Z 3+1 ", Z J+2 , . . . , Z k ). 
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Here 



jA R f(X°, X'- 1 , X*, Xi", X>+\ ...,X k ) 



(Z 1 ,..., z j - x ,z j ',z, Z j+1 ",Z 3+2 , ...,Z k ) 
is determined uniquely by (|3.36p . is independent of Z 3 " and Z^ +l1 and is homoge- 



neous in Z whenever 



X*' Z 
X^ 1 ' 



G fi^, „. We can define 



jAnfiX , X>-\Xi', Xi", X*+\ ...,X k ) 

(Z\ . . . , Zi-^Zi', Z, Z 3+2 , ...,Z k ) 

for all Z € M.j n i xn i by homogeneity analogously to (|3.23j) . Similarly to Proposi- 
tion [322 it is linear in Z\ similarly to Theorem 13. 10[ 

j A R f e T k+1 (tt (n) , . . . , , , , , . . . , ft (fe) ; 

A4,nc). 

Using Proposition |A]5l we can establish a j-analogue of ()3.24j) . 

(3.37) jAnfiX , X^\X^,X^, X* 1 , ...,X k ) 

{Z 1 ,..., Zi- 1 ^!', Z, Z 1+l ", Z i+2 . s . . . , Z k ) 
= jA R J(X°, . . . , X^\X 3 ', X*', X'+\ ...,X k ) 

(z 1 ,..., z j -\z^,z, Z j+1 ", Z ]+2 , ... 1 Z k ) 

One can also formulate the definition of jA R f, < j < k, equivalently, using 
the tensor product interpretation of the values of the nc function / of order fc, 
similarly to Remark 13.161 

Analogously to Remark 13.171 it follows from the definition of jA R that its 
action on a tensor product of (possibly, higher order) nc functions boils down to its 
action on one of the factors: 



(3.38) jA R {f®g) 
where 



3 A R {f)®g, 0<j<k, 

/ ® ^-fc-iAato), k + l<j<k + £ + l, 



f eT k (n {0 \...,n {k) ;No,nc,...,N k ,nc), 
jer^ofw),...^^);^,...,^), 

and 
(3.39) 

jARif®- • • .»/*) = (/°®. • ■®f j - 1 ®A R f j ®f j+1 ®- ■ -®f k ). 

3.3. First order difference formulae for higher order nc functions 

We establish now the analogue of Theorem 12. 101 for higher order nc functions. 
An iterative use of this result will lead us in Chapter 0] to a nc analogue of Brook 
Taylor expansion. 
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Theorem 3.19. Let f e T k (^°\ . . . , n^;Af Q . nc , . . . ,Afk,no), with n<*) C M k ,nc 
a right admissible nc set. Then for all no, . . . £ N, and arbitrary X° £ Q„g , 

x h ~ l e fi&I?, i.Fe^', z 1 g M noXni , z k e Af k nk - lXnk , 

(3.40) . . . , X k -\X)(Z\ ...,Z k )~ f(X°, X k -\Y){Z\ Z k ) 

= A R f(X°, X k -\Y, X)(Z\...,Z k ,X-Y) 

and 

(3.41) f(X°, . . . , X k -\ X){Z\ ...,Z k )- f(X°, . . . , X k -\Y){Z\ . . . , Z k ) 

= A R f(X°, . . . , X k ~ l ,X, Y)(Z l , ...,Z k ,X- Y). 



As with Theorem l2.10| it is a consequence of the following more general result. 

Theorem 3.20. Let f £ T fc (O (0) , . . . , (fe) ;A/o, n c, • • ■ ,Mk >ws ), withQ,^ C X feinc 
a rzg/ii admissible nc set. Then for all no, ...,rik—i G N and arbitrary X a £ 

n^, x^ 1 £ n<*-}\ x £ nl k \ y g fi&>, z 1 g A/i" oXni } ^ fe ~ 1 e 

(AA fc _ 1 ) rifc - 2X " fc - 1 , Z fc G AA fe " fc - lXm , S* G TZ mxn , 

(3.42) . . . , X k - 1 ,X)(Z\ Z k S) - f(X°, X k - 1 ,Y)(Z\. . . , Z k )S 

= A R f(X°, X k -\Y, X)(Z\ ...,Z k ,SX- YS). 

Proof. By (|3.24[) . we may assume, without loss of generality, that fl^ is sim- 
ilarity invariant, i.e., = fl^; see Remark 12.51 and Appendix |A"1 By Proposition 



Y SX-YS 
X 



£ n 



(k) 



We have 



Y SX - YS' 




~s~ 




~s~ 


X 








In 



X. 



By ((3X^ 



.X 



fe-1 



Y SX-YS 
X 



(Z\...,Z k -\row [Z k ,0]) 

= f(x°,...,x k -\x)(z\...,z k -\z k s). 

By Proposition 13. 71 the left-hand side is equal to 

i-ow[f(X°,...,X k -\Y)(Z\...,Z k ), 

A R f{X°, X k -\Y, X)(Z\..., Z k , SX - YS)} col [S, I n ] 

= f(X° 7 ...,X k -\Y)(Z\...,Z k )S 

+ A R f(X°, X k -\Y, X)(Z\ ...,Z k ,SX- YS), 

hence (PH2"j) follows. □ 

Remark 3.21. Let K = R or K = C. Setting X = Y + tZ (with t £ R or 
t £ C) in Theorem 13. 191 we obtain 

f(X°, X k -\Y + tZ)(Z\..., Z k ) - f(X°, X k -\Y){Z\ ...,Z k ) 

= tA R f(X a , X k -\Y, Y + tZ)(Z\ Z k ,Z). 



80 HIGHER ORDER. NC FUNCTIONS AND THEIR DIFFERENCE-DIFFERENTIAL CALCULUS 



Under appropriate continuity conditions, it follows that 

A R f(X° > ...,X k - 1 ,Y,Y)(Z\...,Z k ,Z) 

is the directional derivative of 

f(X°,...,X k - 1 ,-)(Z\...,Z k ) 

at Y in the direction Z, i.e., 

A R f(X°,...,X k -\Y,Y)(Z 1 ,...,Z k ,-) 

is the differential of 

f(X°, 

at Y. 



,x k -\.)(z\...,z k ) 



Remark 3.22. Using the difference-differential operators jA R (see Remark 
13. f 8| . we can establish first order difference formulae for higher order nc functions 
(cf. Theorem 13. f9p with respect to the j-th variable: for j = 0, . . . , k, 

(3.43) f(X°, . . . , X*- 1 , X, Xi +1 , ...,X k )(Z 1 ,...,Z k ) 

-f(X ,...,Xi-\Y,Xi+\...,X k )(Z 1 ,...,Z k ) 
= 3 A R f(X°, Xi' 1 , Y, X, X j+1 , . . . , X k )(Z\ ...,Z ] ,X -Y, Z j+1 ,. . . , Z k ) 

and 

(3.44) f(X°, . . . , X*~\ X, X* 1 , ...,X k )(Z\...,Z k ) 

-f(X°,...,Xi- 1 ,Y,Xi+\...,X k )(Z 1 ,...,Z k ) 
= j A R f(X°,...,X3-\X,Y,Xi+ 1 ,...,X k )(Z 1 ,...,&,X-Y,Zi +1 ,...,Z k ). 

More generally (cf. I3.20p . we have 

(3.45) Sf(X, X\...,X k ){Z\..., Z k ) - f{Y, X 1 , . . . , X k ){SZ\ Z 2 ,...,Z k ) 

= A R f(Y, X, X\ ... , X k )(SX -YS,Z\..., Z k ) 

and, for < j < k, 

(3.46) f(X°, X j ~\X, X j+1 , X k ){Z\. . . , Z*- 1 , Z^S, Z j+1 , ...,Z k ) 
- f(X°, . . ..JfH^jfi+i, . . . ,X k ){Z l , . . . , Z j ,SZ j+1 , Z 3+2 , ...,Z k ) 

= 3 A R f(X°, ...,XJ-\Y, X, X* +1 , ...,X k )(Z\..., Zi,SX-YS, & + \ ...,Z k )- 

The proof is similar to the proof of Theo reml3.201 except that we use (|3X°I) together 
with p.35[) (in the case of (13.451) ) or ( 3X J [) together with p.36[) (in the case of 



(13.461) ) instead of using ((3X3) together with p~19| . We can also use the similarity 
invariant envelope fl^ of the corresponding right admissible nc set f2W, and the 
equality (|3.37p . 

Remar k 3.2 3. Clearly, the formulae (j3~431) . (|3~4l)j) . and (pn2"j) generalize (|3X°|) . 
(|3X J I) . and (|3X fc |) . respectively. 
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3.4. NC integrability 



We derive now necessary conditions for a higher order nc function to be inte- 
grable, i.e., to be the result of applying a higher order difference-differential operator 
to a nc function (or to a higher order nc function of a lower order). 

Theorem 3.24. Let f g T fe (fi; Af nc , M nci . . . , M nc ), with f2 C M nc a right 
admissible nc set. If there exists a nc function g £ T°(fl;JV n c) such that f — A R g, 
then 

(3.47) i A R f= j A R f, t,j = 0,...,k. 

Corollary 3.25. For every g e T°(^; Af nc ), ^ G N, and j s G N with < j s < 
s, s = 1, . . . ,£, one has 

(3-48) h A R --- h A R g = A* R g. 

Proof of Theorem 13.241 It is clearly suffices to show that jA R A R g = A k R +1 g 
for < j < k. We prove this for < j < k (the proof for the case where j = is 
analogous, using p.35|) instead of p.36p ). By (I3.37[) . we may assume, without loss 
of generality, that fl is similarity invariant, i.e., = Q; see Remark l2.5l and Appen- 

dixLH Let x° e n„ 0) . . . , w'- 1 e n rij _,, x* e n n ,, x*' e n„«, x? +1 g n nj+1 , 

A fe G fl nk , Z 1 G J M noXni , Z^ 1 G ACi- 81 " 1 '- 1 , Z*' G M n *- lXn 'i , 

Z G A4"j x "j', G J M n " xnj+1 1 .Z^ 2 G A^™ 3+lXIlj+2 , Z fe G 7W" fc - lX " fc . 

~X3' Z 1 

^„ G fl„< + „». According to (|3.36[> . 



By Proposition IA. 21 



(3.49) jA R A R g(X°, X 3 '" 1 , X j ', X j ", X j+1 , ...,X k ) 
(Z 1 ,..., Z j ~\ Z j ', Z, Z j+1 ",Z j+2 , . . . 



= A k R g{X\...,Xi- 







z 



(Z 1 ,..., Z^ 1 ,xcm[Z i ' , 0],col[0, Z j+1 "}, Z j+2 , . 

By (|3~29")) . this is equal to the (1, k + 1) block entry of the (fe + 1) x (k ■ 
matrix 



X° 




z 1 
X 1 







.,Z fc ). 
1) block 

\ 







Xi- 1 





o] 




x jl 


z 










X i" 




Z J+1" 



+2 







X k-1 







x k 



where the evaluation of / at the block bidiagonal matrix above is well defined, 
since by Lemma 13.141 that matrix belongs to £l no +- 



■ + n j - 1 + n ' + n " + n j + 1 H Vn k 



We 
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consider \Z 3 ' 0] . 



as single blocks. If we view this block 



xji z i h r ° 

o x j " ' a Z ]+1 " 
matrix as a (fc + 2) x (fc + 2) block matrix, removing the brackets from those blocks, 
then the expression in (|3.49l) becomes the (1, k + 2) block entry, which by (13.29[) is 
equal to 



A k R +1 g(X ,. 



> x j - 1 ,x j ',x j ",x j+1 ,...,x k ) 

(Z 1 , . . . , z J '-\ Z*', Z, Z 3+1 ", Z J+2 , 



.,Z k ). 



□ 



3.5. Higher order directional nc difference-differential operators 

Similarly to Section 12.61 we will also consider a directional version of higher 
order difference-differential operators. It is introduced by iterating directional nc 
difference-differential operators on higher order nc functions. 

Let C Mj,nc j = 0, ...,k, be nc sets, and let SlW C M k ,nc be right 
admissible. Let / e T fe (ft (0) , . . . , ^ (fe) ;7V , nc , . . . ,W fe , nc ). Given fi e M k , we define 
for all n , . • . , n k+l e N, X° e Q^, . . . , X k e , X k+1 e Q<$ +1 the (k+1 )-linear 
mapping 

A fl , M /(X°, . . . ,X k+1 ): Mx noXni x ■ ■ ■ x Af k nk - lXnk xTZ nkXrik + 1 JV n ° xnk+1 
by 

(3.50) A R ^f(X°, . . .,X k+1 )(Z\ ...,Z k ,A) 

= A R f(X°,...,X k + 1 )(Z 1 ,...,Z k ,A t ,). 

Furthermore, A R ^f E T k+1 (^ {a) , ■ ■ ■ , fiW,i#>;.A/o,nc, . . . , M, nc , TZ nc ). 

In the special case where M. k = lZ d , we define the j-th right partial nc difference- 
differential operator by A R ,j = A R ej . By linearity, we have 

(3.51) A R f{X°,...,X k + l ){Z\...,Z k + 1 ) 

d 

= Y &Rdf(X°, ■ ■ -,X k+l ){Z\ ...,Z k , Z k+1 ). 

3 = 1 

It follows that the first order difference formulae of Theorem 13.191 can be written 
in this case in terms of partial nc difference-differential operators: 

f(X°, . . .,X k -\X)(Z\ ...,Z k )- f(X°, . . .,X k -\Y){Z\ ...,Z k ) 

d 

= *Rjf(X°, X k -\Y, X)(Z\..., Z k , X j - Yj) 

3=1 

d 

= Y, ^R,jf(X°, ...,X k -\X,Y)(Z\...,Z k ,X j -Y j ). 

3=1 
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Given fi 1 , . . . , // € Aik, we define the corresponding t-ih order directional nc 
difference-differential operators 

A k^,....y = a r,^ ' ' ' A R,^ ■■ T k (rt°\. . • , nW;M , nc , . . . , A4,nc) 



More explicitly, using (|3.21[) and induction on £, one obtains 

A^i,...^/(X°, . . . , • • • , Z k , A\ . . . , A*) 

= A i R f(X°, . . . , X^){Z\ . . . , z\ AV 1 , • • ■ , AY). 

In the tensor product interpretation of the values of nc functions (see Remark 
we have 



Ay(x°,...,x k +t) 

e Af Q n ° xn ° ® AA 1 *" lX ™ 1 (gi • • • ® tf£ nkXnk ® M* k nk+lXnk+1 ® • 
A^,...^/(^ ; ---^ fc+ ') 

G AA ™ oX ™° <g> AA* niXni ® • • • ® Jsf* n * xn " ® n n k+x xn k+1 { 
and 

Ai,, W /(*V..,* fc+ *) 

= (/ no <g> ■ ■ • ® I nfe ® 7„ fc+lA/ 1 ® ... ® / nfc+ ,/)A^/(X°, . . . ,X fc+£ ). 

Setting Z 1 = A 1 //, • ■ ■ , Z £ = A e (i e in Theorem l3H| we can rewrite (|3T29]) as 



) Xi* nk+e xrik + e 



(3.52) / 



X° A 1 /! 1 
X 1 







X e 

■f(X°) A R ^if(X°, X 1 )(A 1 ) 

/(X 1 ) 



A 



A R ^f{X l -\X l ){A e 
f(X e ) 



There is a similar version of Theorem 13.121 in terms of higher order directional nc 
difference-differential operators. 

In the special case where M. = lZ d , we define the l-th order partial nc difference- 
differential operator corresponding to a word w = gi ± ■ ■ ■ g% e G by 



Ht - a r,u ' ' ' Afl.ii ; 

see Section 11.11 for the definition of the free semigroup and nc multipowers. 
(Notice that we can interpret as a nc multipower if we abuse the notation 
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by letting Ar denote the d-tuple (Ar,i, . . . , Ar^) of first order partial difference- 
differential operators as well as the first order full difference-differential operator.) 
By multilinearity we have, for / G T k , 



where the summation is over all the words of length £ (notice the transposition of 
words: for w = ■ ■ ■ gi t we use the notation w T = gi e ■ ■ ■ g^). 

Setting Z 1 = A 1 ei 1 , . . . , Z e = A l e ie in Theorem 13. Ill i.e., choosing fi 1 — e^, 
. . . , [r = et e in (|3.52p , we obtain 



(3.53) A e R f(X°, . . . , X k+l )(Z\. . . , Z k+t ) 



A^ T /(X°, . . . , X k+e )(Z\ Z k , Z k +\ Z*+% 



/[X° A 1 e. 







1\ 







X 1 



(3.54) 



/ 







X 



l-l 



V L o 



o 



x e \) 



\f(X°) A^ 1 f(X°,X 1 )(A 1 ) 
fiX 1 ) 




f{X°,...,X l ){A\...,A l ) 











A%f(X*-\X*)(A«) 
f{X l ) 



CHAPTER 4 



The Taylor— Taylor formula 

We use now the calculus of higher order nc difference-differential operators to 
derive a nc analogue of the Brook Taylor expansion, which we call the TT (Taylor- 
Taylor) expansion in honour of Brook Taylor and Joseph L. Taylor. 

Theorem 4.1. Let f G T°(Sl;A/' nc ) with fl C M nc a right admissible nc set, 
n£N, and Y e fi n . Then for each N S N and arbitrary X £ Vt n , 

N 

(4.1) f(X) = £ Ay(Y,...,Y)( X-Y,...,X-Y) 

^~ ^ l+l times I times 




N+l times N+l times 



PROOF. Using Theorems 12.101 and 13. 19| we obtain 

f(X) = f(Y)+A R f(Y,X)(X-Y) 

= f(Y) + A R f(Y, Y)(X — Y) + A%f(Y, Y, X)(X - Y, X - Y) 

= f(Y) + A R f(Y, Y)(X - Y) + ■ ■ ■ + A%f(Y,. Y)( X-Y,. X-Y) 

N+l times A'' times 




N+l times N+l times 



□ 

It is possible to obtain a version of a power expansion centered at a matrix 
Y E il s valid in matrix dimensions which are multiples of s. For X g M nxn and 
n = sm we denote 

X & ^ :=X <•)„•■■ Q S X, 
v * ' 

l times 

where we use the notation introduced prior to Proposition 13.31 Notice that X Gst 
is the £-th power of X viewed as a to x to matrix over T(A4 SXS ). Here 

CO 

T(£) :=@£®* 

denotes the tensor algebra over a module C over 1Z. We also write X Ql instead of 
X Ql1 , thus omitting the subscript in case s = 1. 



OF, 



06 
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Theorem 4.2. Let f G T°(n;jV n c) with C A^ nc a right admissible nc set, 
and Y G Q s . Then for each N G N and arbitrary m G N and X £ O ms , 



iV . m . Q ^ 



(4.2) /(X) = ]T (X - Y) ' S A^/OW^) 

times 
m 

'X-®YY'"^ A N R +1 f(Y,...,Y,X). 



1=0 a=l , 

£+1 times 



" 1 iV+1 times 



In particular, if /i G t/ien /or eac/i iV G N and arbitrary m G N and X G f2 m , 

AT 

(4.3) /(X) = £(X - 7 mM )^ Ai/( Mj ...,„) 



^ ^ -£+1 times 

+ (X - I m vT N+1 A£ +1 /( , 

iV+1 times 

PROOF. The first statement is immediate from Theorem 14.11 and Proposition 
The second statement is a special case of the first one when s = 1. □ 

Remark 4.3. It follows from (pT45l) . (pTl6]) . (|X42|) . and (j3T48|) that the multi- 
linear mappings fe := A e R f(Y, ...,Y): (M sxs f -> N sxs , satisfy 

(4.4) Sf -foS = f 1 (SY-YS), 
and for f = 1, . . ., 

(4.5) . . . , Z l ) - f e (SZ\ Z 2 ,..., Z e ) = f £+1 (SY - YS, Z 1 ,..., Z l ), 

(4.6) f e (z\ zi-\z*s, &+\ ...,Z e )- f e (Z\ zt,sz* +1 ,zi+ 2 , ...,Z l ) 

= f e+1 (Z\ ...,Zi,SY- YS, ZJ+\ ...,Z e ), 

(4.7) f e (Z\ Z e ~\Z e S) - f e (Z\. . . , Z e )S = ft +1 (Z\ ...,Z l ,SY- YS), 
for every S eU sxs . 

We next specialize Theorem 14.21 to the case where A4 = 7Z d , using higher 
order partial nc difference-differential operators. For X G (lZ nxn ) d , n — sm, and 
w = 9 ii ' ' ' 9ii we denote 

(4.8) X ^ :=X n © fl ... Q s X le . 

Notice that X &sW is the w-th nc power of X viewed as a d-tuple ofmxm matrices 
over T(1Z SXS ). We also write X 0W instead of X GlW , thus omitting the subscript in 
case s = 1. Notice that 

(4.9) Z ^= Yl ( Z0aW )^i ® 

w=gx—gi t 

for every I, m G N, and Z G (ji smxsm ) d , where e*, i = 1, . . . ,d, is the standard 
basis for 7?. d . One also has 

(4.10) A R f(Y, Y){Z\ ...,Z i )= J2 A ^/( y ' - « Y ^ Z t > • • • >4) 
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(see (|3.53|) with k = 0) and, similarly, 

(4.11) Z^Aif(Y,...,Y)= Z°° w Aff(Y,...,Y) 

w=gi—g ie 

for a nc function / on a nc set fl C (lZ d ) nc with values in Af nc , and every F G fi s , 
Z 1 , . . . , ^ e (ft sxs )' i , and Z € (^ smxsm ) d . Theorem implies the following. 

Corollary 4.4. Let / e T°(£!;A/'nc) wii/i C (TZ d ) nc a right admissible nc 
set, m€N, and Y G Q s . Then for each N £ N and arbitrary X 6 f2 sm; 

(4.12) /P0 = EE (^-0^)' S, "A« T /(^---,n 

£=0 |u;|=* a=l ^ . " ^ ' 

1 1 £+1 times 

m 

+ E (^-0^)' sU, a« t /(^---^^)- 

\ W \=N+1 a=l ivTT^ 

In particular, for s = 1 and /i € we obtain a genuine nc power expansion 

N 

(4.13) /(ii^^fi-ur^/tft...^) 

+ ^ (l-/ m « T /(M,-.,/«,l). 

i«i=^+i ^"rr^s 

Here we identify the l-linear mapping A^ /(jU, ■ ■ ■ , fJ-)- x •■■ xlZ — > AT with the 
vector /(/i, . . • , /x)(l, . . • , 1) £ A/", and £/ie m x m matrix A^ /(£t, • • • ,M> -^0 °/ 
(iV+l)-imear mappings IZx- ■ -xll Af ( see formula (|3.9[) m Provosition VS. 3\) with 
the mxm matrix over Af whose i-th row is equal to A^ f{^J^^ ■ ■ ■ , ej) 
where is i/ie z-i/i standard basis vector of lZ m . 

Remark 4.5. Specializing Remark 1431 to the case of M = lZ d and using (|4.10JI . 
we obtain that the multilinear forms f w — A^ f(Y,...,Y), w <E F<z, satisfy the 
conditions 



(4-14) Sh - hS = ]T f gk (SY k -Y k S), 

fc=i 

and for w = g^--- gi, ^ 0, 

d 

(4.15) S/^A 1 , . . . , A 1 ) - f w (SA 1 ) A 2 i ...,A*) = J2 fg k USY k -Y k S,A\..., A 1 ), 



k=l 



(4.16) 

d 

— E fsn— 9i S 9kgi j+1 —gi t • • • >^ J j ST'fc — yfeS", . . . , 
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(4.17) f w (A\...,A e -\ A e S) - f w {A x , A e )S 

d 

= J £f wgk (A 1 ,---,A*,SY k -Y k S), 
k=l 

for all S,A 1 ,...,A e e TZ SXS . 

We proceed to rewrite the TT formula (14. 12)) in a more concrete fashion. Using 
the tensor product interpretation for the values of higher order nc functions (see 
Remark [331 — we assume that the module Af is free), 

A% T f(Y,...,Y) G JV SXS ® ll sxs <Z>-y<E>1l sx \ 

t+l times t times 

and therefore 

(4.18) A^fiY^Y) = A„,(o) <8 <8> • • • <8 4,^)- 

£+1 times 

Here we use an analogue of the sumless Sweedler notation familiar in the theory of 
coalgebras [46], 

^(j) ^> . . . 

with a finite sum (having at most (s 2 )" terms) and A^\ Q ^ G J\f sxs 1 A^\ x y 
i 



(4.19) 4,(o) <8> 4,(i) <8> • • ■ <8 4,^ = J! A Xo) ® ® ' ■ • ® 



G ft sxs . According to ([3~TT]) . 



(4.20) A£ /(Y 1 _^)(^ 1 - ^n, • • • , X ie - Y ie ) 

£-\-l times 

= (4 i(0) <g> 4 :(1) ® • • • <g> 4 iW ) * (x - Y)M, 

where we introduce the notation 

(4.21) (C wX0) ® C Wl) ® • • • ® C w , w ) * 

= X ^,(0) (^1^,(1)) ' ' ' i^ Zi t C w\l) 



where <4( ) ® C«;,(i) ® • • • ® C™,W G W sxs ® 7^ SXA ' g ■ ■ ■ ®H SX \ in the sumless 

V 

^ times 

Sweedler notation, and Z G (^ nXTl ) d . Recall that for Z G (ft smxsm ) d , w = 
<7ii ' ' ' 5i f G Frf, and 1 < i, k < m we have 

{Z Q ° W ) tk = ( Z <l)«l ® Mil* ® ® (^-! ® ( Z it)ii-lk- 
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Therefore, 

£+1 times 

= ^fl /( y, . . . ,Y ) {(Zj x )u 1 , {Zj 2 )j 1 j 2 (Zj e _ 1 )j e _ 2 je-n (Zii)je-i 

l<h,-M-i<m £+1 times 

yi y j4 -w?(o)((^*i)*»i' i4 -w?(i)) ((^<s);ujA^ 



J2^V(2) 



j l<ji ,je-i<m 



^,(0)) ® • • • ® (0 ^W)J * ^ M 

a=l a=l / / ik 



for every Z G (ft smXam ) < *, SQ that 





(4.22) (i-®y)''V/(^--n 



^+1 times 



?7i 7n \ m 

^,(o)) ® • • • ® ( * (a: - y 



a—l a—l 



? smx sm \ 



for every X G (7\L S 

Analogously, for the remainder of the TT formula (14. 12|) (the sum over words 
of length N + l) we have 

A£ T /(y, ...,Y,x)e Af nxn ® ft nx ™ ® • • • ® n nxn 



N+l times N+l times 

and therefore 

(4.23) A^fi^^Y, X) = B Wf(0) ® 7^ (1) ® • • • ® B W)(iV+1) 

7V+1 times 

and 

m „ 
a N+l times 

( 777 m \ m r j 

( B »,(o)) ® • • • ® ( Ao.w) ® s ro , (iV+1) *(x-0y) 
a—l a—l / a—l 

for every X G (7£ smxs ™) d . Notice that while the "TT coefficients" A w ^ 0) <giA w _ (1) <gi 
■ ■ '®A w m depend only on the center point Y, the "remainder coefficients" 5 M| (o)® 
® "* ® ^.(Af+i) depend on both y and X. 
Thus, we obtain the TT formula in the form of "nc pseudo-power" expansion, 
which is a generalization of nc power expansion (|4.13j) for the case of s = 1 to the 
case of general s. 
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Theorem 4.6. Let f e T°{£l;J\f nc ) with fl C (R d ) nc a right admissible nc set, 
and Y 6 Q s . Then for each N 6 N, an arbitrary m 6 N, and X € S^sm, 

N / m rn \ m 

(4.25) /(X) =EE (0 ® • • • ® (0 * { X y 

(m \ m 

( B ™,(o)) ® • • • ® ( B »,(iv)) ® s«,,(jv+i) I * (x - y 
q=1 a=l / ct=l 

Fere Ajy^o) (g) • • = /( Y, . y ) andB w , {G) ®- ■ ■®B W ^ N) ®B W , {N+1) = 

£+1 times 

A^ /(y ■ • • , y , X) i«'f/i £/ie tensor product interpretation for the values of A^ / 

JV+l times 

( Remark ] 3. 5]) . the sumless Sweedler notation (|4.19p . and i/ie pseudo-power notation 

@2Q. 



CHAPTER 5 



NC functions on nilpotent matrices 

As the first application of the TT formula, we will now describe nc functions on 
nilpotent matrices as sums of their TT series. Conversely, we will see that the sum 
of nc power series evaluated on nilpotent matrices defines a nc function, provided 
the coefficients of the series satisfy the conditions listed in Remarks 14.31 and 14.51 

5.1. From nc functions to nc power series 

The TT formula (|4.3j) allows us to describe nc functions on nilpotent matrices 
over M. as sums of nc power series. Let n, k € N. Define the set Nilp(A^;n, n) of 
n x n matrices X over M. which are nilpotent of rank at most k, i.e., X Qi = for 
all I > k. Define also the set Nilp(.M; n) = U^Li Nilp(A4; n, k) of nilpotent n x n 
matrices over M. and the set Nilp(A^) = U^Li Nilp(.M; n) of nilpotent matrices 
over M.. Notice that fl = Nilp(A^) C A4 nc is a right (as well as left) admissible nc 
set, and f2„ = Nilp(.M; n), n = 1,2, 

In the special case where M. = lZ d , the set Nilp d (7?.; n, k) :— Ni\p(lZ d ; n, k) 
consists of d-tuples X of n x n matrices over 1Z which are jointly nilpotent of rank 
at most k, i.e., X w = for all meFj such that |w| > k; see (|4.9p . We also have 
the set Nilp d (7?.;n) :— Nilp(7^ d ;n) of jointly nilpotent d-tuples ofnxn matrices 
over TZ and the set Nilp d (7vL) := Nilp(7?. d ) of jointly nilpotent d-tuples of matrices 
over 7?.. 

Remark 5.1. In the case where TZ — K is a field, a matrix X £ Nilp(.M; n) is 
similar to a strictly upper triangular matrix. Indeed, consider a finite-dimensional 
subspace of M. spanned by the entries of X and choose its basis V\, . . . , Vd] we 
can then write X = A\V\ + • • • + AdVd, where (A\, . . . , Ad) & Nilp d (K; n). The 
Lie subalgebra of K nx ™ generated by A\, . . . , Ad consists of nilpotent matrices. 
By Engel's theorem (see, e.g., |49l Sections 3.2, 3.3]), the matrices A\, Ad 
are jointly similar to strictly upper triangular matrices. Hence, X is similar to a 
strictly upper triangular matrix. 

Theorem 5.2. Let f e T°(Nilp(M); Af ac ). Then for all X € Nilp(X) 

OO 

(5.1) f(X) = ]T X &e Ay (0 1 _^0 ), 

^~ ^ ^+1 times 

where the sum has finitely many nonzero terms. 

Proof. Let X G Nilp(A / I;n, n) for some positive integers n and k. Then the 
TT formula (|4.3|) centered at fi = Q for N > k becomes 

re-l 

/(A) = ^A Q ^/(0 1 __0). 

^ ^ £+1 times 
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□ 

Remark 5.3. It follows from (J52J that f(X) - I„f(0) g Nilp(jV; ra) for X g 
Nilp(A^;n). Alternatively (cf. Remark [OJ , if X is strictly upper triangular, then 
f(X) is upper triangular with all diagonal entries equal to /(0). 

In the special case where M. — lZ d , we can use (|4.13[) instead of f)4.3[) to obtain: 

Theorem 5.4. Let f g T°(Ni\p d (ll);Af nc ). Then for all X g Mp d (7£) 

(5.2) f(X) = X w ^f( JV^O ), 

weFd \w\+l times 

where the sum has finitely many nonzero terms. 

We proceed now to generalize Theorems 15.21 and 15 .41 to the case of an arbitrary 
center. For Y g Ai sxs , we define the set Nilp(Al, Y; sm, k) of sm x sm matrices X 
over M. which are nilpotent about Y of rank at most k, i.e., (X — ®™ =1 Y) Gsi = 
for all I > k. We also define the set Nilp(Al, Y; sm) — U^Li Nilp(Af, Y; sm, k) and 
the set Nilp(M,y) = U^ =1 Nilp(M, Y; sm). Notice that Nilp(jVf, Y) is a right (as 
well as left) admissible nc set. 

In the special case where M. = lZ d , the set Nilp d (72., Y; sm, k) := Nilp(72. d ; sm, k) 
consists of d-tuples X of sm x sm matrices over 1Z which are jointly nilpotent 
about Y of rank at most k, i.e., (X — ©™ = i Y) GsW = for all w € such 
that \w\ > k. We also have the sets Nilp d (7?., Y; sm) := Ni\p(7Z d , Y; sm) and 
mip d (K, Y) := Nilp(^ d , Y). 

Remark 5.5. Clearly, we have X g Nilp(A / J, Y; sm, n) if and only if X — 
0™ =1 F € Nilp(A^ sxs ;m,K). It follows from Remark O that when K = K is a 
field, X g Nilp(A^, Y; sm) is similar, with a similarity matrix of the form S ® I s g 
I smxsl ", to an s x s- block upper triangular matrix with all diagonal blocks equal 
to Y. 

We have the following analogue of Theorems 15.21 with exactly the same proof. 

Theorem 5.6. Let Y g M sxs and f g T°{Wi\p(M, Y); Af nc ). Then for all 
X g m\p(M,Y;sm) 




where the sum has finitely many nonzero terms. 

Remark 5.7. It follows from flO} that f(X) g Nilp(A/", f(Y)) for X g Wi\p(M,Y). 
Alternatively (cf. Remark [53]), if X is s x s- block upper triangular with all diago- 
nal blocks equal to Y, then f(X) is s x s-block upper triangular with all diagonal 
entries equal to f(Y). 

In the special case of A4 = lZ d , we have the following analogue of Theorem l5.4l 
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Theorem 5.8. Let Y G (K sxs ) d and f G T°(Nilp d (ft, Y);Af ac ). Then for all 
X G Nilp d (ft, Y;sto) 



(5.4) /(I)=^(l-0Y) AS/tY^.^) 

tw^Fd a— 1 



S ™ 



| ttJ | — |— 1 times 



EE (0a,(o) 

£=0 |w|=^ V a=l 



a— 1 / a— 1 

where A w ( )(3- ■ -®A W ^ = A^ /(V, . . . ,Y) with the tensor product interpretation 

£+1 times 



for the values of A^ / f Remark \ 3. 5\) . the sumless Sweedler notation (|4.19[) . and 
£/ie pseudo-power notation (|4.21l) . and i/ie sum /ias finitely many nonzero terms. 

We establish now the uniqueness of nc power expansions for nc functions on 
nilpotent matrices. 



THEOREM 5.9. Let Y G M sxs , f G T°(Ni\p(M, Y);Af nc ), and assume that 

m 

,/LYi: >;(*-©: 



oo 

E 

£=0 



,0.< 
lY) /, 



for all m £ N, X G Nilp ( A^, Y; sm), and some l-linear mappings ft: (Ai sxs ) — >■ 
A/" sxs ; ^ = 0, 1, . . . (where the sum has finitely many nonzero terms). Then ft — 
A R f(Y,...,Y) for alii. 



Proof. By Theorem l5.6[ it suffices to show that the coefficients ft are uniquely 
determined by the nc function /. For any fixed I and any Z 1 , . . . , Z l G A4 SXS , 



( 



Y Z 1 











Y 



7o h{z x ) 

/o 



h{z l ) 

fo 



The (1,1 + 1) entry of the matrix on the right-hand side, i.e., the value of ft on 
arbitrary t matrices in .M sxs is uniquely determined by /. (To argue somewhat 
differently, we see directly that ft — A R f(Y, . . . , Y) because of (|3.29|1 .) □ 

There is also a version of Theorem 15.91 in the special case of M. = lZ d for the 
coefficients of nc power series along F^, as in (|5.4[) . 

Theorem 5.10. Let Y G M sxs , f £ T°(Nilp d (7£, Y);W nc ), and assume that 



/(*) = E 



toGF d 



a=l 



Q 3 w 



\w\ 



for all m G N, X G Nilp d (72., Y; sm), and some l-linear mappings f w : (1Z SXS ) 
J\f sxs , w G Fd (where the sum has finitely many nonzero terms). Then f w — 
A£ T /(Y,...,Y) for allw. 
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PROOF. We define f-linear mappings ft : \(TZ SXS ) ) — > Af sxs by 



(5.5) f e (Z 1 1 ...,Z t )= J2 Uzl,...,zl), 

so that for every to e N and Z E (Ji smxsm ) d , 

(5.6) Z Q ° e f e = Z 0sW U- 

\w\=e 

Clearly, 

(5.7) fwiA 1 , . . . , A £ ) = f e (A 1 e il ,. . . ,A e e ie ) for every w = g ix ••• g u . 

The result now follows from Theorem 15. 9 1 and the definition of /. □ 

5.2. From nc power series to nc functions 

In this chapter, we consider the sum of power series of the form 

oo m _ ^ 

(5-8) E(*-© y )'"'/« 

e=a a=i 

on nilpotent matrices X about Y (so that the sum has finitely many nonzero 
terms). Here Y E M sxs is a given center; X E Nilp(.M, Y; sm), to = 1,2,...; 
ft: [M SXS Y — > Af sxs , I = 0, 1, . . ., is a given sequence of ^-linear mappings, i.e., 
a linear mapping /: T(M SXS ) -> J\f sxs ; and conditions (|4.4 |) -(|4.7 jl are satisfied. 
Notice that the latter conditions are trivially satisfied for any sequence ft in the 
case of s = 1. 

The necessity of conditions (I4.4[) — (14.7)) on the coefficients ft for the sum of the 
series to be a nc function on Nilp(A^,F) follows from Theorem 15.61 and Remark 
14.31 It turns out that these conditions are also sufficient; this will essentially follow 
from the following lemma. 

Lemma 5.11. Let M. and M be modules over a ring 1Z. Let Y E Ai sxs , and 
let ft : (M SXS Y — > J\f sxs , £ = 0, 1, . . ., be a sequence of ' I -linear mappings satisfying 
(|4T4) - (|477|) . LetX E M smxsm , X E M sfhxsffl , and S E U sfhxsm satisfy SX = XS. 
Then 

m & s e \ ( JL t _ \& s e " 



(5-9) S £ (X - Y) - £ (* - © Y ) ft) S 

\l=0 v=l / \i=0 v=l ) 

N / rh q ^ mm, m 



/JV+1- 



fe=0 \ u=l i/=l i/=l i/=l 



Proof. In what follows, we shall view X, X, and 5 as block matrices of sizes 
to x to, to x to, and to x to, respectively, with s x s blocks. Since = XS*, we 
have 

m rh 
2_j S apXp 7 = 2J X a pSfa, OL — 1 , . . . , TO, 7 = 1, . . . , TO. 

/3=1 3f =1 
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Denote 



/ JV m „ , \ / JV m „ » \ 



«=0 i/=l 



£=0 l/=l 



Then 



m iV 771 q £ 



= 1 £=0 



Say fa + y s a p ft{Xp p 1 

£=1 /9 „8i,...,/9i-i=l 



L y, ... ,X/3 e _ 2/ 3 t 



y, 



m N m „ „ 

^=EE[(^-© y ) /< 



3 = 1 ' 



=0 f=l 

JV 



aft) 



5s 



A) 7 



/0^a 7 + X! _ £ -M^aft ~ ^aft, F ' X ftA " F ' ' " ' ' 

1=1 A,,/9i,...,A-i=l 



where 5jj is the Kronecker symbol and /o € W sxs . Applying (|4.4[) and (|4.5j) . we 
obtain that 



= foS a ~f + fl(S a yY — l^Scry) + J]] fl{S a fi a X f} al — S a f} a 5p 0l Y) 

A>=1 

JV m 

+ ^ ^ fe(S a /3 X l3ol 3 1 - SafoSpoPiY, Xfrfo - <5ftft, Y, 

JV m 

+ ^ (^aft, y - y »Sa/3o ) ^8d/9i ~ <Wi Y > • • ■ > 
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Using the assumption that SX = XS and the multilincarity of the mappings fe, 
we obtain that 



L a7 — foS ai + fi(S aj Y) - f-L(YS aj ) + X h( x a p Sf3„-y) ~ h{S ai Y) 

N rh m 

+ X X X f^ X a.p S p p^ X PiP* ~ S 0i02 Y , ■ ■ ■ ,^/3/_ 2 /8 < _ 1 ~ Sp^fj^Y, 

t=2 o = iPi,-,Pe-i=l 

X Pi-il - fii3e-i-(Y) 

N m 

- X/ X MS a p 1 Y,Xp ll 3 2 - 5 I 3 1 2 Y, . . . ,X l3e _ 2l3e _ 1 - 5p e _ 2 p e _ 1 Y, 

t=2 /3i,...,ft_i=l 

X Pe-il - &[ie-il Y ) 

N m 

+ X! X .h+i(S a i3 Y, Xp o01 - 8 fjofjl Y, X fil _ 2 f jl _ 1 - ^^ft^y, 

£=1 /3o,/3i,.--,A-i=l 
Af m 

- X X ft+iiYSafoiXp^ - bfo^Y, . . . ,Xp e _ 2 p e _ 1 - 5 ft _ 2 ^_ 1 F, 

£=1 Po,Pi,-,Pe-i=l 



After obvious cancellations and using the multilinearity of ft again, we obtain 



m 

L al = f S al + J2 fc(( X a p ~ 5 ocP Y ) S p 0l ) 

00 = 1 

N rh m 

+ EE X M*a0 o ~ 6 aP Y ) S PoP 1 ' _ fylfti ^ ■ • • . 

X Pt-2Pt-i - ^Pi-2Pe-i Y ^ X Pe-ii - Spe-nY) 

m 

+ X /AT+l(^a/3o^-^a/3 >^/3o/3i _ ^o/3i^---5^'/3 w _2/3w-i _ ^/3 w _2/3iv-i^ 

/3 ,/3iv,/3iv-i=l 

X Pn-i1 - <W-i7^)- 
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Using (|4~7| and (|4~6|) . we obtain 
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J ct7 — foS a ~f 

rh rh 



o=l 



i8o=l 



+ E E - ^ F > - ^7*0) 

N in Tn 

+ E E E £(-*U„ - 5 a?o y > ^oft ~ y) ' 

fc3 i g 0=1 /3 ll ...,fe_ 1 =l 



N m 



+ E E E ft+^ X a p ~ 5 aft, y ' S ? 0J 9i F ~ YS PoPx ' -Sfr h Y,..., 

£=2 j g 0=1 /9i,...,/9/_ 1 =l 

X Pt- 2 Pe-i - 8pi-aPi-i Y ' X Pt-n ~ S Pe-if Y ) 

m 

+ E fN+liSafoY-YSafaXfop^-Sp^Y, ■ • • ,Xp N _ 2 p N _ 1 -8p N _ 2 p N _ 1 Y, 

ffo,Pl,-,pN-l=l 

x Pn-ii - Gps-nY). 
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Using SX — XS and the multilinearity of the mappings fe, we obtain that 



L al - foS al + M X a p ~ 6 aP Y ) S p -/ 

rh rh 

+ J2 H x a p - s a p Y ' S p a Y "> - Z ^ X ap - 8 a pY, YSp Qi ) 

rh rh 

+ V MX ~ - 5 «Y,X-zr Sr ) - V M x « -S »Y,S„ Y) 

L i J v apo aPo ' PoPi Pit' L < J y apa apo ' /3o7 ; 



/3o,/3i=l 
AT m 



fc3^ J 1 = 1 /3 2 ,...A-i = l 

X Pe- 2 Pe-i ~ he-20e-i Y ^ X 0e-il ~ $Pe-i7 Y ) 
N rh m 

"EE Z M X a p ~ 6 *Po Y > S Pop2 Y > X ^ ~ 6 02p 3 Y , • • • : 

X Pe- 2 Pe-i ~ he-2Pe-i Y i X Pe-H ~ $Pe-i~t Y ) 
N rh m 

+ Z Z Z h+l&aPo - 6 «0o Y > S 0o0! Y ' X ^ ~ 5 hfi> Y > • ' • ' 
fc2 ^ = 1 /3 1 ,...,/3 f _ 1 = l 

X 0e-20e-i ~ S 0e-2Pe-i Y ' X Pe-n - tipt-it Y ) 
N rh m 

EE Z fc + ^cPo " S a Po Y > YS P O 1 > X Plfh ~ hl02 Y , 

e=2 ^ 0=1 /3i,...,^_i=i 

X Pt-iPt-i ~ he-2Pe-i Y i X Pe-n ~ ^Pe-u Y ) 
m 

+ E f N+1 O^A) ^ _ ^aft, > -^PoA - <^/3 /3i ^ • • • ) 

/3o,/3i,...,0w-i=l 

X PN-20N-1 - <>Pn-2Pn-1 Y 1 X PN-1J ~ $Pn-1~/ Y )- 
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After obvious cancellations and using the multilinearity of fi again, we obtain 
L ai = foS ai + M X a p ~ 5 a p Y ) S p 0l 

Po=l 
m 

+ V MX s-^K&j-^s Y)S-s ) 

a$ Q a/3 'V /3 Pi PoPi ' Pi1 J 



Po,Pi=l 

N rh rn 



«=3jg D) ;a 1=1 /3 a ,...,&_x=l 

X Pi-?.Pl-x ~ ^Pi-^Pi-^Xp^^ - 5p t _ l7 Y) 

m 

+ Z fN+i(S a p Y-YS a p ,Xp p 1 -Sp p x Y ) ...,Xp N _ 2 p N _ x -Sp N _ 2 p N _ 1 Y, 

Po,Pi,...,Pn-i=1 
rh m 

+ Z Z fN+l( X a o - 5 a p Y , S p p-i Y " YS PoPx ' X P^ ~ S Pifa Y > • • • ' 

jg =l Pi,...,Pn-i=1 

Xp N _ 2 p N _ 1 - Sp N _ 2 p N _ x Y,Xp N _ xl - 5p N _ xl Y). 
Continuing this argument, we obtain that 
N m 

L al = foSar, + Y Z M X aP ~ S aP Y Xfafc ~ S p pY, • ■ • , 

«=1 j3o,0i,...,&_i=l 

X Pe-zPe-i ^Pt- 2 Pe-i Y '^Pi-n 
N in m 

+ J2 _ 5 Z /Ar+i (^Uo - r ' ^?o?i - s p pt y ' • ■ • ' 

fc =0/3 ,...,/3 fc „ 1 = l/5^--->/5«-i = l 

X P k -Jk-l ~ S p k -2p k -l Y > S P k -lP k Y ~ YS h-lP^ X ^+^ ~ <W fc + l^ ■• • - 

Xp N _ 2 p N _! - 5p N _ 2 p N _ 1 Y,Xp N _ n ~ 5p N _ xl Y) 



N m G) k m m m C) N — k 

z-r+ [ E (*-© y ) ' * Q * Y ~® YS ) ^ (*-© y ) ' s ~ * 

fc=0 i>=l f=l i/=l f=l 



JV+1 



□ 



Theorem 5.12. The sum f of the series ()5.8j) is a nc function on Nilp(A^,K) 
u>i£/i values in Af nc . 

Remark 5.13. By Theorem 15.91 the coefficients fi (i.e., the linear mapping 
/: T(A4 SXS ) — > Af sxs ) are uniquely determined by the sum of the corresponding 
series, which is why we use the same notation for both the nc function and the 
linear mapping. 
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Proof of Theorem 15.121 Let X e Nilp(M, Y\ sm, k), X e Nilp(M, Y; sm, n), 
and S € TZ sihxsm . Let N > k + K. Then 

f {X ) = j2( x -® Y y s f*> /(*) = £(*-0^) s /* 

£=0 a=l e=0 a=l 

By Lemma ETU Sf{X) - f(X)S = 0, since for every k: < k < N either k > k 
or iV — k > k, hence the right-hand side of (15.91) vanishes. Thus, / respects 
intertwinings, i.e., is a nc function. □ 

In the special case M = TZ d , we can consider instead of ()5.8|) a nc power series 
along Fd, i.e., a series of the form 

(5.io) { x ~(B Y )' sW f™ 

w£F d a=l 

on jointly nilpotent c?-tuples of matrices X about Y (so that the sum has finitely 
many nonzero terms). Here Y £ (1Z SXS ) is a given center; X € Nilp d (TZ, Y\ sm), 
m = 1,2,...; f w : (TZ SXS )\ W \ — > Af sxs , w G F^, is a given sequence of |w|-linear 
mappings; and conditions (|4.14p - (|4.17p are satisfied. The series (15 . 10|) can be al- 
ternatively written as 

(mm m \ m 

( A wm ) ® ( A w , (1) ) ® ■ • • O ( A^mj) * (x - y 

Here 

/«;=^ ll , ) (0)®^,(i)®---®^,(h|) eAA sxs (8) ^ sxs 0- - -(8)^ sxs j , 

| ^t; | times 

with the tensor product interpretation for the multilinear mappings f w (Remark 
I3.4[) . the sumless Sweedler notation (|4.19l) . and the pseudo-power notation (|4.21l) . 
Notice that conditions (|4.14l) - (j4.17p are trivially satisfied for any sequence f w in 
the case of s = 1. In this case, (|5.10[) is a genuine nc power series 

where Y = fi e TZ d and f w e N. 

We define a sequence of I- linear mappings ft: i(lZ sxs ) ) — > JV SXS , £ = 

0, 1, . . ., by (|5.5p . so that (|5.6I) and (15 . T[) hold. Hence, the sum of a series of the 
form (|5.10l) coincides with the sum of the corresponding series of the form (|5.8I) . 
Similarly to Remark 14.51 conditions (|4.14p - (|4.17p on the multilinear mappings f w 
are equivalent to conditions (|4.4p ~ (|4.7p on the multilinear mappings ft. Therefore, 
Theorem 15. 121 implies that: 

Theorem 5.14. The sum f of the series (|5.10p is a nc function on Nilp d (lZ. Y) 
with values in Af nc . 



CHAPTER 6 



NC polynomials vs. polynomials in matrix entries 

Let 

(6.1) p= p w x w eM(x u ...,x d ) 

w£F d : |tu|<M 

be a nc polynomial of degree Afinii, . . . , Xd with coefficients in a module Af over 
a ring K. Evaluating p on d-tuples X = (X u . . . , X d ) G {K nxn ) d , 

(6.2) p(X)= X w p w eAf nxn , n=l,2,..., 

defines a nc function on (lZ d ) nc with values in A/"„ c . Notice that the nc polynomial p 
is determined by this nc function uniquely: at least when the module Af is free, this 
follows from the absence of identities for n x n matrices over 1Z (i.e., nc polynomials 
vanishing onnxn matrices over TV) for all n = 1, 2, . . . — see |711 Example 1.4.4 
and Theorem 1.4.5, page 22], and also follows from Theorem l5.10l bv restricting a nc 
polynomial to Nilp rf (72.). We will often identify the two nc objects, (|6.ip and (|6.2I) . 
and use the same notation for both. We observe that for every n, the nc function 
p is a polynomial in dn 2 commuting variables (Xi)jk, i = 1, . . . , d; j, k = 1, . . . , n, 
of degree at most M with values in Af nxn . 

Theorem 6.1. Let f be a nc function on (K d ) nc; where IK is an infinite field, 
with values in Af nc (so that N is a vector space over K). Assume that for each 
n, f{X\, . . . iXj) is a polynomial function in dn 2 commuting variables i = 

1, . . . , d; j, k = 1, . . . , n, with values in J\f nxn . Assume also that the degrees of these 
polynomial functions of the commuting variables (X,)^ are bounded. Then f is a 
nc polynomial with coefficients in Af. 

Proof. First, we observe that for every n € N and I G N, the function 

Ay(X°,...,X e )(Z\...,Z e ) 

is a polynomial in the commuting variables 

(X?) jk ,(Zf) jk :a = 0,...,t, (3 = l,...,t; i = l,...,d; j,k = l,...,n, 

with the coefficients in Af nxn . This follows immediately from (I3.29[) . 
Second, the TT formula (14. ip implies that 

N 

(6.3) f(Y + tZ) = Y t e A e R f(Y, Y)(Z, ...,Z) 

+ t N+1 A% +1 f(Y,...,Y,Y + tZ)(Z,...,Z) 
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for n e N, Y, Z e {K nxn ) d , t e K, and for N = 0,1,.... For fixed n, Y, and Z, 
both fy,z(t) ■= f(Y + tZ) and A^ +1 (F, . . . , Y, Y + tZ)(Z, . . . , Z) are polynomials 
in t with coefficients in J\f nxn . 

Let M be the maximal degree of f{X\, . . . ,Xd) as a polynomial function in 
dn 2 commuting variables (Xi)jk, i — 1, . ■ ■ , d; j,k = l,...,n, as n varies from 1 
to oo. Then for any fixed n, Y, and Z, the degree of the polynomial fy,z(t) is at 
most M. Therefore, for N — M the remainder term in (|6.3[) vanishes identically as 
a function of t, and 



/ r , z (i) = ^^4/(y,...,F)(2,... ) z). 



Setting t = 1 and X = Y + Z (so that f(X) = f Y ,z{l)), we obtain 



(6.4) f(X) = J2 Kfjy, ...,Y)( X-Y,...,X-Y) . 



^ ^ times 



Notice that this is a (uniformly in n) finite version of the TT formula (|4.f j) . In 
particular, setting Y = and using (|4.I0[) . we obtain 

(6.5) f(X)= Y, X w Aff(0,...,0) 

luKAf , \ . , .. 

1 l— times 

(cf. (|5.2p ). Therefore, / is a nc polynomial with coefficients in TV. □ 



Remark 6.2. Notice that if EC is a field of characteristic zero, then by (|6.3 
and the classical single- variable Taylor formula, for all £ : < I < M one has 

(6.6) Aif(Y,...,Y)(Z,...,Z) ' '' ,J) -- Z 



e\ dt e 

The following example shows that the assumption of boundedness of degrees 
in Theorem 16.11 cannot be omitted. 

Example 6.3. Suppose that we have a sequence of homogeneous polynomials 
p n G K(xi,a;2) of strictly increasing degrees a n such that p n vanishes on (K" x ™) 2 . 
For example, we may take 

E, \ t(1)-1 7r(n+l)-l 
sign(7r) x t X2---%i x 2 

as in |71j or |33j . where S n +i is the symmetric group on n + 1 elements, and sign(7r) 

L)(r 
2 



is the sign of the permutation 7r; clearly, a n — (" +1 K"+ 2 ) j n this case. Define a nc 
function /: (IK 2 ) nc ~> K nc by 

oo 

f(X 1 ,X 2 ) = J2Pk(Xi,X 2 ), 
fe=l 

where the sum is well defined: for n G N and (X U X 2 ) G (K™ x ™) the terms 
j)fc(Xi,X2), k>n, all vanish. Clearly, for all n, f(Xi,X 2 ) is a polynomial function 
in 2n 2 commuting variables (Xi)jk, (X 2 )jk, j,k = l,...,n, with coefficients in 
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K" X ™. However, / is not a nc polynomial. Indeed, suppose that / = q, where 
q € K(xi,x 2 ). Let degg = M, and let 

M 

with G K(xi,:E2) homogeneous of degree j. Define a sequence of homogeneous 
polynomials 

\Pk, j — o-k for some k G N, 
I 0, otherwise, 
of degree j. Then we can write 



hj = 



f(X ll X 2 ) = Y / h 3 (Xi,X 2 )= h j (X 1 ,X 2 ) 

3=0 3=0 



for (X 1 ,X 2 ) E (K nxn f. Comparing 

OO 

f(tX 1 ,tX 2 ) = J2h j (X 1 ,X 2 )lf 

3=0 

with 

M 

q(tX 1 ,tX2)=^q j (X 1 ,X 2 )lt 

3=0 

as polynomials in t € K for fixed (Xi, X2), we conclude that hj(Xi, X 2 ) = for all 
j > M. By the absence of polynomial identities for matrices of all sizes, hj = for 
all j > M. Since the sequence {a n } is strictly increasing, this is a contradiction. 



We will show now that Example I6.3I reflects the general situation: any nc 
function on (K d ) nc which, for each matrix size, is a polynomial in matrix entries, 
can be written as a sum of a nc polynomial and an infinite series of nc polynomials 
vanishing on matrices of increasing sizes. 

Theorem 6.4. Let f be a nc function on (K d ) nc , where K is an infinite field, 
with values in j\f nc (so that M is a vector space over K.). Assume that for each n, 
f(Xi, . . . ,Xd) is a polynomial function of degree M n in dn 2 commuting variables 
{Xi)ju, i = l,...,d; j,k — l,...,n, with values in j\f nxn . Then there exists a 
unique sequence of homogeneous nc polynomials fj G j\f{xi, . . . , x&) of degree j, 
j = 0, 1, . . . , such that for all n G N. 

• fj vanishes on (K nxn ) d for all j > M n , 

• if M n > —00 (where we use the usual convention degO = — 00^ then /m„ 
does not vanish identically on (K nxn ) d , 

and for X G (K nxn f , 

00 Mn 

(6-7) /(X) = ^/ i (X) = ^/ J (X). 

3=0 3=0 

Remark 6.5. Since n x n matrices can be embedded into (n + 1) x (n + 1) 
matrices by adding zero row and column, the sequence of degrees {M n } is non- 
decreasing. It eventually stabilizes at some M if and only if it is bounded, in which 
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case we see that fj, j > M, vanish on (JK. nxn ) d for all n; this means that / is a nc 
polynomial, i.e., Theorem 16.11 follows from Theorem 16.41 



Remark 6.6. The expansion (|6.7[) can be written in the form 

Mi oo M k+1 

(6.8) E 

j=0 k=lj=M h +l 

Here the k-th term in the infinite series is a nc polynomial of degree Mk+i which 
vanishes on (K kxk ^ d and does not vanish identically on (K( fc+1 ) x ( fc+1 ') . 



Remark 6.7. Applying Theorem 16.41 to the nc function / in Example 16.31 we 
see that fj = hj,j = 0,l,.... If the polynomials p n are chosen so that for each 

n, p n does not vanish identically on (K(" +1 ) x (" +1 )) d then M n — a n _i, n = 2, 3, 
. . . (and Mi = — oo). 

PROOF of Theorem 16.41 The proof is similar to that of Theorem 16.11 Wc 
first obtain, exactly as in the proof of Theorem 16. 11 that for any fixed n, Y, and Z , 
the degree of the polynomial fy,z(t) is at most M n . Therefore, we have 

M„ 

Setting t = 1 and X = Y + Z (so that f(X) = fy,z{l)), we obtain 

Mr, 

(6.9) f(X) = Aj/(Y, . . . , Y)( X -Y,...,X- Y) . 

^ ^ ^+1 times I times 

Notice that for each n, this is a finite version of the TT formula (|4.1[) . In particular, 
setting Y — and using (|4.10j) . we obtain that 

M n Mn 

(6.10) f(X) = Ay(0 1 _^0)(X 1 _^X) =J2 E XW ^7(^0). 

^ ^ £+1 times i times ^ ^ l^l - ^ times 

This yields the expansion (|6.7j) with 

(6.H) /, = 2 A-7(0 1 __0)x u '. 

I^NJ j+1 times 

The fact that fj vanishes on (K nXTl ) d for all j > M n and the fact that fj^ n does 
not vanish identically on (K nxn ) d follow from the assumption on the degree of 
/(Xi, . . . , Xd) as a polynomial function of matrix entries (Xi) a b, i = 1, . . . , d; a, b = 
1, . . . , n. Finally, nc polynomials fj in the expansion (|6.7[) are determined uniquely, 
because their evaluations fj{X) are the homogeneous components of degree j of 
f(X) viewed as a polynomial in the entries of the matrices Xj. □ 

A nc function /: (IK d ) nc — > Af nc , for A/" a vector space over a field K, will be 
called locally polynomial if for each ro, f{X\, . . . ,Xd) is a polynomial function in 
dn 2 commuting variables {Xijjk, i = 1, . . . , d; j, k = 1, . . . , n, with values in J\f nxn . 
We denote the K-vector space of locally polynomial nc functions from K^ c to Af nc 
by J\f\oc(xi, . . . , Xd); it is obviously a module over the K-algebra Ki oc (a:i, . . . , Xd)- 
For each n, we define a submodule Jft C Af\ oc (xi, . . . ,Xd) consisting of locally 
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polynomial nc functions vanishing on (K nxn ) . The submodules JJj-, n = 1, 2, . . ., 
form a decreasing sequence with zero intersection. In particular, we obtain a de- 
creasing sequence of ideals n — 1,2,..., with zero intersection in the algebra 
Ki oc (a;i, . . . , Taking the ideals J7j£ as a fundamental system of neighbour- 
hoods of zero makes Ki OG (xi, . . . , a^) into a topological ring. Analogously, taking 
the submodules Jft as a fundamental system of neighbourhoods of zero makes 
Moc {x\ , • ■ ■ , Xd) into a topological module over the topological ring Ki oc (x% , . . . , Xd) ■ 
Formulae (|6.7|) and (|6. 1 1[) mean that the TT series of / £ Af\ oc (xi, . . . , Xd) converges 
to / in this topology as a series of homogeneous polynomials; therefore, the space 
Af(xx, . . . ,Xd) of nc polynomials is dense in the space AA oc (xi, ■ • ■ ,x c i) of locally 
polynomial nc functions. In fact, Afi oc {xi, . . . ,Xd) is complete as a topological 
module — it is a completion of Af{x\, . . . ,Xd)', we leave the proof to the reader as 
an easy exercise. 

We can extend Theorem 16.11 to the setting of arbitrary (possibly, infinitc- 
dimensional) vector spaces over an infinite field K. Let M. and M be vector spaces 
over K. A nc function /: A4 nc — > Af nc is said to be polynomial on slices if /\m" x " 
is polynomial on slices of some degree M n for every n — 1,2,...; i.e., for every 
Y, Z E A4 nxn , fy,z(t) — f(Y + tZ) is a single- variable polynomial with coefficients 
in A/"" x ™ of degree at most M n , and degfy.z = M n for some Y, Z e M nxn (for the 
case K = C, see [HI Section 26.2] or [53 Section 1]). 

A nc polynomial over Ai with coefficients in A/" is a finite formal sum 

M 

(6.12) P = £>, 

where pg : M. x • • • x Ai — > A/" are £-linear mappings; we say that p is of degree M 
if p M 0. We can evaluate p on X e M nxn by 

M 

(6.13) p(X)=Y,X 0l P eeM nxn , n = l,2,..., 

1=0 

yielding a nc function on A'Jnc with values in Af nc - Restricting this nc function 
to Nilp(A4), we deduce from Theorem 15.91 that the coefficients pi are uniquely 
determined by p, so that we can identify the nc polynomial (16.121) with the nc 
function (|6.13j) and use the same notation for both. Notice that a nc polynomial over 
K d can be identified with a nc polynomial (|6.1j) in d noncommuting indeterminates, 
as in flU), (|5l) ]) -(|5T7 J) (with s = 1). 

If p is a nc polynomial over M. of degree M, then the nc function p on M nc is 
polynomial on slices, with max„ e n M„ = M. As in the special case M. = K d , the 
converse is also true; the proof is identical, up to notations, to that of Theorem 16. II 

Theorem 6.8. Let f: Ai nc — > A/" nc be a nc function which is polynomial on 
slices. Assume that the degrees M n of f\ M ny. n , n= 1,2,..., are bounded. Then f 
is a nc polynomial over M with coefficients in Af. 

There is an analogous generalization of Theorem l6.4l — we leave the details to 
the reader. 



CHAPTER 7 



NC analyticity and convergence of TT series 



In this section we discuss analyticity of nc functions and convergence of TT se- 
ries. It turns out that very mild boundedness assumptions imply analyticity. There 
are two essentially different settings: one where the boundedness assumptions hold 
in every matrix dimension separately, and one where the boundedness assumptions 
hold uniformly for all matrix dimensions. We assume in this section that the ground 
ring 1Z is the field C or the field R. 



7.1. Analytic nc functions 



In this section we will use the theory of analytic functions from vectors to 
vectors; our basic reference is [471 Chapter III, 3.16-3.19 and Chapter XXVI], see 
also [57] . 

Let V be a vector space over C. A set 57 C V nc is called finitely open if for 
every n G N the set Q„ C y™ x " is finitely open, i.e., the intersection of f2 n with any 
finite-dimensional subspace U of y nx ™ is open in the Euclidean topology of 14. We 
notice that a finitely open nc set fi is right and left admissible. Indeed, if X G f2 n , 
Y G fi m , Z G V nxm , and W G V mxn , then the sets 



ttn+m n span 



and 



D span 



X 


0" 




Q 


Z 





y 


3 








X 


0" 




"0 


0" 







J 








are open in the corresponding two-dimensional vector spaces and contain 



X 




thus 



X 


tz~ 




X 


0" 





Y 




tw 


F 



G fin+m for all sufficiently small t G 



Let W be a Banach space over C. An admissible system of matrix norms over 
W is a sequence of norms || • ||„ on W nx ", n — 1,2, . . ., satisfying the following two 
conditions: 

• For every n,m G N there exist Ci(n,m), C{(n,m) > such that for all 
A G W nxn and Y G W mxm , 

(7.1) C 1 (n,m)- 1 max{||A|| n ,||y||„ l } < ||Aer||„ +m 

< C;(n,m)max{||A|| n ,||r|| m }. 

mxn and 



• For every n G N there exists Ca(n) > such that for all X G W r ' 

5,T G C nx ™, 



(7.2) 



|^AT||„<C 2 (n)||5||||A| 
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where || ■ || denotes the operator norm of C" x " with respect to the standard 
Euclidean norm of C n . 

Proposition 7.1. The conditions (|7.1[) - (|7.2I) are equivalent to the boundedness 
of the injections 

(7.3) ty : W — > W nxn , w i— > E ijWi 
and of the projections 

(7.4) Try : W" x " W, W = [wv?]* , r =i,..., n •— > <%, 

/or aZZ n £ N and aZZ i,j = 1, ...,n; here £ Qnxn ^ as ^ e {^^j^th entry 1 
ancZ aZZ t/ie other entries 0. Moreover, the conditions (|7.1| - (|7.2[1 imply that for any 
s £E N, ffte blockwise injections 

(7.5) fc?-: W sxs — ^ yynsxn,^ ( W « S )«» j Wi— >By(8W; 
ancZ t/ie blockwise projections 

(7.6) Try : W nsxns = (y^ xs )" xn W sxs , 

W = [([^a6]a,6=l,...,a)i'j']i',3'=l,...,n 1 > ([w a b]a,b=l,...,s)ij = Wij, 

are bounded. 

PROOF. Let s,n G N and W G W sxs . Using (J77TJ) and ((721), we obtain 

\K(W)\\ ns = \\E l0 ®W\\ ns = \\{PiX®I s ){Exi ® ® J a || n . 

(ns-s) X (ns-s) ||ns 

< C 2 (ns)C' 1 (s,ns-s)\\W\\ s . 

Here Py = /„ — En — Ejj + E^ + Eji 6 c™ xn j s a permutation matrix (i ^ j). 
Therefore the blockwise injections ty (in particular, the injections ty) are bounded. 

Next, let s,n € N and W € W lsxns = (yy^")" x ™. Using ([73]) and ([721), we 
obtain 

||(7Ty(W0IU = ll^yll, < Ci(s,ns- s)\\Wij ©0 (ns _ s)x(jM _ s) || ns 
= Ci(s,ns - s)||(£n ® Jw.xsJVF^i ® I ws xe)||„ s 

<Ci( S ,n S - S )C 2 (ns)||W|| ns . 

Therefore the blockwise projections 7Ty (in particular, the projections Try) are 
bounded. 
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SO 



Assume now that the injections (|7.3|) and the projections (|7.4|) are all bounded. 
Let n, m € N and X e W" x ™, F € yy™xm_ Then we obtain 



\\X®Y\\ 



n+m 



— ^ ^ 1 1 ''ij ) 1 1 n+m ~l~ ^ ^ 1 1 '•n+i.n+j (Z/ij ) 1 1 n+m 



< 



X! IMI ' Ikiilll + E W L n+i,n+j\\ ■ \\Vij\\ 



and 



= E IMI • IktfPOIIi + £ H^+v^ll ■ ha( Y )h 

i,j=l i,i=l 
n m 

< ( E H^-ll ■ IMI + E lk+v.^11 • IMl) max{||X|| n , \\Y\\ m } 
i,j=l i,j=i 



n m 
t{\\X\\n,\\ Y \\m} < max j E ,\\ E L ij(yij) } 



n 7« 

< max | E IMI ' INjIk E ll^'H ■ Hy-yll 1 } 

n m 

:{ E IM-lk«(*©r)llii E ll^ll-IKn +i ,n+i(xeF)||i} 

n m 

< max{ E IMI ■ lk«ll, E HhjII ■ lkn+i,» +J -||}||-y er|| 



n+m ■ 



Therefore, (|?.ip follows. 

Assume again that the injections (|7.3I) and the projections (|7.4I) are all bounded. 

Let n G N, X G W nxn , and S,T G C" x ". Then 

n n n 

||&XT|| n = ^ iij((SXT)ij) = ^ ^ ^ SikXkiU 

i,i=l i,j=l fe,^=l 

n n 

< E Ikyll • l s ^l • ll^lli • l%l = E IMI ' l Sife l ' IK^POIIi • 

i,j,k,£=l i,j,k,i=l 



k,t=l 



71 71 

n n 

<(Ell^ll)(E lk«ll)lis||||*umi 



'•.;=i 



i.e., J7H holds. 



□ 



Proposition l7.1l means that a sequence of norms || • ||„ on W nxn is an admissible 
system of matrix norms over W if and only if W™ x ™ is homeomorphic to the direct 
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product of n 2 copies of W for each n. In particular, any two admissible systems 
of matrix norms over W yield equivalent norms on W™ xn for each n, and for any 
admissible system of matrix norms over W the spaces W nxn are all complete. 

Let V be a vector space, let 51 C V nc be a finitely open nc set, and let W be a 
Banach space with an admissible system of matrix norms over W. A nc function 
/: Q — > W nc is called locally bounded on slices if for every neN the function /|n„ 
is locally bounded on slices, i.e., for every X G il n and Z G y nx ™ there exists e > 
such that /(X + tZ) is bounded for \t\ < e. A nc function /: — > W nc is called 
Gateaux (G-) differentiable if for every n G N the function /|n„ is G-differentiable, 
i.e., for every X £ £l n and Z G v inx ™ the G-derivative of / at X in direction Z, 

t->-o i 

exists. It follows that / is analytic on slices, i.e., for every X G f2 n and Z € V nx ™, 
f(X+tZ) is an analytic function of t in a neighbourhood of 0. By Hartogs' theorem 
[75[ Page 28] , / is analytic on U n ft n as a function of several complex variables 
for every n and every finite-dimensional subspace U of V" x ™. We also note that 
5f(X): V nxn -> W nxn is a linear operator [471 Theorem 26.3.2]. 

Let X be a vector space, and let Y G X. A set T C X is called complete 
circular (or a c-star about Y in the terminology of |47l Definition 3.16.1]) if for 
every XeTwe have that Y + t(X - Y) G T for all t e C with \t\ < 1. 

Theorem 7.2. Let a nc function /: O — > W nc &e locally bounded on slices. 
Then 

(1) / is G- differentiable. 

(2) For every neNJf Q n , Z € V nx ™, and eac/i iV G N, 

An^ /(r + iZ) ■ „ = A «/(. y >---> 5 0(^---^> 



t=0 

V+l times V times 



(3) For every n G N and 1" G fi n) Zei 

T(y) = {X Efl n :Y + t(X -r)efl„ for all i G C with |<| < 1}. 

TTien T(y) is £/ie maximal complete circular set about Y contained in Q n 
and is finitely open. For every X € T(y), 

oo 

(7.7) /(A) = * l nf(Y, . . , Y)( X - Y, ■ • • , £ - Y) , 

£—0 v v 

e+1 times ^ times 

where the series converges absolutely. 

(4) TTie series in (|7.7I) converges uniformly on compact subsets ofUD T(Y) 
for every finite-dimensional subspace U ofV nxn . Moreover, for every such 
compact set K there exists a finitely open complete circular set T k about 
Y, K C T K C T(y) sucft t/iat 

CO 

(7.8) Yl SU P II A^/(y ■ ■ ■ , Y)( X - Y, . . . , X - Y) \\ n < oo. 
t=o X ^ K s v ' v * ' 

£+1 times £ times 

PROOF. (1),(2). Let n, N G N, Y G Q n , and Z G V" xn be fixed. Since the nc 
set il is finitely open, Y © . . . © Y G ^ n (JV+2) and there exists r > such that the 

JV+2 times 
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(N + 2) x (N + 2) matrix over V nxn , 

[Y rZ 

'-. 









rZ 
Y 



belongs to O n 



(JV+2)- 



slices, there exists e\ > such that 



Since f2 ra (Ar+2) is finitely open and / is locally bounded on 



Y rZ 

'■. 







Y 






rZ 
Y + trZ 



and 



Y rZ 

'•• 







Y 






rZ 
Y + trZ 



is bounded for t € C: |i| < ei. Since the Banach space W is equipped with an 
admissible system of matrix norms over W, by TheoremEHl A% + \f(Y, . , . ,Y,Y+ 
trZ)(rZ, . . . ,rZ) is bounded for t G C: \t\ < ei- Next, since fi„ is finitely open, 
there exists 62 > such that Y + trZ g fi n for all t G C: |t| < 62. According to the 
TT formula (|4.ip . we have for e = min{ei, £2} and \t\ < e that 

iv 



f(Y + trZ) = ]T A e R f(Y, Y)(trZ, . . . , trZ) 



or, for lil < er, that 



..,Y,Y + trZ)(trZ,...,trZ), 



N 



(7.9) /(F + tZ) = ^A^/(F, . . . , ...,Z) 



t=0 



+ t 1 ^ 1 A 1 ^ 1 f(Y, 



.,Y,Y + tZ)(Z,...,Z). 



Since A% +1 f(Y, . . . , Y, Y + tZ)(Z, . . . , Z) is bounded for \t\ < er, f(Y + tZ) is N 
times differentiable as a function of t at t = 0, and the equality in part (2) holds. 
Clearly, part (1) follows as the special case of (2) where N = 1. 

(3). The fact that T(Y) is the maximal complete circular set about Y contained 
in £l n is immediate from the definition of T(Y). 
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The fact that T(Y) is finitely open is obtained as follows. Let U be a finite- 
dimensional subspace of V nx ™. Then 

u n r(Y) = {x g u n n n ■. y + t(x - y) g n n for all t e c with |t| < 1}. 

Suppose that we are given a norm || • || on the space span{Y"} +U. (Since this space 
is finite-dimensional, all norms on it are equivalent.) Let X G U n Y(Y"). Then 
for every t G D there is an open ball i?t centered at Y + t(X — Y) in the space 
span{y} + U which is contained in the open set (span{F} + U) n fl n - Since the 
set S 1 := {Y + t(X — Y) : \t\ < 1} is compact in span{F} +14, there exists a finite 
number of balls B tk , k = 1, . . . , m, which covers 5. Let be the radius of B tk . 
Since for every t G D there isa/c:l</c<r7i such that Y + t(X — Y) G Bt fc , we 
have that 

(j>{t):= max {i? fe - \t-t k \\\X-Y\\} > 0. 

l<fc<m 

Clearly, the function is continuous on D, hence 

R := min (j>{t) > 0. 
tea 

Then for every feD there is ko ■ 1 < k < m such that 

tffco - l*-*fcolll^-^ll = <£(*)■ 

Therefore, we have 

y + t(x + z-y) =Y+t ko (X-Y) + (t-t ko )(X-Y)+tz e (s P an{r}+w)no n 

for every Z G span{F} with ||Z|| < i?, since 

IKt-titoKx-yj + tzii < \t-t ko \\\x -Y\\ + \t\\\z\\ <R ko 

•<mdY + t(X + Z-Y) e B tkQ . In particular, Y + t{X + Z-Y) G (span{y}+W)nfi„ 
is true for every t 6 D and Z GU with ||Z|| < i?. (Clearly, the induced norm on U 
is equivalent to any other norm on U.) Therefore, X + Z E U D T(Y). We conclude 
that the set U n T(Y) is open in U and thus the set T(Y) is finitely open. 

It follows from parts (1) and (2) that for every X G T(Y) the function f(Y + 
t(X — Y)) is analytic in t on the closed disk {t G C : |t| < 1} (see the remark on the 
analyticity on slices preceding this theorem), and 

oo 

f(Y + t(X -Y)) = J2 t e A e R f(Y, . . . , Y)(X -Y t ...,X-Y), \t\<l, 

where the series converges absolutely. In particular, this is true for t = 1, which 
yields the last statement in part (3). 

(4). Let U be a finite-dimensional subspace of V nx ™. Then, clearly, (span{y} + 
U) n T(y) is a complete circular set about Y, which is open in span{y} +14. By 
part (1), / is G-differentiable in il, and in particular in (spanjy} + U) n T(y). 
By the remark preceding this theorem, / is analytic in (spanjy} + U) n T(Y) as 
a function of several complex variables. More precisely, if we pick up some basis 
{Ej}j=i t ...,d in span{Y} +U and write X — Y = J2j=i z i^h tnen ff( z ) : ~ f(X) is 
an analytic function in several complex variables, z = (zi, . . . , Zd), in a complete 
circular domain with center z = 0. Since A l R f(Y, . . , , Y) is a ^-linear form, the series 
in (|7.7|) in ^-coordinates coincides with the series of homogeneous polynomials in the 
Taylor expansion of g(z). By |75[ Theorem 1.3.3], this series converges uniformly 
on any compact subset Ky of (spanjy} + U) n T(y). In particular, it converges 
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uniformly on the compact set K := Ky DU (unless the latter set is empty). On 
the other hand, given any compact subset K of U n T(Y), there exists 5 > such 
that the set 

K Y :={X + sY: X G K, s G C, |s| < 5} 

is contained in (span{Y"} + £/) n T(Y). Clearly, Ky is compact and A" = Ky V\U. 
Therefore we can conclude that the series in (|7.7p converges uniformly on compact 

subsets of wnT(y). 

The second statement in part (4) follows from |47[ Theorem 26.3.8]. □ 

Remark 7.3. The fact that the G-differential Sf(X): V nxn -> W ixn is a lin- 
ear operator follows also from Theorem l7.2f 2) for N = 1, since Sf(X) = A#/(A, X). 
More generally, one defines the N-th G-differential S N f(X): V nxn -> W nxn by 

d N 

5"f(X)(Z) = ^f(X + tZ)l Q . 

It is known [471 Theorem 26.3.5] that S N f(X)(Z) is a homogeneous polynomial of 
degree N in Z, that is, 5 f(X)(aZ + f3W) is a homogeneous polynomial of degree 
N in two complex variables a and j3 for any Z and T4 7 . We observe that this also 
follows from Theorem 17. 2\ 2) . since 



(7-10) ^ N f( X ) = Ag/C.^X). 

JV+l times 

Let V be a Banach space equipped with an admissible system of matrix norms 
over V. We will say that a set fi C V nc is open if for every n G N and Y G Q n there 
exists S n > such that the open ball 

B(Y, S n ) := {X G V" x " :\\X- Y\\ n < S n } 

is contained in Q n . Clearly, an open set is finitely open. 

Let V and W be Banach spaces equipped with admissible systems of matrix 
norms over V and over W, and let f2 C V nc be an open nc set. A nc function 
/: ft — > W nc is called locally bounded if for every n G N the function /|n n is locally 
bounded, i.e., for every Y G £l n there exists 8 n > such that / is bounded on 
B(Y, S n )- Clearly, a locally bounded nc function is locally bounded on slices. 

Let f2 C V nc be an open nc set. A nc function /: f2 — > W nc is called Frechet 
(F-) differentiable if for every n G N the function /|n„ is F-differentiable, i.e., /|n n 
is G-differentiable and for any X G fi„ the linear operator 8f(X): V nxn W nXTl 
is bounded. It was shown by Zorn (whose achievements, by the way, go far beyond 
the celebrated Zorn Lemma) in |87j that in this case 

lim \\f(X + Z)-f(X)-Sf(X)(Z)\\ n _ Q 

II^IU->0 \\Z\\ n 

for all X G O n . A nc function / : fi — » W nc is called analytic if for every n G N the 
function /|n„ is analytic, i.e., /|n„ is locally bounded and G-differentiable. By |47l 
Theorem 3.17.1], in this case f\n n is also continuous and F-differentiable. It follows 
that an analytic nc function f:Q—t W nc is continuous (i.e., all its restrictions /|n„ 
are continuous) and F-differentiable. 

Theorem 7.4. Let a nc function / : 17 — > W nc be locally bounded. Then, in 
addition to the conclusions of Theorem \7.ty f is analytic. Let neN, J*6fl n , and 
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let T be an open complete circular set about Y such that T C Q n and f is bounded 
on T. For every e > 0, the TT series in (17. 7|) converges uniformly on the set 



Moreover, 
(7.11) 



1=0 



T £ := {X e T: Y + (1 + e)(X - Y) G T}. 



sup \\Aif(Y,...,Y)(X-Y,...,X-Y)\\ n < oo. 



vex e 



£+1 times 



£ times 



Proof. Since / is locally bounded, / is also locally bounded on slices. By 
Theorem 17. 21 f is G-diffcrcntiablc. Therefore / is analytic. 

Assume that ||/(X)||„ < M for some M > and all X e T. Then for any 
Z e V nxn with Y + Z G T the function /(Y + tZ) is analytic in f on the closed 
disk {f e C: |i| < 1}, and the Cauchy inequalities 



1 



d N 



< M 



hold for every N G N. By Theorem 17.2^ 2) and the homogeneity of degree N in Z 
of A^/(y, . . . , Y)(Z, . . . , Z), we obtain the following estimate for all X G T e : 

M 

\\A%f(Y,...,Y)(X-Y,...,X-Y)\\ n <-^ T ^ w . 

This implies the convergence of the series in (|7.11j) , and hence the uniform conver- 
gence of the TT series in ()7.7[) . □ 



We notice an important special case of Theorem 17.41 

Corollary 7.5. Let a nc function /: f2 — > W nc be locally bounded. For every 
n G N and Y G O n , Zet 5„ = sup{r > 0: / is bounded on B(Y,r)}. Then the TT 
series in (|7.7p converges absolutely and uniformly on every open ball B(Y,r) C 
B(Y,d n ). Moreover, 



(7.12) 



sup 



|A £ fl /(Y, • • • ,Y)(X — Y,...,X — Y)||„ < oo. 



£+1 times 



Corollary 7.6. Let fl C V nc &e an open nc set Then a nc function f:Q,—> 
W nc is locally bounded if and only if f is continuous if and only if f is F-differentiable 
if and only if f is analytic. 

Remark 7.7. The fact that 6f(X): V nxn -> W nxn is a bounded linear oper- 
ator for any X G f2„ (and thus / is F-differentiable) follows also from the equal- 
ity 5f(X) = A R f(X,X). Indeed, A R f(X,X)(Z) is the (1,2) block entry of the 
X Z^\ 

Since / is locally bounded, there exists 6 > such that 



matrix / 



X 

is bounded when II Z\ 



< S. But then so is A R f(X,X)(Z), since 



X Z 
X 

the system of matrix norms over W is admissible. More generally, it is known |47[ 
Theorems 26.3.5 and 26.3.6] that the N-th G-differential 5 N f{X): V nxn ->• W nxn 
is a bounded homogeneous polynomial of degree TV, i.e., 

\\5 N f(X)(Z)\\ n <C\\Z\\% 
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for some C > 0. This also follows from ([7TT0]> . since Af /(X, . . .,X)(Z, . 
the (1, iV + 1) block entry of the (iV + 1) X (JV + 1) matrix 



. , Z) is 



Z 
X 



\ 



.0 

see Theorem 13.111 It follows from the proof of Theorem 17.41 that, moreover, there 
exist positive constants K and p such that 

(7.13) IIAg/pr, . . • ,X)(Z, . . . , Z)||„ < ^lizii^. 

The convergence results, Theorems 17.21 and 17.41 allow us to write infinite nc 
power expansions centered at a matrix Y € 57 s valid in matrix dimensions which 
are multiples of s, as in Theorem 14.21 



Theorem 7.8. Suppose that V is a vector space over C, fiC V nc is a finitely 
open nc set, and W is a Banach space with an admissible system of matrix norms 
over W. Let /: 57 — > W nc be a nc function which is locally bounded on slices, and 
let Y € £7 S - Then for an arbitrary m € N. 



(7.14) 



f(X) 



A^QWK), 

t-\-\ times 

where the series converges absolutely and uniformly on compact subsets of U f~l 
T(@™ =1 y) for any finite- dimensional subspaceU yy smxsm . Here T(^™ =1 Y) is 
the maximal complete circular set about ©™ =1 Y contained in Cl sm , as in Theorem 

WM3). (Notice that JJ™ =1 t(0™ =1 f) is a nc set.) 

If, furthermore, V is a Banach space with an admissible system of matrix norms 
over V, is an open nc set, and f is locally bounded, then the TT series in (|7.14p 
converges uniformly on T c for every e > and every T an open complete circular 
set about @™ =1 Y contained in Q sm and such that f is bounded on T , where T e is 
defined as in Theorem \l .J\ As a special case, the TT series converges uniformly on 
every open ball B(0™ =1 Y, r) C S(0™ =1 Y, S sm ), where B(0™ = i Y , S sm) is defined 
as in Corollary \7.5\ 

In particular, if [i E Hi then (|7.14p becomes 



(7.15) 



f(X) = - ImV) 



t+l times 



We have the following uniqueness theorem for convergent nc power expansion 
of a nc function. 

Theorem 7.9. Suppose that V is a vector space over C, 57 C V nc is a finitely 
open nc set, and W is a Banach space with an admissible system of matrix norms 
over W. Let /: 17 — > W nc be a G - differ entiable nc function and Y £ fl s . Suppose 
that 



f(X) 



OO 

E 

£=0 



0st 



a=l 
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for X € r sm , m = 1,2,..., where T is a finitely open subset of which contains 
©™=i ^ / or ever y m = 1,2, . . ., and fg : (y sxs ) £ — > W sxs is a l-linear mapping, 
£ = 0,1,.... Then 

ft = Aifiy^Y). 

t+l times 



Proof. Since T is finitely open, for every Z 1 , 
real r > such that 



Z l E V sxs there exists a 



X 



Y rZ 1 

'■. 























rZ 1 
Y 



g r 



e+i- 



As in the proof of Theorem 15.91 we see that f^rZ 1 , . . . , rZ e ), and thus 

MZ\...,Z< ! )=r- e MrZ\...,rZ e ), 

is uniquely determined by f(X). On the other hand, if r > is sufficiently small, 
we have X G T(® "t. 1 1 F) and the series (|7. 14[) converges — see Theorem 17.21 and 
Theorem EH Then we have by ([X2U]) that 

f e (Z\ ...,Z t ) = Aftf(Y, Y){Z\ Z l ). 

□ 

In the case where the space V is finite-dimensional, so that we may assume 
without loss of generality that V = C d (equipped with any admissible system of 
matrix norms), we can expand each term of the convergent TT series using higher 
order partial nc difference-differential operators, as in Corollary 14.41 and Theorem 
14.61 We notice that in this case a finitely open nc set is the same as an open nc set, 
and a G-difierentiable nc function is the same as a F-difierentiable nc function. 

Theorem 7.10. Suppose that f2 C (C d ) nc is an open nc set, and W is a Banach 
space with an admissible system of matrix norms over VV. Let f: fi — > W nc be a nc 
function which is locally bounded on slices. Then f is analytic, and for any s G N, 
Y G fl s , and arbitrary m G N, 

(7.16) f(X) =E^®y)' S A^/(y,..., Y) 



e=o 



a=l 



EE A -(o) 

£=0 \\w\=l \a=l 



times 

m \ / m \ 



where the series converges absolutely and uniformly on compact subsets o/T (© Q _j Y). 
Here T (© a=1 Y) is the maximal complete circular set about © a=1 Y contained in 
Cl S m, as in Theorem \4- W3), 



A 



w,(0) 



A wAe) = A- f{Y 1 _^Y), 

£-\-l times 
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with the tensor product interpretation for the values of / (Remark \3.5\) , the 
sumless Sweedler notation (|4.19p . and the pseudo-power notation (|4. 2 1 [) . 
In particular, if /i G Qi and Y — fi, then (|7. 16|) becomes 

oo 

(7.17) /(X) =£(E(*- W) w A^ T /( M , . . . , v.) 

e =° M=* £+1 times 

Remark 7.11. The results of this section are of a mixed nature: noncommu- 
tative and complex analytic. Therefore, they admit only partial analogues in the 
real case. Let V be a vector space over R, let 17 C V nc be a finitely open nc set, 
and let W be a Banach space over R with an admissible system of matrix norms 
over W. (All the notions above are defined exactly as in the complex case.) If a nc 
function f : Q —> W nc is locally bounded on slices then, similar to Theorem E2ll), 
/ is G-differentiable. Moreover, similar to Theorem I7.2f 2). f(Y + tZ) is infinitely 
many times differentiable at as a function of t G R for every n G N, Y G and 
Z G V nxn , and 

1 d N 

rf(Y + tZ) = A%f(Y,...,Y)(Z,...,Z), N = l,2,..., 



N\ dt N ' 
holds. 

It does not follow that f(Y + tZ) is analytic at as a function of t G R, i.e., 
one cannot guarantee the convergence of the TT series of / as in (|7.7|) . It also does 
not follow that / is infinitely many times differentiable onMfl VL n as a function of 
several real variables, for a finite-dimensional subspace U of V nx ™. 

If, in addition, / is locally bounded in f2 on affine finite- dimensional subspaces, 
i.e., if for every n, M G N, Y G Q n , and Zi, . . . , Z M & V nxn there exists e > such 
that f{Y + t\Zi + ■ ■ ■ +tMZu) is bounded on the set {t G R: maxi<j<M \tj\ < e}, 
then f(Y + t\Z\ + • • • + tuZ^i) is infinitely many times differentiable at as a 
function of t\, . . . , £m G R, and the identity 

(7-18) ^ w ^f(Y + tl Z 1 + ... +tM Z M ) 



Y,^R l f(Y,...,Y)(Z v{1) ,...,Z v 



holds. Here k — (k%, . . . , k^j) is an arbitrary M-tuple of nonnegative integers, 
|fc| :=&! + ••• + Am, fc! := fci!"-*Af!, 

and 7r runs over the set of all permutations with repetitions of the set {1, . . . , M}, 
where the element j appears exactly kj times. The identity (|7.18[) is of course also 
true in the complex case, and in both real and complex cases its proof is an obvious 
modification of the proof of part (2) of Theorem 17.21 

If / is real analytic on slices, i.e., if f(Y + tZ) is analytic at as a function of 
t G R for every n G N, Y G fl n , and Z G V nxn then the TT series of /, as in (7/7]) or 
as in (|7.14|) (in particular, f|7.15j) ). converges absolutely in some neighborhood of in 
every slice. In the case where V = R d , if / is real analytic, i.e., f\n n is real analytic 
for each n G N, one can write the TT series expansions of / about Y G fi n , as in 
(|7.16l) (in particular, (|7.17p ). with the series converging absolutely and uniformly 
on compact subsets of T(Y) = {X G Q, n : Y + t(X - Y) G Q„ for all t G [-1, 1]}. 
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7.2. Uniformly-open topology over an operator space 



X 



<r 



Recall that a Banach space W over C equipped with an admissible system of 
matrix norms such that (|7.1[) and (|7.2[) hold with C\ = C[ = C2 = 1 independent 
of n and to, is an operator space; see [291 1631 162) . Let W be an operator space. 
For y G VV sXs and r > 0, define a noncommutative ball centered at Y of radius r 
as 

00 m 00 

B„c(^r) = II S (® y ' r ) = II { X 6 W smxsm : 

m— 1 a— 1 m— 1 

PROPOSITION 7.12. Let Y e W sXs and r > 0. For any X e £? nc (y r) there is 
a p > sucft i/iai B nc (X, p) C B nc (Y, r). Hence, nc balls form a basis for a topology 
on Wnc- TTiis topology will be called the uniformly-open topology. 

PROOF. Let X e B nc (F, r) sm = Y, r), i.e., 5 := ||X-0™ =1 F|| sm < r. 

Set p := r-<5. Let Z e B nc (X, p) smn = B(0JJ =1 X, p). Then, by (73) with C[ = 1, 
we have 



0*1 

ct=l 



0^ 



< 



0=1 



:©*-©r| 



/3=1 



n n m 



/3=1 



/3=1 



< 



^-0* 

/3=1 

i.e., Z € S M (y, r) smn , which proves the first statement. 

Let Y 1 € W S1XS \ Y 2 e W S2XS2 , and n,r 2 > be such that 5 nc (yVi) n 
£?n C (Y j ^2) 7^ 0- Let to be the smallest common multiple of si and S2 for which 
B nc (Y 1 ,ri) m nS nc (y 2 ,r 2 ) m ^0. If X e B nc (y 1 ,r 1 ) m nB nc (F 2 ) r 2 ) m . Setting 

m/si m/s2 



iin ■fri 



0^ 



7'2 



r 1l } 



□ 



and using the same argument as in the preceding paragraph, we obtain that 

B nc {x, P ) c B nc (Y 1 , n ) n s nc (y 2 , r 2 ) . 

Thus, noncommutative balls form a basis for a topology on W nc . 

Remark 7.13. Notice that multiplication by a scalar is continuous in the 
uniformly-open topology as a mapping C x W nc — > W nc . 

Open sets in the uniformly-open topology on W nc will be called uniformly open. 
The uniformly-open topology is never Hausdorff: the points ©™ =1 Y and (J)™ =1 y, 
to 7^ to', cannot be separated by nc balls. However, the following Hausdorff-likc 
property holds: if X G W" IX ™ and X' S W" xn are such that there does not exist 
y € Wnc for which X = 0™_j y and X' = ©™ = i ^ f° r some to and to', then there 
exist 5 and 6' such that i? nc (X, 5) n B nc (X' , <5') = 0. One can choose (5 and 6' such 

, where Mn = M'n' is the least common 



that 6 + 5 1 < 



multiple of n and n'. We only have to show that the norm above is non-zero in this 
case. 
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>)<) 



PROPOSITION 7.14. For X e W nxn and X' e W n xn , one has 

M M' 

||0x-0x'|| =0 

II \\Mn 
a=l p=l 

if and only if there exists Y G W nc for which X — a=1 Y and X' = 0a =1 Y . 
Proof. The "if part is obvious. Suppose 

M M' 
a=l 0=1 

For the purpose of this proof, let us use the convention that the rows and columns 
of a N x TV matrix Z over W are enumerated from to N — 1. Define the diagonal 
shift 5 which acts on such matrices as follows: 

(SZ)ij = Z(i-\) mod JV,(j-l) mod AT, 1, J = 0, . . • , JV — 1. 

Clearly, the inverse shift is given by 

(S = nl od AT,(j+l) mod JVj «, j = 0, . . . , AT — 1. 

Clearly, we have S ±n X = X and S ,± "'X = X, where TV = Mn. Let d = gcd(n, n'). 
Since there exist /c, fc' € Z such that d = kn + k'n' (see, e.g., |79l Problem 1.1]), we 
obtain that S^X = X. Therefore, all d x d blocks on the main block diagonal of 
the matrix X are equal, say Y. Since every other d x d-block NW-to-SE diagonal 
of X has at least one zero block, it must have all zero blocks. We conclude that 
X = 0*i" /<i Y, and therefore X = 0™ =1 Y and X' = 0™^ Y, with m = n/d and 
ml = n' /d. The proof is complete. □ 

Alternatively, the closure ofXe W nxn , clos{X}, consists of all X' = Y , 
m' = 1,2,..., where Y e W sxs is such that n = sm and X = 0" =i y, with 
V not representable as a direct sum of matrices over W — such V is unique by 
Proposition 17. 141 the quotient topology on W nc := W n c/^ where X ~ X' whenever 
X = 0™ =1 Y and X' = 0™^ Y for some F € W nc is Hausdorff. 

Let M be a module. For a set fl C .M nc , the radical of fl is the set 

m 

radfi := |y € Mnc ■ y e for some m € n}. 

We will say that f2 C .M nc is a radical set if radfi = fi. 

Proposition 7.15. For a set fl C .M nc , one /ias 
(7.19) radfiCradfi, 

where fl and rad f2 are defined by (| A. 1 1) . In particular, if fl is similarity invariant, 
then so is radii. If is furthermore a nc set, then so is radf2. Ifil is furthermore 
right admissible, then so is radfi. 

PROOF. If Y € radf2, then SYS^ 1 € rad for every invertible matrix over 1Z 
of the same size as Y, i.e., 

m m m m 

05F5- 1 = (05)(0F)(05)" GO 

q— 1 a— 1 a— 1 a — 1 
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for some to G N. Therefore, ©™ =1 Y £ Q and thus Y G radft. The inclusion (f7T9|) 
follows. 

In particular, if ft = ft, we obtain radft C radft. Together with the obvious 

inclusion radft D radft, this implies the equality radft = radft, i.e., radft is 
similarity invariant. 

Let Y,Y' e radft. Then 0™ =1 F € ft and € ft for some m and 



i'. If ft is a nc set, then 



lcm(m,m ) 



lcm(mm' 
/3=1 



Y' G ft. Since ft is similarity 



invariant, the permutation of blocks gives that 1 ™| m,m '' (Y © y') e ft, and hence 
y © y € radft. We conclude that radft is a nc set in this case. 

Suppose that ft is a right admissible similarity invariant nc set. Let Y G 
(radft)„, y' G (radft V, Z G U nxn ' . Then ©™ =1 y G ft„ m and ©"^ F' G ft nW 



for some to and to'. Moreover, ©)™[ m ' m ^ Y G ft 



ft 



lcm(r. 



/w. By Proposition EH 



lcm(m,m ) 

© y 

a=l 





lcm(m,m / ) 

© z 

lcm(m,m') 

© y 



lcm(m,m / ) 



G ^(n+n')lcm(m,m / ) ■ 



„ and ©^ c "\ ( 



cm m. m 



')' 



y g 



Since £1 is similarity invariant, the permutation of blocks gives that 

lcm(m,m ) 



e 

a=l 



Y Z 

o y 



G ft 



(n-\-n f )lcm(m ,m' ) ■ 



Therefore, 



y Z 

o y 



G radft. This implies that the nc set radft is right admissible. 

□ 



We note that inclusion (|7. 19[) can be proper, even in the case of nc sets. 

Example 7.16. Let ft C C nc be a nc set consisting of matrices 0™ =1 y, 
to = 1,2,..., with y = diag[0, 1,1,0] G C 4x4 . Clearly, the set ft is radical. Its 
similarity invariant envelope, ft, consists of diagonalizable square matrices over C 
with eigenvalues and 1 of the same even multiplicity. In particular, ft contains 
the matrix diag[0, 1,0, 1] G C 4x4 , so that the matrix diag[0, 1] G C 2x2 belongs to 
radft. Thus, radft = ft is a proper subset of radft. 

This example also shows that ft is not necessarily radical, even if ft is. 
We also note that radft is not necessarily a nc set, even if ft is. 

Example 7.17. Let ft C C nc be a nc set consisting of matrices 02x2,-^2 G ft2 
and all their direct sums, in any possible order. Then lxl matrices and 1 belong 
to radft, however their direct sum, © 1 = diag[0, 1] does not. 

Let W be an operator space. We now define another topology on W nc by means 
of the pseudometric r : W nc x W nc — > K + : 



(7.20) 



t(X,X>) :-- 



\cm.(n.n') / n 



e 



X 



lcm(n,n / ) / n' 
13=1 



lcm(n,n / ) 
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for every n,ri G N, X G W" x ™, and X' G W™ x ™ . We will call this topology 
a r-topology, and the corresponding open sets r-open. r-balls centered at points 
Y G W„c of radii 5 > 0, 

B r (r, (5) := {X G W nc : r(X, F) < (5}, 

form a base for the r-topology. Notice that r-balls, and thus r-open sets, are 
radical. 

Proposition 7.18. Let W be an operator space. 

(1) For every s G N, Y G W sxs , and 5 > 0, one has 

oo 

(7.21) B nc (y, 5) = B T (Y, S)n]J W smxsm . 

m— 1 

(2) If £1 Q W nc *s a uniformly- open set, then rad 17 is tte smallest r-open set 
that contains O. 

(3) $1 C W nc is a r-open set if and only if £1 is uniformly- open and radical. 

Proof. (1) follows from the definition of r-balls. 

(2) It follows from ([7T21) that rad B nc (Y,S) = B T (Y,S). Then 

rad fi = rad |J B nc (Y 1 S Y )= \J rad B nc (Y 1 S Y )= \J B r (Y, Sy), 
Yen Yen Yen 

where 8y is any positive real number such that B nc (Y 7 Sy) C Q. Therefore, rad f2 
is r-open. Since any r-open set is radical, if such a set contains fi, then it must 
contain rad as well. We conclude that rad $1 is the smallest r-open set that 
contains Q. 

(3) Part (2) implies that if O is uniformly-open and radical, i.e., rad Q = SI, 
then Q is r-opcn. The converse is obvious. □ 

By part (1) of Proposition 17.181 that the r-topology on W nc is weaker than 
the uniformly-open topology. However, two points of W n c cannot be separated 
by two nc balls if and only if they cannot be separated by two r-balls. Indeed, 
Proposition [TH says that X - X' if and only if t(X,X') = 0. Therefore, the 
quotient spaces of W nc with respect to the equivalence ~ and the r-equivalence 
coincide as sets. Since the pre-image of any set in the quotient set W nc under the 
quotient map is radical, the corresponding quotient topologies on VV nc coincide. In 
fact, W nc is a metric space with respect to the quotient metric r which is defined 
by t(X, X') := t(X, X') for any representatives X and X' of the cosets X and X', 
respectively (the definition is correct due to the properties of the system of norms 
|| ■ || n on matrices over an operator space). The quotient topology on W nc is the 
metric topology with respect to the metric r. 

7.3. Uniformly analytic nc functions 

Let V and W be Banach spaces equipped with admissible systems of matrix 
norms. A linear mapping <j>: V — > W is called completely bounded if 

||0||cb := SUp || id([>x n <g)<f>\\ V nX n ^ W nXn < OO , 
nSN 

completely contractive if ||<^|| c b < 1, and completely isometric if id{>xn ®<t> is an 
isometry for every n G N. 



102 



7. NC ANALYTICITY AND CONVERGENCE OF TT SERIES 



Proposition 7.19. IfW is a Banach space equipped with an admissible system 
of matrix norms \\ ■ ||„ such that (|7.ip and (17. 2|) hold with C\, C[, and C2 indepen- 
dent of n and m, then the injections (|7.3|) and the projections (|7.4[) are uniformly 
completely bounded, i.e., for every n G N and i,j = l,...,n, the mappings iij and 
■Kij are completely bounded. Moreover, 

Ikyllcb < ClCf' Ikij'llcb < C\C\. 

If W is an operator space, then all tu are complete isometries and all tt^ are 
complete coisometries. 

PROOF. It follows from the proof of Proposition 17.11 that < C(C 2 and 

IKl,*!! < CiC 2 for all n,i,j,s. We have, for any n,i,j,s and W G W sxs , that 



||(id C »x 3 ®L l3 ){W)\\ sn = (id C sxs ®Li^j ( ^ E abW a l 

a,b=l 

s s 

= ^2 Eab® Hj(Wab) = 52 E ab® {EijW ab ) 
II — sn II 

a, o=l a, 0=1 

s s 

= II Yl [E ab ®E rj )w ab = II ^ P{s,n){E rj ®E ab )P{s,n) T w al 



a.b=l 



a,b=l 



= V P{s,n){E l3 ® E ab w ab )P{s,n) T = \\P(s,n){E l0 ®W)P{s,n) T \\ sn 

1 1 — sn 

a, 6=1 

< C7 2 ||By <g> W|| s „ = C 2 ||^.(W)|U < C2||^-||||W|| S . 

Here we use the sn x sn permutation matrices P(s, n) — [-Ey]i=i 1 ..., s;i j=i ! ... !Tl which 
allow us to change the order of factors in tensor products: 



(7.22) 



A®B = P{r,p){B® A)P(m,q) T 



for any A G C rxm and S G C px? . See [Ml Pages 259-261]. We conclude from the 
calculation above that 

IMcb < C 2 sup < c[cl 

SEN 

Suppose now that 

W = [(K'j']i',j'=l,...,n)ab]a,6=l,..., s G (W" X ") SXS ~ C SXS ® W" Xn . 



Then 



W := P(n, »)lTP(n, s) T = [([w a6 ]„, 6 =i,..., s ) 



»'j'Jt',i'=l,...,n 

g (r xs ) nx " = c™ xn <g> w sxs , 



where 



{w a h)vj> = (Wi>ji) a b, a, 6=l...,s; = 1, . . . , n. 
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We have 



\\(id C sxs mij)(W)\\ s = (idc-x* ( 53 X) E ah ®E Vjl {w vy ) al 



a, 6—1 i\j'=l 



E a b{wi 



0,6=1 



^ E ab (w a b)ij) 
a, 6=1 



I^IU = K 0*0 II 



< IK-II ||w|U<c 2 k,|| ||w|| 



Therefore, 



cb <C7 2 sup||<-|| <CiC. 



sGN 



In the case of operator spaces, it follows that all the operators tjj and 7i"ij arc 
complete contractions. Moreover, since "KijHj — iyv, we conclude that all tjj are 



complete isometries, and all 7Tjj are complete coisometries. 



□ 



Let V, W be operator spaces, and let f2 C V nc be a uniformly open nc set. A nc 
function / : Q — > W nc is called uniformly locally bounded if for any s G N and Y € f2 s 
there exists a r > such that B nc (Y, r) C S7 and / is bounded on B nc (Y, r), i.e., 
there is a M > such that ||/(X)|| sm < M for all m e N and X e B nc (Y, r) sm . A 
function / : f2 — >■ W nc is called uniformly analytic if / is uniformly locally bounded 
and analytic, i.e., / is uniformly locally bounded and G-diffcrentiable. Later on (see 
Example l8.14p . we will present an example of analytic (in fact, entire) nc function 
which is not uniformly analytic in any neighborhood of Oi x i- 

Proposition 7.20. Let Q C y nc be a uniformly open nc set. If a nc function 
f : O — > W nc * s continuous with respect to the uniformly- open topologies on V nc and 
W nc , then f is uniformly locally bounded. 

Proof. Given s G N and Y € fi s , there exists a noncommutative ball B nc (Y, r) C 
Q such that ||/(X) - /(0™ =1 Y)\\ sm < 1 for all m £ N and X G B nc (F, r) sm . Then 



ll/WIU < 



rn m 

/(0 r )l + i = l0/( y ) +i<u/cniu+i 



a=l 



□ 



W be a linear mapping of operator spaces. We extend I to a nc 



is the linear mapping from y ,ixn to 



Let h V 

function I: V nc — >■ W nc such that l n := l\^ 
W" x " defined by l n ([Vij]) = [l{vij)], n G N, i.e., i n = id c »xn ®Z. Then it is clear 
that I is uniformly locally bounded if and only if I is continuous with respect to 
the uniformly-open topologies if and only if I is completely bounded. We will see 
shortly (Corollarv l7.28p that the first equivalence is true for arbitrary nc functions. 

We will present two versions of the main result on the uniform convergence of 
the TT series in the uniformly-open topology on two different types of domains. 
The proof of the first theorem (like that of Theorem 17.41) is of a mixed nature: 
noncommutative and complex analytic. The second theorem admits a purely non- 
commutative proof; in particular, it admits an analogue in the real case, see Remark 
IT351 below. 

Let X be a vector space over C and let Y G X sxs . A nc set T nc Q X nc is called 
complete circular about Y if for every m G N the set (T nc ) sm = T nc H X smxsm is 
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complete circular about ©™ =1 Y (see the paragraph preceding Theorem I7.2j) . For 
any e > 0, we define 

oo m m 

(7.23) T nc , e := ]J {X€(T nc ) sm : Y + (1 + e) (x - f) G (T nc ) sm }. 



m— 1 



a = l 



It is easily seen that if T nc is a uniformly open complete circular nc set about Y, 
then so is T nCie , and lj e>0 T nc , £ = T nc . 

Theorem 7.21. Let a nc function f:Q—> W nc be uniformly locally bounded. 
Let sGN, Y £ Q s , and let T nc be a uniformly open complete circular nc set about 
Y such that T nc C and f is bounded T nc . Then, for every e > 0, m £ N, and 
X £ (T nc _ e ) sm , 

OO TO ^ 

(7.24) /(i)^(i-0y)'' A ^(^_l)' 

£=0 a=l , , . 

t+1 times 

where the series converges absolutely and uniformly on T nCj£ . Moreover, 



(7.25) V sup 

e=0 mei,xe(T nCi! ) s 



x-0r 3 Ay(Y...,Y 



< oo. 



£+1 times 



Proof. Let s £ N and Y £ fl s be fixed. Let T nc be a uniformly open complete 
circular set about Y on which / is bounded, say by M. Given e > 0, m £ N, and 
X £ (T nc c ) sm , as in the proof of Theorem 17.41 we have that 



(7.26) \\(x-^Y) Qs \y(Y_^Y 

£+1 times 

m rn m m 

A^/(0y,..,®F)(x-0F,...,x-0y 



< 



M 



£+1 times 



but in this case the constant M is independent on m. Therefore (|7.25[) holds and 
the TT series in (|7.24[) converges absolutely and uniformly on T nC:£ . The fact that 
the sum of the series equals f(X) follows from Theorem 17.21 □ 



Let X be a vector space over C and let Y £ X sxs . A nc set T nc C X nc is called 
matrix circular about Y if for every m £ N, X £ (T nc ) STO , and unitary matrices 
U,V £ C mxm we have 

m m 

07 + ([/®/ s )(i-0y)(y®i s ) g (T nc ) sm . 

a—1 a—1 

For any e > 0, we define T nC!C as in (|7.23|) . It is easily seen that if T nc is a uniformly 
open matrix circular nc set about Y, then so is T nC:€ . 
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LEMMA 7.22. Let T nc C X nc be a matrix circular nc set about Y € X s 
Then, for every m, N e N, X e (T nc ) sm , and (,rjeC with \(\ 2 + \r]\ 2 = 1, 



(7.27) A := 



e y x- e y o 

a— 1 a—1 



x 



e y 

a = l 

m 

e y 

a=l 



sm(N+l) 



and 
(7.28) 



S := 



Y X- © Y 

a— 1 a—1 



X- Y 

m 

y 

=i 

o 



CU- © y 



© y + v [x- © y 

a— 1 \ a—1 



G (Tnc)sm(iV+2)- 



PROOF. We observe that 



/ 


" o . . 


. ... 




\ 




1)71 











o '■ 






® Is 






. '•. 






V 


_ 


. o I m 


_ 


) 



m(JV+l) 

A- ® Y 



a=l 







o x- e y 

Q = l 



o e y 

c*=l . 
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and 



-T]I m CIn 



Civ 





rjl„ 



m(N+2) 

U- Y 

a=l 



1-07 

a=l 









m 

o e y 



with square matrices of size sm(N + 1) in the first equality and sm(N + 2) in the 
second equality. Hence the result follows. □ 

Theorem 7.23. Let a nc function f:Q—> W nc be uniformly locally bounded. 
Let seN, Y G Cl s , and let T nc be a uniformly open matrix circular nc set about Y 
that is contained in Q and on which f is bounded. Then, for every e > 0, (|7.24p is 
true, with the TT series converging absolutely and uniformly, on T nCj£ and (|7.25D 
holds. 

Proof. Let T nc be a uniformly open matrix circular nc set about Y, with the 
norm of / bounded on T nc , say by M > 0. For e > 0, m € N, and X £ (T nc c ) sm , 
wc have 



m m ra rn 

(7-29) 14/(07,. ..,0y)(i-0F,...,z-0y 



a=l 



a=l 



times 



I til 



mm m m 

Akf(©y,.,©y)((i + ( )(x-©y) (i + «) (^-0^ 



(l + e)< 



£+1 times £ times 



©Y (l + e)(X-©Y) 

a— 1 cn = l 



Ki,i+if 



(l + e)(X- © F) 

a = l 



© r 



< 



M 
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which implies that (|7.25|) holds and the TT series in (|7.24p converges absolutely 
and uniformly on Y nCi£ . Here we used the fact that 



(7.30) 



©Y (l + e)(X-©y) 

a— 1 a=l 



(l + e)(X- © Y) 

Ct=l 

m 

© Y 



G (T nc ) sm (£ +1 ) 



by (OTI) . with X replaced by Y + (1 + e)(X - Y) and AT replaced by I. 

It remains to prove that the sum of the series equals f(X), i.e., that the re- 
mainder term in the TT formula (see (|4.1|) and (|4.2jl ). 



N+l times N+l times 

,0a(JV+l) 
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tends to as N — > oo. We have 

mm m m 

Ar i /(0r,...,0y,x)((x-0y),...,(x-0r; 



a=l 



a = l 



N+l times 



N+l times 



S(l + e) N 



a = l 



a=l 



N+l times 

m m m 

(i + e)(x-0y),...,(i + e)(x-0F),^-0y 



iV times 



<5(l + e) w 



©y (i + e )(x-©y) 

a— 1 a=l 



(l + e)(X- © y) 

m 

© y 

a = l 



< 



s(x - © y) 

a = l 

M 



*(l + e) w 







as iV — > 00. The last inequality holds with S = \/e 2 + 2e; indeed, for this choice of 

5 we have 

(7.31) 





©y (i + e)(x-©y) 

a—1 a=l 







(l + e)(X- © y) 



© y 

a = l 





s(x - © y) 



£ (T 



nc )sm(N+2) 



by (O with X replaced by Y + (1 + e)(X - Y), ( = v = □ 



Remark 7.24. Notice that Theorem 17.231 holds under a weaker assumption 
that T nc is a uniformly open nc set satisfying (|7.27l) and (17.28[) . 



Remark 7.25. Notice that in the proof of Theorem l7.23l we actually established 
the following result. Let T nc be a uniformly open nc set, which contains Y, is 
contained in fi, and on which / is bounded. Then, for every e > 0, (|7.24() holds, 
with the series converging absolutely and uniformly, on the set of all X € f2 such 
that 
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• ([730]) holds for all i £ N; 

• there exists 5 > such that (I7.31|) holds for all N £ N. 

This gives even weaker assumptions on a domain where the TT series in ([7.24)1 
converges absolutely and uniformly. 

We notice an important special case of the two previous theorems for the uni- 
form convergence on open nc balls — clearly, nc balls are both complete circular 
and matrix circular. 

Corollary 7.26. Let a nc function /: f2 — > Wnc be uniformly locally bounded. 
For every s £ N, Y £ fl s , let S :— sup{r > 0: / is bounded on B nc (Y, r)}. Then 
([7.241) holds, with the TT series converging absolutely and uniformly, on every open 
nc ball B nc (Y,r) with r < S. Moreover, 

(7.32) Y. SU P ( X -® Y )' S A Rf( 



Y,...,Y 

l+l times 



< OO. 



Remark 7.27. In the case where Y = fi £ fix, Theorems 17.211 and 17.231 and 
Corollary 17.261 give results on the absolute and uniform convergence of the TT 
series (|7.15|) centered at a scalar point. 

Corollary 7.28. Let C V nc be a uniformly open nc set. Then a nc function 
f : fi — > W nc is uniformly locally bounded if and only if f is continuous with respect 
to the uniformly- open topologies on V nc and W nc if and only if f is uniformly 
analytic. 

Proof. If / is uniformly locally bounded, then / is also locally bounded on 
slices, thus by Theorem 1 7. 2 1 f is G-differentiable. Therefore / is uniformly analytic. 
Taking into account Proposition 17.201 it remains to show that if / is uniformly 
locally bounded then / is continuous with respect to the uniformly-open topologies. 

Let the norm of / be bounded by M > on a nc ball B nc (Y,ri) centered at 
Y € ysxs Thcn; using the est i ma te (fT2"6]) or (f7T29|) with e = for r < n, we 
obtain for X £ B nc (Y. r) 

smi ™ £ N, that 

m oo „ „ , 



\ri/ ri 



Hence, for any given rj > there exists r < r\ such that for every m £ N and 
X £ B nc (Y,r) sm we have 



< rj. 



/W-/(0 y )| 

a=l 

In other words, / is continuous at Y with respect to the uniformly-open topologies. 

□ 

We consider now the case where the space V is finite dimensional, so that we can 
assume without loss of generality that V = C d with some operator space structure. 
Notice that any two operator space structures on C d are completely isomorphic, 
i.e., the identity mapping of C d is completely bounded both ways (see, e.g., [631 
Proposition l.lO(iii)], thus the uniformly-open topology on (C d ) nc is uniquely de- 
termined. We can expand each term of the convergent TT series (of polylinear 
forms) using higher order nc difference-differential operators as in (j4.12[) . (|7.16|) . 
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and (|7.17|) . and consider the question of the convergence along the free semigroup 
Fd- This is a stronger notion of convergence, since we do not group together all 
the terms corresponding to the words of a given length. To define this convergence, 
we need to specify an order on F^; however, we will mostly deal with absolute 
convergence along F<j, so that the choice of the order does not matter. 

Let T nc C (C d ) nc be a matrix circular nc set about Y = (Yi, . . . , Yd) € (C sxs ) d , 
and let p = (pi, . . . ,pd) be a (i-tuple of positive real numbers with Ylj=i Pj < 1- 
We define 

(7.33) 

OO 777 ^ 777 

Tnc^ := ]J {x e (T nc ) sm :0y + -(o,...,O,I 3 -0F J ,O,...,o)e (T nc ) sm 
l Pj v ' 



m—1 



a=l 



j— th place 



(7.34) 



for all j = 1, . . . , d\. 



If T nc is a uniformly open matrix circular nc set about Y, then so is T ncp ; the 
fact that T nc p is uniformly open follows from the fact that the linear mapping 
Z i— > ZjCj on (C sxs ) d i s completely bounded as a finite-rank mapping of operator 
spaces, see [631 Proposition l.lO(iii)]. 



Theorem 7.29. Suppose that C (C d ) nc is a uniformly open nc set, W is an 
operator space, f:Q—$- W nc is a nc function which is uniformly locally bounded, 
s £ Ft, Y S Q s - Let T nc be a uniformly open matrix circular nc set about Y that 
is contained in Q and on which f is bounded. Then, for every p = (pi, . . . , pd) £ 
(K+ \ {0}) d with Y? 0=1 Pj < 1, m e N, and X € (T nc , p ) sm; 



(7.35) f{X)= £ ( X -(B Y ) A R f(y^-jY) 

weF d a=l 



\w\-\-l times 



E (0^,(0) 

weF d \ a=l 



771 

(© 



.4 



w,(l) 



Til 

(© 



.4 



w,(\w\) 



*(x-Qy 



a=l 



a=l 



where the series converges absolutely and uniformly on T nc p . Moreover, 
(7.36) 



J2 sup 

t06P(i m6N ) X6(T m> . p ). 




Jilt 

(e 



m 



Y 



,(M), 



< oo. 



Here A w ^ 0) (g> A w> ^ 



■ ® ^4^,(1^1) — ^-r / ( Y, . . . ,Y ) , with the tensor product 

\w\-\-l times 

interpretation for the values o/A^ / (Remark \3.5\) , the sumless Sweedler notation 
(I4.19[) . and the pseudo-power notation (|4.2ip . 
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Proof. Let T nc be a uniformly open matrix circular nc set about Y such that 
the norm of / is bounded, say by M > 0, on T nc . For p — (pi, ... , pd) G (R+ \ {0}) d 
with 53i=i Pj < 1 5 m G N, and X G (T nCiP ) STO , we obtain, using f|3 . 54[) . that 

£ ||A^ T /(ey I ... ) 0y)(x il -0y il ,...,x i ,-0n 



|uj|=£ 



^+1 times 



m m 1 m m 

E^|| A H T /(ey,...,ev-)(-^(x !1 -0y !1 ),...,-^(^-0^))| 



\w\=t 



times 

i- m 



Tl,£+l/ 



e y Mx it - e y n ) en o 















c a — 1 

m 

e y 



1J 



\w\=£ 3 = 1 

which implies that (|7.36l) holds and the TT series in (|7.35[) converges absolutely 

and uniformly on Y nc p . Here we used the fact that 

(7.37) 

m 

o 



0F Jr(X h - © Y^K 

a=l P%1 a=\ 







Hip - 

c a — 1 

m 

e y 



e (T nc ) 



which is obtained using the same argument as in the proof of (|7.27[) in Lemma l7.22l 
In order to show that the sum of the (absolutely convergent) TT series in (|7.35[) 
equals f(X), we observe that its sum must coincide with the sum of the TT series in 
(|7.24[) which is obtained by grouping together the terms corresponding to the words 
of the same length. But the remark made in the paragraph preceding Lemma T7.221 
together with Theorem 17.231 means that the TT series (|7.24[) converges to f(X) 
everywhere in T nc . □ 



Remark 7.30. Notice that in the proof of Theorem l7.29l we actually established 
the following result. Let T nc be a uniformly open nc set, which contains Y, is 
contained in fi, and on which / is bounded. Then, for every p — (p 1; . . . , p^) G 
(M+ \ {0}) d with Y^ d j=i Pj < 1j <17.35[) holds, with the series converging absolutely 
and uniformly, on the set of all X G £1 such that (|7.37j) holds for all £ G N and 
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such that the TT series in (|7.24|) , which is obtained by grouping together the terms 
corresponding to the words of the same length, converges to f(X). This gives a 
weaker assumption on a domain where the TT series in (|7.35[) converges absolutely 
and uniformly. 

Unlike in the setting of Theorem 17.211 or of Theorem 17.231 it may happen that 



C T 



i.e., we 



for a uniformly open matrix circular nc set T nc we have (J T 
cannot guarantee the absolute convergence along of the TT series in (|7.35[) on 
all of T nc . We elucidate the situation in the special case of open nc balls. 

Corollary 7.31. Let a nc function f: O — > W nc be uniformly locally bounded. 
For every s € N, Y € Q s , let S := sup{r > 0: / is bounded on B nc (Y, r)}. Then 
(|7.35p holds, with the TT series converging absolutely and uniformly, on every open 
nc diamond about Y 



(7.38) 



OO Ct Til 

O nc (Y,r) := U{XeO sro : £ \\ej\U jXj - ®Yj 1| < r} 



with r < S. Moreover, 
(7.39) 

sup 

weFd rneN,XeO nc (Y,r) a 




w,(0) 



0^,(1)) ®"-® (0 

m 

*(*-© 



A 



Y 



w,(\w\) 



< OO. 



PROOF. We first observe that for any n £ N, A E C nxn , and j = 1, . . . , d, we 
have H-Aejlln = ||e_j||i||A||, since spanjej} is a one-dimensional subspace in C d and 
therefore there is only one operator space structure on spane^, up to a constant 
factor ||ej||i; see 63, Proposition 1.10(h)]. 

Let r be given such that < r < 5. Let r' be a real number with r < r' < S, 
and let the norm of / be bounded by M > on B nc (Y, r'). Given X e t) n c(Y, r) sm , 
one can find p — (pi, ... , pd) with 



1 ii ii 



X, 



J 



.,d, 



such that Sj=i Pj < ~p- Since open nc balls are uniformly open and matrix circular 
nc sets, so is T nc := B nc (Y, r'). For X and p as above, we observe that X g TC nCjP . 
Therefore, (|7.35j) holds with the series absolutely convergent. Using the estimate 
in the proof of Theorem 17.291 we obtain that 



m mm m 

e |As T /(er,...,0y)(x 1 -er n ,...,^-eK i< 



\w\=e 



a = l 



< M 
sm \r 



times 

Since the right-hand side is independent of p, to, and X, (|7.39j) follows. 



□ 



Remark 7.32. Since Uo<r<5 Onc(*>) = <>nc(Y,5), the TT series in (fT35)l 
converges absolutely along on the nc diamond (} nc (Y, S). 
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Remark 7.33. It is clear that open nc diamonds are uniformly open and matrix 
circular nc sets and that, for all Y and r, (} nc (Y,r) C B nc (Y,r). This inclusion is 
always proper. The equality would occur if and only if for all m £ N and X £ 
(C smxsm f one has ||X|| sm = E?=i IN|i Indeed, we have X = V" i %j< , 

and ||X|| sm < ^2j—i ||^i e j||sm = Ylj=i \\ e j\\i W-^-jW f° r a U 171 an d -X") so that the 
inequality is always an equality if and only if Q nc (Y,r) = B nc (Y,r) for some, and 
hence for all, Y £ (C sxs ) d and r. However Y2j=i a j \\Xj\\ with some positive 
coefficients atj is not an operator space norm on ((C d ) SXS ) nc . 

Remark 7.34. Instead of considering operator spaces, we can consider Banach 
spaces equipped with admissible systems of matrix norms such that (|7.1|) and (|7.2|) 
hold with constants Ci, C[, and C2 independent of n and m, as in Proposition 
17.191 We have to require C[ = 1 to ensure that Proposition 17.121 holds, i.e., the 
noncommutative balls form a base for a topology on the corresponding nc space. In 
this case, we can still consider uniformly locally bounded nc functions and Propo- 
sition rTT^Ul Theorem [7T2T1 Corollary 17^61 and Corollary |7~2"51 remain true. The 
condition G\ — 1 is natural to ensure the Hausdorff-like property of the uniformly- 
open topology, see Proposition 17. 141 together with the paragraph that precedes it. 
The condition C2 = 1 is essential for the proofs of Theorem 17.231 Theorem 17.291 
and Corollary |7.31l (in particular, it guarantees that nc balls are matrix circular nc 
sets). 

Remark 7.35. The results of this section, unlike those of Section I7TT1 — see 
Remark 17.111 are of a purely noncommutative nature (except for Theorem 17.211) . 
Therefore, they admit full analogues in the real case. An operator space over R is 
a Banach space over R equipped with an admissible system of matrix norms such 
that the real analogues of (|7.1j) and (|7.2j) hold with C\ = C[ — C2 = 1 independent 
of n and m (see [72] ). Theorem [723] and Corollaries [7261 [728] are true for the case 
where V and W are operator spaces over R, with all the notions defined exactly 
as in the complex case. Also, Theorem 17.291 and Corollary 17.311 are true with C d 
replaced by R d and W an operator space over R. 

7.4. Analytic and uniformly analytic higher order nc functions 

We will discuss now analyticity of higher order nc functions in various settings. 
Our main goal here is to prove analogues of Theorem 13.101 for the corresponding 
classes of higher order nc functions. 

Let W be a Banach space over C. An admissible system of rectangular matrix 
norms over W is a doubly-indexed sequence of norms || • \\ n ,m on y\; nxm ; n,m = 
1,2,..., satisfying the following condition: for every n,p,q,m £ N there exists 
C{n lP ,q,m) > such that for all X £ W pxq , S £ C nxp , and T £ C 9Xm , 

(7.40) \\SXT\\ n , m < C{n,p,q,m)\\S\\ ||X|| Pj ,||T||, 

where || • || denotes the operator norm of rectangular matrices over C with respect 
to the standard Euclidean norms; cf. (|7.2[) . Next we show that (|7.40[) implies the 
analogue of (|7.1[) for rectangular matrices, 

(7.41) C 1 (n,m,r,s)- 1 max{||A||„ im , \\Y\\ r , s } < \\X ® Y||„ +r , m+s 

< C[(n, m, r, s)max{||A||„, m , ||Y|| r , s }, 
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for every n,m,r,s <E N, X 6 yy nx "\ Y G yv"' xs and some positive constants 
Ci(n, m, r, s) and C[ (n., m, r, s). 

Proposition 7.36. Let W &e a Banach space equipped with an admissible sys- 
tem of rectangular matrix norms over W, i.e., (|7.40[) holds. Then (|7.4ip raoZds /or 
ewry n, ra,r,s£ N, X e W nxm , and Y" G W rxs 

Ci(n, m, r, s) = max{C(n, n + r, m + s, to), C(r, n + r, m + s, s)}, 

C^n, m, r, s) = C(n + r,n,m,m + s) + C(n + r, r, s, to + s). 
Proof. Let X G yy«xm and y g yyrx^ Then 



< 



S " 






' In ' 




Orxn 



Onxr 



y [Osxm Zs] 



< fc(n + r,n, to, to + s) + C(n + r, r, s,m + s) \ max{||X|| n , m , ||y||r,«} 



and 

max{||X|| n>TO , ||F|| na } 
= max < 



In Onxr 
Or X n It 



X nx , 
Y 



Or 



0, 



X nx s 

Orxm Y 

< max{C(n, n + r, to + s, m),C(r, n + r,ni + s, s)}\\X ® F||„ +rim+s 



mxs 
I, 



□ 



Clearly, an admissible system of rectangular matrix norms over W induces an 
admissible system of (square) matrix norms over W. Notice that if W is an operator 
space, then an admissible system of rectangular matrix norms over VV is unique and 
one can choose 

C(n, p, q, to) = Ci (n, p, q, to) = C( (n, p, g, to) = 1 

for every n,p,q,m € N [62, Exercises 13.1 and 13.2]. 

We can also introduce rectangular block injections and projections as follows. 
Let 1Z be a unital commutative ring, let Ai be a module over 72., and let s, si, . . . , 
s m £ N be such that s = s\ + ••• + s m . Set 

Et := col[0 SlXSi ,. . XSl ,/ s ,,0 Si+lXSl+1 , • • • ,0 SmXS J G K sxs *, i = l,...,m. 

The rectangular block injections are defined by 

(7.42) t^ 1 '"-*") : M at *'' ->M S - .,, 

and the rectangular block projections are defined by 
(7.43) 



4 "" ^ tif *'*' : Z i-> EiZEj , i,j = l,...,m, 



M & 



Z h-> £"j Zi?,-, i,i = 1, . . . , to, 



The following analogue of Proposition 17.11 in conjunction with Proposition 17.361 
holds. 
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PROPOSITION 7.37. Condition (|7.40|) (valid for all n, p, q, m e N, X e W pxq , 
S G C nxp , and T G (£<?x™j j s equivalent to the boundedness of the rectangular block 
injections ^ 1 '"' ,s ™) an d rectangular block projections Try 1 '' " ,s '"-' j m G N, s\, 
s m G N, i, j = 1, . . . , m. in particular, 

(7-44) ||4' 1 --» ) ||<C( a>a<>ai ,a), HTrg^-'^HC^,*,*,*^. 

Proof. If (|7^u| holds for all n, p, q, m £ N, X £ W pxq , S £ C" xp , and 

T G C« xm , then ([731| follows immediately from and {733}, thus i ( J Sl - ' Sm) 

and 7r ( Sl ' - ' Sm ) are bounded. 

v . . 

The converse direction can be shown analogously to that of Proposition ^. II □ 



We also have the following analogue of Proposition 17.191 

Proposition 7.38. If W is a Banach space equipped with an admissible system 
of rectangular matrix norms over W such that (|7.40[) holds with C independent of 
n, p, q, and m, then the rectangular block injections (|7.42[) and the rectangular 
block projections (|7.43|) are uniformly completely bounded, i.e., for every m £ N 
and s\, . . . , s m £ N, the mappings t ( 8l >'"> 8 ™) an d 7r (*ii-> 8 »>) are completely bounded. 
Moreover, 



(7.45) 



If W is an operator space, then all ^'■■■' Sm ' are complete isometries and all 
tj-C* 1 '—' 8 ™) are complete coisometries. 

Proof. Let n,m £ N, 1 < i,j < m, si, . . . , s m £ N, W = (w ab ) a , b =i,...,n G 
(W s ' xs TiXn = W Sinx ^' n . For o,6 = l,...,rc, let £ afc G C" x ™ be defined by 

(Eab)al3 = £(a,6),(a,/3); CK, /? = 1, . . . , 71. Then 



||(id c -x»«»tg 1 '"-- ,) )(WOII(«+-+.„)n 



= II E ab ^i^'-' Sm \w ab ) 



a,b=l 



,6=1 



(siH hs m )n 



(siH hs m )n 

n 

= \\Y1 E ab ®E l WabE] 



a,6=l 



(siH hs m )n 



This proves the first inequality in (|7.45[) . 
Suppose now that 



W = 



(W ab )a,b=l,...,n G 



H hs m )x(siH hs m ) 



\ nxn 

I = VVA 51 ^ hs„,)nx(siH hs„i) r 
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Then 

||(idc»x, 



E 

a, 6=1 



m, )WII 

(id c »x« C 



(si,...,s m ) 



(w a6 ) 



b ® Wab 



.,6=1 



o,b=l 



Sin,Sj n 



Sin, 5 ,n 



Sj n < C||W||( ai+ ... +am ) r , 



= ||(7„® J B l T )^(/„ 0^)|| 

This proves the second inequality in f|T.45|) . 

If W is an operator space, we obtain that the operators t |* 1,- " , * m 5 anc | Trj* 1 ' 
are complete contractions. Moreover, since 7r (* 1 '--- ,Sm ) t || 1 '— ,Sm ) 
A»i,—!*m) are com pi e ^ e isometries and all w ^ 1 '" ,,3m ' are complete coisometries. □ 



= id 



Sj , all 



Let Vo, Vfc, Wi, Wfc be vector spaces over C, let C Vj >nc > 
7 = 0, . . . , k, be finitely open nc sets, and let Wo be a Banach space with an 
admissible system of rectangular matrix norms over Wo- A higher order nc func- 
tion / € T k (&°\ ... , fl^; Wo, nc, . . . , Wk,nc) is called W -locally bounded on slices 
if for every n ,...,n k G N, Y° G 0$ , F fe G 0$, Z° G V " oX "°, 

Z fc e y^XB^ jpl g Wi n xn^ ^ W k g Wfc n fc _ lX n fc there exists £ > g such that 

/(y° +^Z°,...,r fe +tZ fc )(VK 1 ,...,W /fc ) is bounded in W " oX " fc for \t\ < e, i.e., 
the function /| (o) n m is locally bounded on slices for every fixed W 1 , . . . , W . 

A higher order nc function / G T fc (r2 (0 \ . . . , (fc) ; W ,nc, • • • , W fc , n c) is called W- 
Gateaux (Gw~) differ entiable if for every no, . . . , rife G N, Y° G ^n° \ . . . , F fc G 
Z° G V " oXno , Z k G Vfc"**"*, G Wi" oX "\ . .., W^ fc G W fc ,lfc - lX,lfc the G- 
derivative, 



(7.46) 

lira 

t-vo 



f(Y° + tZ°, . . . , Y k + tZ k ){W l , . . . , W k ) - /(Y°, . . . , Y^W 1 , . . ■ , W k ) 



f 



exists, i.e., the function /L(o 



,Y k + tZ k )(W 1 ,...,W k ) 
o is G-diffcrcntiable for every fixed W 1 



= ^f(Y°+tZ° 



t=o 



W k . It follows that / is W -analytic on slices, i.e., for every Y° G Q« '', . . . , Y k G 
ft« fc \ z° e v noX ™°, . .., Z k G V fc " feX,lfc , T^ 1 G Wi noXni , W* € w fe ™ fe - lXnfc , 
/(yO+tZ , . . . , Y k + tZ k )(W 1 , . . . , W k ) is an analytic function of t in a neighbour- 
hood of 0. By Hartogs' theorem [751 Page 28], / is analytic on 

(u n n£>) x • • • x (Wk n fift>) x y ± x • • • x y k 

as a function of several complex variables for every uq, . . . , n k G N and for all finite- 



dimensional subspaces U$ C Vo™° x "°, 
^ci"'-' x "'. 



% C V fc T 



% 3>i C Wr r 



Theorem 7.39. I// G T fe (fi (0) , W ,nc, ■ • ■ , W k , nc ) is W -locally bounded 

on slices, then so is A R f G T k+1 (fiW , . . . , fi« , h« ; W ,nc, • • ■ , W fe , nc , V fe , nc ) . 
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Proof. Let n ,...,n k+1 G N, Y° e n& } , ■ ■ ■ , Y k G fig, y fc+1 G 

g (yV fc+1 )" fcXnfc+1 . Since C V fe , nc is a right admissible nc set, there 
\Y k rW k+1 ] e o(fe ) 

r^ 1 j 

o y fc+1 + iz fe+1 



exists r > such that 



there exists ei > such that 



G fii , „ . Since fiW is finitely open, 



G f2„ fc+ „ fc+1 for all f with 



|t| < ei. Since / is VT-locally bounded on slices, there exists €2 > such that 

/ (y° + tZ°, Y*- 1 + tZ^ 1 , 

(W 1 ,...,W k - 1 ,raw[W k ,0}) 



Y k + tZ k rW k+1 
Y k+1 + tZ k+1 



is bounded for \t\ < €2- Therefore, using (|3.19l) . we obtain that 
&Rf(Y° + tZ°, Y k+1 + tZ k+1 )(W\. . . , W k+1 ) 



r" 1 / [Y° +tZ°,...,Y 



fc _i , tzk -i 



Y k + tZ k 



-W k+1 



Y k+1 + tZ k+1 
(W 1 ,...,W k ~ 1 ,row[W k ,0}) 







is bounded for \t\ < min{ei,e2}. We conclude that is VT-locally bounded on 

slices. Notice that we used here the fact that Wb.nc is equipped with an admissible 
system of rectangular matrix norms (more precisely, the fact that the block projec- 
tion implemented by the multiplication with 1 



on the right is bounded). □ 



Remark 7.40. An analogue of Theorem 17.391 also holds, with an analogous 
proof, for jAfl/, see Remark 13.181 

Theorem 7.41. Iff G T k {n {0 \ W ,nc, ■ ■ ■ , W k ,n C ) is W -locally bounded 

on slices, then f is Gw -differentiable. 

Proof. We will first show that / is W -continuous on slices, i.e., 

lim f(Y° + tZ°, ...,Y k + tZ k ){W x ,. . . , W k ) = f(Y°, . . . , Y k )(W l , . . . , W k ), 
t— >o 



( k ) yO c- 1; n xn 



for all n , . . . , n k G N, Y° G fij^, . . . , Y k G njff, Z° G V 
W 1 G Wi" oXni , . .., iy fe G ny 1 *- 1 *™*. We have, by (l3T4)l . 



(7.47) /(y° + . . . , Y k + tZ k )(W x , . . . , W k ) - f(Y°, Y k )(W\ . . . ,W k ) 

k 

= {f(Y° + tZ°, ...,Y>+ tZ\Y ]+x , . . . , Y k )(W\ . . . , W k ) 
j=o 

-f(Y° + tZ°, Y*- 1 + tZi- l ,Yi, Y k ){W\ W k )) 

k 

= t^2 J A R f(Y° + tZ°, yi~ l + tZ' J - 1 ,Y j + tZ j ,Yi ,Y j+1 , . . . , Y k ) 
j=o 

(w\ ... , w*- 1 , z\ W 3 , W 3+1 , . . . , W k ) — > 

as t — > because the latter sum is bounded for small t, see Remark 17.401 
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Since j A#/ is W-continuous on slices by Remark 17 . 401 again and the paragraph 
above, it follows from (|7.47j) that / is Gw-differentiable and 



(7.48) ^rf(Y° + tZ°, ...,Y k + tZ k )(W\ ...,W k 



dt" 



fe 

= £ 3 -Afl/(Y°, . . . , Yi-\Y\Y\Yi+\ ...,Y k ) 

3=0 

(W\ . . . , W J ~\W j , Z j ,W j+ \. . . , W k ). 

□ 

The converse of Theorem 17.41 1 is clear. We denote by 

Taw = T L (" (0) > • • • > nW i w o,„c . • . , W fe , nc ) 

the subclass of T k (^°\ ■ ■ ■ , Sl^; Wo,nc, ■ • ■ , Wfc !nc ) consisting of nc functions of 
order fc that are Gty-differentiable. 

The following statement is an obvious corollary of Theorems 17.391 and 17.411 

Corollary 7.42. Let f g Tg w (^ (0) , . . . , W ,nc, • • • , W fc ,„ c ). Then 

A *f e ^(n^, . . . , rt k \ SlW; W ,nc, ■ ■ ■ , Wfc, nc , Vfe, nc ). 

Remark 7.43. An analogue of Corollary [7]42] also holds for jAnf, see Remarks 
[3~T8l and 17^01 

We recall that a fc- linear mapping oj: W\ x ■ ■ • x Wk —> Wo, where Wo, ■ • • , 
Wfe are Banach spaces, is called bounded if 



sup 



\ujiw 1 , . . . ,w k )\\ < oo; 



we denote by C k (Wi x ■ • • x Wk, Wo) the Banach space of such bounded fc-linear 
mappings. Let Vo, ■ • • , Vfe, Wo, • ■ • , Wk be Banach spaces over C equipped with 
admissible systems of rectangular matrix norms, and let c Vj lUC , j = 0, . . . , k, 
be open nc sets. A higher order nc function / e T k (fl^°\ Q^;Wo,nc, • • - , Wfe )nc ) 
is called locally bounded if for every no, . . . , rife G N the function / | n (o) n (*) has 

^ ' 71 Q X " " " X " "TV L, 

values in £ fc (Wi n ° xni x • • • x W k nk - lXnk , W "° x " fc ) and is locally bounded, i.e., for 
every Y° £ 0$, . . . , Y k G Q$ there exists 6 > such that ||/(A°, . . . , A fc )|| £fc is 
bounded for X° G S(F°, 5), . . . , X k G B(Y k , 8). Clearly, a locally bounded higher 
order nc function is VF-locally bounded on slices. 

A higher order nc function / G T fc (fi (0) , ■ • ■ , W , n c, • ■ • , W fc , nc ) is called 
G- differentiate if for every no, . . . , rife G N the function /| (o) (*) has values 

in £ fc (Wi noXni x • • • x W fc n *- lXnfe ,>Vo no>< "' ! ) and is G-differentiable, i.e., for every 
Y° G 0$, . . . , Y k G 0$, Z° G Vo" oXno , • . . , Z k G V)fc" fcX ™\ the G-derivative 

(7.49) 



5/(F°,...,r fc )(Z°,...,Z fc ) = hm 



t-S-0 t 

d 



f(Y° + tZ°,...,Y k +tZ k ) 
dt 



t=o 
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exists in the norm of C k {Wi noXni x ••• x Wt "'- lX "',Wo"' x "'). Clearly, a G- 
diffcrcntiablc higher order nc function is Gw-differentiable — compare (|7.49[) and 
G39- 

A higher order nc function / G T fe (fi (0) , . . . , W , no , • • • , W fc , nc ) is called 
Frechet (F-) differentiable if for every tiq, . . . ,n k G N the function /| (o 



n u x-xn 



has values in £ fe (Wi™° xni x • • • x W k 



■n.k-1 xnfc 



and is F-differentiable, i.e., 



/In TO o< fc ) i s G-differentiable and for any y° G 0„q , . . . , y fe G f2„*/ the linear 
operator 



Sf{Y°,...,Y k ): V " oXn ° ©•••©V fc r 



£ fc (Wi 



x ••• x w fe ' lfc - lX ™ fc ,>Vo noXnfc ) 



is bounded. 

A higher order nc function / <E T fe (f^ 0) , . . . , fiW; Wo,nc, ■ • • , Wfc,nc) is called an- 
alytic if / is locally bounded and G-differentiable. Clearly, an analytic higher order 
nc function is W-analytic. If / € T k (Q^°\ £! (fe) ; W ,nc, ■ ■ ■ , W fej nc) is analytic, 



then by [HI Theorem 3.17.1] f\ 



n£°'x-xa 



k) is also continuous and F-differentiable. 



It follows that an analytic higher order nc function / is continuous (i.e., all its 



restrictions f\ 



arc continuous) and F-diffcrcntiable. 



Theorem 7.44. If f e T fe (ft (0) , . . . , W ,„c, ■ • ■ , W fe , nc ) is locally bounded, 
then so is A R f e T k+1 (^°\ . . . , fi« , n« ; W ,„c , • ■ • , W fe , nc ', V fc , nc ) . 

Proof. Let n ,...,n k+ i G N, and let y° G fi$, Y k G n^* } , y fc+1 G 
^Tife + i ■ Since / is locally bounded, there exists 5 > such that 



U/(*V--,* fe - 1 ,*)ll £ * 



|iy 1 ||n ,„ 1 =...H|W=- 1 |U 



sup 



.^ll^ll. 



\f(x°,...,x k -\x) 



k-1 ' n k-r 7l k + l ~ 



{w\...,w k -\w)\\ no , nk+nk+1 



is bounded for all A G B(Y°,5), A*^ 1 G ^(y^ 1 ,^), A G B(y fe © Y k+1 , 5). 
Since 



r A fe |iy fe+1 

X k+1 



g E(y te ©y fe+1 ,<5) 



whenever X k G £(Y fc ,§), A fc+1 G B(y fc+1 ,|), and iy fc+1 G y^*™-^ 1 with 
HTy*" 1 " 1 ||n fc .n fc+ i = 1, we obtain that 



.A 



fc-i 



A fc |iy fe+1 



X fe+i 



(VF 1 ,...,iy fc - 1 ,row[iy fe ,0]) 



is bounded for A G S(y°,|), A fc+1 G B(Y k+1 , §), || W 1 || Tl0 ,„ 1 = 
lliy fe+1 ll n fc ,ra fc+ i = I- Here we used the boundedness of the block injection 



w k g nv ifc - 



row[iy fc ,0] G W fc 



X (n k +n k + 1 ) 
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Therefore, 
\\A R f(X°, 



,x 



k+l\ 



sup 



\\W 1 \\n ,n 1 =- = \\W>+l\\ nh , nk+1 
_ 2 

~ 5 



\A R f(X°,...,X k+1 )(W\...,W 



= 1 



sup 



l|Wl||n ,n 1 =...= ||Wfc+ 1 |! 



f[X°,...,X 



k-l 



x k ^w k+1 



x k+1 

W k - 1 ,iow[W k ,0}) 










Jn k + 1 _ 







is bounded for X° G B(y , §),..., A fe+1 <E B(Y k+1 , f ). Here we used the bound- 





2" " ' ' ' ^ ^ '2 

edness of the block projection implemented by the multiplication with 
the right. 



on 

□ 



Remark 7.45. An analogue of Theorem 17.441 also holds, with an analogous 
proof, for j Afl/, see Remark l3.18l 



Theorem 7.46. If f G T fe (ft (0) , . . . , fiW; W ,, 
i/ien / is analytic. 



■ , Wfc jn c) «s locally bounded, 



Proof. We will first show that / is continuous on slices, i.e., 

,Y k +tZ k )- f(Y°,...,Y k )\\ ck =0 

>(°) vfe ^ o( fe ) 



lim \\f(Y a + tZ°, 

t-vO 



for all n , ... , n fc e N, F u G nj#, . . . , y fc G Z u G V noXn °, . . . , Z k G V k nkXn ". 
Indeed, the convergence in (|7.47[) is uniform on the set of W 1 € Wi"° xni , . .., 
G W k nk - lXnk satisfying WW 1 ^, = ... = ||W fc || nfc _ 1)njb = 1 because the last 
sum in (|7.47[) is uniformly bounded on this set for small t, see Remark 17.451 

Since jA R f is continuous on slices by Remark 17.451 again and the paragraph 
above, it follows from (j7T4"Tf that / is G-differentiable and 5f(Y°, Y k )(Z°, Z k ) 
is calculated by (|7.48[) where the limit is uniform on the set of W 1 G yv 1 ™ oXIll i . .. , 
W k G W k nk - lXnk satisfying WW 1 ^,^ = ... = \\W k \\ nh _ unh = 1. We conclude 
that / is analytic. □ 



It follows from Theorem 17.461 that a higher order nc function / is locally 
bounded if and only if / is continuous if and only if / is F-diffcrcntiable if and 
only if / is analytic. We denote by T k n = 7£(fi<°> , . . . , W ,„ c , ■ • • , W fe , nc ) the 
subclass of T fe (r^°\ . . . , fi( fe ); Wo, nc , ■ ■ • , Wk,nc) consisting of nc functions of order 
k that are analytic. 

The following statement is an obvious corollary of Theorems 17.441 and 17.461 

Corollary 7.47. Let f g T a fe n (ft (0) , . . . , ft (fe) ; W ,„c, ■ ■ ■ , W fe , nc ). Then 

Afl/er^ 1 ^,...,^)^; Wo.nc , ■ • • , W Mc , V fe , nc ) . 

Remark 7.48. An analogue of Corollarv l7.47l also holds for jA^f, see Remarks 
KM and 17351 

Let Wo, ■ ■ ■ , yVk be Banach spaces equipped with admissible systems of rect- 
angular matrix norms, and let cj : Wi x • • • x Wfc — > Wo be a fc-linear mapping. For 
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every no, m, . . . , € N we define a /c-linear mapping ■■■."'=) : yy^oxm x . . . x 

(7.50) w (»o,...,n*)( W -i ) ,._ : w k ) = {W 1 Q---& W k )oj, 

where we use the notation (|3 . 7[) and co acts on the matrix 

W 1 • • • W k G (Wi ® • • • ® W /c )" oX " fc 

on the right entrywise, cf. (I3.8p . The fc- linear mapping cj is called completely 
bounded (in the sense of Christensen and Sinclair, see, e.g., [021 Chapter 17]) if 

.(noi...,nfc)i 



sup ||or 

n ,...,n k £N 



\ C k < 00. 



We denote by £ k b (Wi x • • • x Wfc, Wo) the Banach space of such completely bounded 
/c-linear mappings. 

Recall |62l Page 185, Exercise 13.2] that an operator space W nc is equipped with 
a unique admissible system of rectangular matrix norms such that the analogues for 
rectangular matrices of (|7.1|) and of (|7.2[) (i.e., (|7.40p ) hold with all the constants 
equal to 1 independently of matrix sizes. We notice (see, e.g., [621 Chapter 17] or 
|63l Chapter 5]) that if Wo, ■ ■ ■ , Wfc are operator spaces, then ||w|| £ fe coincides with 
the completely bounded norm of u> viewed as a linear mapping Wi® • • '®Wfc — > Wo, 
where the vector spaces (Wi • • • Wfc) n ° x " fc , n , nj~ G N, are endowed with the 
Haagerup norm, || • \\ H ,n a .n k - 

(7.51) \\W\\ H>no>nk 

= M{\\W 1 \\ no , ni ---\\W k \\ nk _ unk : m,...,n fc _i G N, W = W 1 • • • W k }. 

Proposition 7.49. Let V and W be operator spaces, and let w : V k — > W be a 
k-linear mapping. Then 

(7.52) jM| £ , b = sup{||W 0fc w||„: n G N,W G V" xn , ||W|| W = 1}. 

Proof. The inequality ">" is obvious. In order to show that "<" holds as 
well, let n , . . . , n k £ N, W 1 G V n ° xni , . . . , W k G V" fc - lX " fc be arbitrary. Set 

OnnXnn OnnXno ■ ■ ■ Or, 



w 



->n xn k 







n fc _2 xn fc 
On fc xn fe . 



y(n H hn fc )x(n H \-n k ) 



_Ori fc xn • • ■ 

Then 

ll(^©---0W>IUox„, 

"O„ xn •■• Onoxn*-! © ' ' ' © ^ )«" 



o, 



On, 



noH hrifc 

= ||W**c|| no+ ... +nfc 
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is not greater than the right-hand side of (|7.52|) . Taking the supremum of || (W 1 
••• W k )uj\\ noXrik over all n , n k e N, and all W 1 G V n ° xn \ W k € 
V" fc ~ lX " fc of norm 1, we obtain the desired inequality "<" in (|7.52l) . □ 

Remark 7.50. Proposition 17.491 tells us that the evaluation on the diagonal 
is an isometric isomorphism from the space C k h (V x • • ■ x V, W) to the space of 
bounded nc homogeneous polynomials of degree k on V nc with values in W nc and 
the supremum norm on B nc (0, 1), see the comments in the end of Chapter [6] This 
is a nc analogue of the well-known relation between bounded homogeneous poly- 
nomials and bounded symmetric multilinear forms on Banach spaces, where the 
isomorphism however is not isometric, see |47i Section 26.2] and |57i Section 2]. 

Let Vo, . . . , Vfe, Wo, • ■ • , Wfe be operator spaces, and let fl^ C V, jnc be uni- 
formly open nc sets. A higher order nc function / g T k (fl^°\ ■ ■ ■ , QS k >; Wo,nc, ■ • ■ , VVfe, 
is called uniformly locally completely bounded if for every no,...,rik G N the func- 

tion ^n ( ,^x---xn ( ,^ has values in 

4(Wi noXni x ••• x y\; k n "-^ n ^w noXnk ) 

and / is locally bounded in the uniformly open topology, i.e., for every Y° G , 
Y k e there exists 5 > such that \\f(X°, . . . , X k )\\ C L- b is bounded for 
X° e B ac (Y°,S), X k e B nc (Y k ,S). (Notice that p x q matrices over an 
operator space W form an operator space in its own right.) 

For (f> € £^(Wi SoXSl x • • • x yV fe **- lX ^>Vo soXs *) and r > 0, define a rconcom- 
mutative ball centered at 4> of radius r as 

B nc (4>,r) 

oo 

m ,...,mfe=l 

l^_^o,...,m,)||^ <r y 

Notice that here, for W 1 G Wi s " m " XSimi , . . . , I¥ fc G W^-i™*- 1 * 8 *" 1 *, 

^°--™*>(W\ . . . , W k ) := (Wl S2 S1 • • - Sh _ 2 , Sk Sk _ t J¥ fc )</>, 

see (|3.7j) and (|7.50|) . Analogously to Proposition I7.12[ nc balls form a basis for a 
topology on 

oo 

[J £j? b (>Vi™ oXni x ■•• x Wfe nfe - lX ™ fc ,W noXnf! ) ) 

which will be called the uniformly- open topology. Analogously to Proposition 17.20"! 
if a higher order nc function / G T k (fl^°\ ■ ■ ■ , fl^;Wo^ nc: . . . , Wfc inc ) is continuous 
with respect to the product topology on 

V ,nc X ■ • • X Vfe 

.nc 

S v ' 

fc+1 times 

(of the uniformly-open topologies on V^nc) and the uniformly- op en topology on 

oo 

JJ £^(wr° xni x ••• x W fe ™*- lX ™^Wo noXn ' s ), 
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then / is uniformly locally completely bounded. 

A higher order nc function / € T fe (ft (0) , . . . , Wo,nc, • • ■ , W fc ,nc) is called 
completely bounded Gateaux (G c h~) differentiable if for every no, • • • ,Uk € N the 
function /| n (o) n w has values in £* 6 (Wi noXni x ••• x W fc n *- lXn *, W n " oX ™ fc ) 

"■(J n k 

and is G-differentiable, i.e., for every Y° £ , . . . , Y k £ f^, Z° € V T ' 
Z fc G Vfc 71 **"*, the G-derivative (1713)) exists in the norm of 



£fc,(Wi noXni 



x ••• x W fc n *- lXn *, W " oX ™ fe ). 



A higher order nc function / 6 7~ fe (n; Wo,nc, ■ ■ • , Wfc jnc ) is called uniformly 
completely bounded (uniformly cb-) analytic if / is uniformly locally completely 
bounded and G c b-differentiable. 

Theorem 7.51. Iff £ T fc (ft (0) , . . . , W ,„c, . . ., Wfc,„ c ) is uniformly locally 
completely bounded, then so is 

A R / £ T k+1 (tt (0) , . . . , n <*> , fi (fe ) ; W ,nc , ■ • ■ , Wjk^c, V fe , nc ). 

PROOF. Let s , ■ • • , Sfe+i € N, and let F° <E fti? , . . . , Y k £ 0$ , Y fc+1 £ n^ 3 +1 ■ 
Since / is uniformly locally completely bounded, there exists 8 > such that 

(7.53) ||(/(A°, . . . , x k -\X))^-^-^(W\. . . , W fe -\ W)\\ Somon0t(sk+Sh+l)mn 

is bounded for all m , . .., mjfe_i, m, n , . . . , Uk-u n £ N, X° £ B nc (Y°,5) somo , 
X k - 1 £ B nc {Y k -\5) Sk _ imk _ 1 , X £ B ac (Y k ®Y k +\d) {sk+Sk+l)m , W 1 £ 

y^^s mon Xs 1 m 1 n 1 ^rfc — 1 £ (Wfe 1 ) Sk - 2mk - 2Tlk - 2 X Sk ~ imfc - 1 "fc-i anc J 



IW 1 ! 



somono,simini 



fc-ii 



!Sfe-2mfc-2nfc-2,Sfc-im fe _in fc _i 



ll^lk-* 



«ik-i«fc-i,(sfc+Sfc + i)mn 



= 1. 



By definition, (|7.53j) is equal to 



II 0^som ,s 2 m2 ©siroi ' ' '»M'itli-3,«li-l'"li-l ©Sfc-2mfc-2 W 

Sfc-2"iifc-2:(sfc+Sfc + i)m ©s fc _im fc _i W)/(A , • • • , -X" ' , -X") 1 1 s m n , (s k +s k+1 )r 

Using (13.81) . we rewrite this as 

no n k-l 



|/( x°, . . . , a) (W^ 1 , . . . , W k ~\ W) 



a — 1 a—1 

Since 

• n fc 

X k ^W k+1 

a=l 

nk+i 

x k+1 

a=l 



a=l 



s m n ,( s k+Sk+i)mn 













\m k + 1 n k + 1 -m k n k \ 

^ 



€ -Bnc(^ * ® 1^ , <5)( S( ,+s fc + 1 ) max{m fc n fc ,m fc + in fc + i} 

after an obvious permutation of block rows and columns whenever X k £ B nc (Y k , |) Sfcmfc , 
A fc+1 £ B nc (Y k+1 , | ) Sfc+1 ,„ fe+1 , and VF^ 1 € V s * m " nfeXS ' t + 1,Ti *+ infc + 1 with 



124 



7. NC ANALYTICITY AND CONVERGENCE OF TT SERIES 



\\W k+1 \\s k m k n k ,s k+1 m k+1 n k+1 = 1, where 



(7.54) 

we obtain that 
/ 

n 



Y 



_ f Y k if m k n k < m k+1 n k+1 , 
\Y k+1 if m k n k > m k+1 n k+ i, 



f 



a = l 



a=l 



X k+1 

a=l 

I m k+ 1 n fc+ 1 — m k n k \ 

oo e y 

Q = l 



(W 1 ,...,W fc - 1 ,row[W fc ,0,0]) 

is bounded for all m , . . ., m k +i, n , n k+1 G N, X° G B nc (Y°, §) So ,„ l( . 

X fe+1 G B nc (r fc +M) Sfc+imfc+1 , and ff 1 £ Wi 
(Wfe+i) Sfem ' :rlfcXS ' :+1 " lfc+1 " fc+1 with 



s m no,{s k +s k+1 ) max{m k n k ,m k+1 n k + 1 } 

E B (Y a -) 

'ii't'iii'iiXsimim J^M-1 g 



|W ||so«io«o,si"H«i — • • • — || W 1 1 s k m k n k ,s k + 1 m k + 1 n k+1 



1. 



Here we used the isometricity of the block injection 

/ fc c vw, st-nnt-mt-ixstrntnt , ^ T ow[W k , 0, 0] 

s k -im k _ 1 n k _ 1 x(s k +s k+1 ) max{m t .n t .,m fc+1 n fc+1 } 



VK fc G Wfc' 

Therefore, 



e W fe 6 



no Tik+i 

A Ji /(0lV..,0lw)r,... J ^ 1 ) 



1=1 



1=1 



Q = l 



a=l 



V 



somono^fc+imfe+mjc+i 

X fc |Ty fe+1 





© x fe+1 

a=l 







(Ty 1 ,...,M/ fe - 1 ,row[V^ fe ,0,0]) 









|nifc + in fc + i-m fe n fc | 

© K 

a=l 



som nG ; s t+1 m i+ in H1 
«■ 



is bounded for all m , . . ., m fc+ i, no, n fc+ i E N, X° E B nc (Y°, |) Somo , 
X fe+1 G B nc (Y k +\l) Sk+imk+1 , and V^ 1 G W 50 ™ ""^ 1 " 11 ' 11 , ^ fe+1 G 

(Wfe+i) ;SfcmferlfeXS ' :+1 " lfc+1 " fc+1 with 

\\W ||s mono,simini = • • • = 11^ + \\s k m k n k ,s k+1 m k + 1 n k + 1 = 1- 

Here we used the contractivity of the block projection implemented by the multi- 
plication with 



I. 



L s k + 1 m k+ in k+ i 





on the right. 
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Applying the same argument as in the beginning of the proof, for A.nf in the 
place of /, we obtain 



\(A R f(X°, . . . jX k+1 ))^-' n ^(W\ . . . , W^ +1 )|| S0 



m n .s k+1 m k+1 n k+1 



A fi /(0XV..,0I i + 1 )(»' 1 I ... I lfW) 



a=l 



a=l 



s m n ,s k + 1 m k + 1 n k + 1 



which by the result of the preceding paragraph implies the uniform local complete 
boundedness of Ajj/. □ 



Remark 7.52. An analogue of Theorem 17.511 also holds, with an analogous 
proof, for jAfl/, see Remark 13.181 



Theorem 7.53. If f £ T k (^°\ . . . , Q<»; W ,„c, ■ ■ ■ , W fe , nc ) is uniformly lo- 
cally completely bounded, then f is continuous with respect to the uniformly- open 
topologies and is uniformly cb analytic. 



Proof. Let s , . . . , s k+1 £ N, and let Y° £ tl^, Y k £ n { s k k \ Y k+1 e 
Since / is uniformly locally completely bounded, according to Remark 17.521 so are 
jAnf, j = 0, . . . , k. Therefore, there exist 8 > and C > such that 



;Afl/(X°, . . ^X k+1 ))^-^\W\. . . , ^ fc+1 )|| Somo „ , Sfc+imfc+1 „ fc+1 



A R f 0X°,...,0X*+i )(W\...,W k+1 ) 



< c 



s Q m Q no ,s k+1 m k+1 n k+1 



for j = 0, . . . , fc, and for all m , . .., mt+i, n , . . . , n k+ i £ N, X° £ B nc (Y°, S) s „ m „, 
X k+1 £ S nc (r fe+1 ,<5) Sfc+imfe+1 , and VF 1 G Wl s ° m °"° xsimi "\ M/fe+i e 

(Wfe+i) SfemfcnfcXS ' c+imfc+infc+1 with 



sorno n Oi s i ?7l i n i 



+ \\s k m k n k7 s k+1 m k + 1 n k + 1 — !• 
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,W k ) 



We have by (pT43)l (cf. $7A7\ ) 

n n k 

/(0.V 0A');H ; W k ) 

a—1 a—1 

m Q n m k n k 

-f(^Y°,...,^Y k )(W\ 

a—1 a—1 

k / n Q rij m j+1 n j+1 

X /(.0 V ' V '- Y*+\...,®Y*){W\...,W 

j—0 \ a—1 a—1 a—1 a — 1 

iiq n j - 1 m j n j m k n k 

/(0.v° 0.\< .0 v Y k )(W\...,W k ) 

a—1 a—1 a—1 a—1 

k n nj rrijUj rn k n k 

= ||Ei A «/(0^--'®^ Yk 

a — 1 a—1 a—1 a—1 

rij rrij rij 

{w 1 ,...,W i ~ 1 ,@x i - Y j ,W j , . . . ,W k 



s m n ,s k m k n k 
m k n k 





3=0 



ct=l 



a=l 



som(irio.s k 'm k n k 



for all m , ...,m k ,n , ...,n k £N,X°£ B QC (Y°,S) Somo , 
and e >V 1 ;5 o m o«o X;5 i m i«i j . . . , w k G (vy^*- 1 ™*- 1 "*- 1 * 8 * 7 ™*™*, with 



SQmono,simiHi 



— l|W ||s fc _im fc _ir! fe _i,s fc T?i fc ri fc — !• 



Given e > 0, we set 77 = min{<5, C ( fc £ +1 \ } and obtain that 



a=l 



/(0i»,...,0i fc )r,...,^) 

L 

mono m k n k 

f((BY°,...,@Y k )(W\...,W k ) 



a=l 



< e 



so iiiq iio .s k m k n k 



for all mo, . • . , mfe, n , . . . , n k G N, X° G S nc (r°, r?) Somo , . . . , X k G B„ c (Y fc , 77)^,^, 
and G }V 1 s » m »"» XSimi " 1 ] . . . , W k G y\4 Sfc - imfc - lTl ' i - lX;5fcmfc " fc , with 



S() int,na .simini 



\W \\s k _ 1 m k _ 1 n k _ 1 ,s k m k n k — 1- 



Thus / is continuous with respect to the uniformly-open topologies. 

By Remark 17.521 jAnf is uniformly locally completely bounded for j = 0, 
. . . , k. Applying the first part of this theorem to jAnf, we obtain that jA-nf is 
continuous with respect to the uniformly-open topologies. Let sq, . . . , Sfc+i G N, 
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and let Y° e ft^> , . . . , Y k € nif . By (TT47| we have 

n n n k n k 

(7.55) /(0y° + t0zV..,0y fe + ;0z fe )(^\...,w^) 

a — 1 a— 1 a — 1 a—1 

-/(0^--0^)r.-.^) 

a— 1 a—1 

& n ™o n J n 3 n 3 n k 



^W 1 , . . . , W j , , T^ J+1 , . . . , W k 

a=l 



for any n Q , . . . , n k e N, Z a e V S ° XS ° . . . , Z k e V k SkXSk , and e Wi s ° n ° Xsini , 
. . . , W k € yVfc 8 *- 1 ""- 1 * 8 *"' 8 , w ith 

II^V ||sono,smi — • • • — || "|| Sfc_iri fc -i.Sfc»ifc 1> 

and £ small enough. Dividing both parts of (|7.55[) by t and letting i — > 0, we obtain 

(cf. casj) 



, n n n fe n fc 

-|/(0y o +t0z°,...,0y fe +t0z fe )(w 1 ,...,w fe ) 

a— 1 a— 1 a — 1 a—1 

k n Q n j-i n j n j n j+i n k 

= £.A fl /(0Y° ®V :.0>v.0> .0)' - 0> 

j—0 a—1 a—1 a—1 a—1 a—1 a—1 

rij 

(w 1 , . . . , w^ 1 , Z j ,W j+1 ,. . . , W k ^j 

a = l 

where the limit is uniform in n , n k e N, and in H/ 1 G yy 1 s o™o xs i n i , . 
W fc e W fc Sfc - infc - lXSfc ™ fc , with 

||W ||s no,sini = • • • = || IV '\\s k _ 1 n k _ 1 ,s k n k = 1- 

Therefore, the G-derivative 



5f(Y°, . . . , Y k )(Z°, ...,Z k ) = —f (Y° + tZ°. . . . , Y k + tZ k ) 

at 



t=o 



(see (|7.49[l ) exists in the norm of 



£cb(Wi s ° XSl x ••• x w k Sk - iXSk ,w SoXSk ), 

i.e., / is G c b-differentiable. Since / is also uniformly locally completely bounded, 
we conclude that / is uniformly cb analytic. □ 



It follows from Theorem 17.531 that a higher order nc function / is uniformly 
locally completely bounded if and only if / is continuous with respect to the 
uniformly-open topologies if and only if / is uniformly cb analytic. We denote 
by 

the subclass of T k (^°\ ■ ■ . , 0^; Wo,nc, ■ • ■ , Wfc.nc) consisting of nc functions of 
order k that are uniformly cb analytic. 
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The following statement is an obvious corollary of Theorems 17.511 and 17.531 

Corollary 7.54. Let f e T^ ch _ an (n (0) , . . . , n(*>; W ,„c, . . . , W k , nc ). Then 

A*/ e T u ^+i an (r! (0) ,. . . ,fi« Q«; Wo,„c, • • • , W fc ,„ C) Vfc.no). 

Remark 7.55. An analogue of Corollarv l7.54l also holds for jAjif, see Remarks 
BUS and 17321 

Remark 7.56. The results of this section admit analogues in the real case 
- compare Remarks 17.111 and 17.351 Theorem 17.391 Remark 17.401 Theorem 17.411 
Corollary 17.421 and Remark 17.431 are true for the case where Vo, Vfc, Wi, 
. . . , Wfc are vector spaces over R and Wo is a Banach space over R equipped 
with an admissible system of rectangular matrix norms (all the notions are defined 
exactly as in the complex case). If / € T fc (f^°\ . . . , f^ fc) ; Wo, nc , • • ■ , Wfc, nc ) is Gw~ 
diffcrcntiable, it does not necessarily follow that / is TV-analytic on slices, nor that 
/ is infinitely many times differentiable on 

(7.56) («„ n n<°>) x • • • x (w fe n n£>) x y 1 x • • • x y k 

as a function of several real variables for every rio, . . . , rifc £ N and for all finite- 
dimensional subspaces U C Vo noX "°, . . . , U k C v fc " fcX " fc , ^ C W n ° xni , 
y k C yv m fc-i x ™fc. Assume in addition that / is W -locally bounded on affine finite- 
dimensional subspaces, i.e., that /| <o) „(t) is locally bounded on affine finite- 

dimensional subspaces, similarly to Remark 17.111 for every fixed Wi, W k - 
Then A R f € T^ 1 (fiW, . . . , fiW, fiW; W , nc , • . • , W fe , nc , Vfc, nc ) is also TV-locally 
bounded on affine finite-dimensional subspaces and / is infinitely many times dif- 
ferentiable on the sets (|7.56p — the proof is similar to the proofs of Theorems 17.391 
and EH] 

Theorem 17.441 and Remark 17.451 are true for the case where Vo , • ■ ■ , Vfc , Wo , 
. . . , Wfe are Banach spaces over R equipped with an admissible system of rect- 
angular matrix norms. The analogue of Theorem 17.411 is the following: if / € 
T fe (fi (0) , . . . , (fe) ; Wo,„c, ■ ■ ■ , W fe , nc ) is locally bounded, then / is G-differentiable, 
and furthermore, / is infinitely many times differentiable on (Uo l~l find I ) x • • • x 
(Uk H QnH ) as a function of several real variables for every no , • • • , n% € N and for 
all finite-dimensional subspaces U C y noX ™°, ...,U k C y fc " fcX ™' t , the derivative 
being taken in the norm of £ fc (Wi"° xni x • • • x yVfe"*- 1 *"*, Wo"° x ™ fe ). 

Theorem Ol Remark ESI Theorem [731 Corollary [731 and Remark [731 
are true for the case where Vo, ■ ■ ■ , Vfc, Wo, ■ ■ ■ , Wfc are operator spaces over R. 



CHAPTER 8 



Convergence of nc power series 



In this chapter, we shall study the convergence of power series of the form 



oc 

E 



Oat 



n 



to a nc function. Here V and W are vector spaces over C (or over R); Y G y sxs 
is a given center; X <E V smxsm , m = 1,2,...; ft: (V sXs )^ -> W sxs , ^ = 0,1,..., is 
a given sequence of ^-linear mappings, i.e., a linear mapping /: T(V SXS ) — > W sxs ; 
and conditions (|4.4[) - (14.7p are satished. Notice that for s = 1 these conditions are 
trivially satisfied for any sequence fe of linear mappings. We shall be interested 
in the growth conditions on the coefficients ft under which the sum in (|8.1|) is an 
analytic or a uniformly analytic nc function. The results of this section are the 
converse of the results of Sections 17.11 and 17.31 much as the results of Section 15.21 is 
the converse of the results of Section l5. II where we evaluate power series on nilpotent 
matrices, so that no questions of convergence arise. 



8.1. Finitely open topology 

Let V be a vector space over C, let W be a Banach space over C equipped with 
an admissible system of matrix norms (see Section lTTTj) , and let / : T(V SXS ) — > W sxs 
be a linear mapping. Notice that, for Z € V s 



;smx sm 



(Z,.,.,Z) 



(see (|7.50p ) is a homogeneous polynomial of degree i on y smxsm with values in 
yysmxsm anc j foe series (|8.ip is a power series on y smxsm centered at ©™ =1 Y 
with values in W smxsm as in [471 Chapter 26] and [57J Chapter 1]. 

If the series (|8.ip converges on a finitely open nc set containing Y, then it 
follows from Theorem l7.9l and Remark 14.31 that conditions (I4.4[) - (|4.7|) are necessary 
for the sum of the series (|8.ip to be a nc function. We will show in Theorem | 
below that these conditions are also sufficient, using the following lemma. 



Lemma 8.1. Let M. be a module over a ring 1Z, A E A4 r 
A e M™ xfh 



B e M r 



(8.2) 



len 


for 


any i < 


A 


B 







A 





A Ql El=n A &k B C ^- 1 -^ 







Proof. A trivial induction 
For all m = 1, 2, . . . and all Z V"' 
(8.3) fi(Z) 



lim sup 

l— >oo 



£ 1 1 sm i 



, we introduce the quantities 
P {Z) = n{Z)-\ 



□ 
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and 

(8.4) p Bu (Z)=]imw£p(W), 

where W Z means that the lower limit is taken in the finitely open topology on 
V smxsm . It is clear that the function /?(•) is positive-homogeneous of degree — 1, i.e., 
satisfies p(\Z) = A p(Z) for every nonzero A 6 C. Since the multiplication by A is 
continuous in the finitely open topology, p& n (') is positive-homogeneous of degree 
— 1 as well. 

Theorem 8.2. 1. The convergence set, T nc C V nc , for the series (|8.1[) is 
a nc set which is complete circular about Y , so that the sum of the series (|8.1[) . 
/: T nc — > Wnc is a well defined mapping. We have 

oo m 

(8.5) H{leV smxsra :p(l-0y)>l}cT nc 

m— 1 a— 1 

oo rn 

- II { x e v smxsm : P (x -0y)> i}. 

m=l a— 1 

The set 

oo m 

(8.6) T nc , fin =]l{xe v smxsm -. P&n (x - 0y) > 1} 

m—l a—1 

is the interior of T nc m </ie finitely open topology on V nc • 

For each m, (T nCj fi n ) sm is nonempty if and only if it contains (§)™ =1 Y . In 
this case, 

• Pfin(0 smxsm ) = oo and pa n (Z) > for every Z e V smxsm , 



(TTnc,fin)sm is a complete circular set about (J)™ =1 Y, 

• the series (|8.1|) converges absolutely on (T nCj fi n ) STO , and 

• /l(T ncfin ) sm is G- differ entiable. 

3. For every m £ N and X G (T nCi fi n ) sm there exists a finitely open complete 
circular set Tfi nj x about Y which contains X and such that 



< oo. 

sm 



(8.7) ]T sup (V-0yV s /£ 

^. For any finitely open nc setT C T nCj fi n; /|p is a G-differentiable nc function. 



Let 
(8-8) 

TTnc,fin-c : = {X G T nc fi n : 3r, a finitely open nc set, such that X GT C T nCj fi n }. 

Then T nCj fi n _G is nonempty if and only if there exists a nonempty finitely open nc 
set U C V nc such that inf p(Z) > 0. We have Y G T nc .fi n _G if and only if there 

exists a finitely open nc neighborhood U of Y such that inf p(X — (ff2=i ^0 > 0> 

here mx is the size of a block matrix X with s x s blocks. 

Remark 8.3. It follows that if Y G T nc ,fi a _G, then the restriction of / to a 
finitely open nc neighborhood of Y is a G-differentiable nc function, and according 
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to Theorem 17.91 one has 

= A^/(y__y), * = 0,1,.... 
i+i times 

In particular, the coefficients ft (i.e., the original linear mapping /) are uniquely de- 
termined by the corresponding nc function, which is why we used the same notation 
for both the nc function and the linear mapping. 



PROOF of Theorem 18.21 1. The statement on T nc is straightforward. The 
inclusions in (|8.5[) follow from the classical Cauchy— Hadamard theorem since, for a 
fixed Z, p(Z) is the radius of convergence of the series 

oo 

(8.9) X> *^ 

t=o 

as a series in A e C. Next we observe that, by the construction, pa n (Z) is a lower 
semicontinuous function of Z in the finitely open topology on V nc . This implies that 
Tf n c,fin is a finitely open set. Clearly, pa n (Z) < p(Z), therefore, again by the classical 
Cauchy-Hadamard theorem, the series (|8.ip converges absolutely on T nCi g n . On 
the other hand, if Z ^ T nCi fj n , i.e., if pfi n (Z) < 1, then by the positive-homogeneity 
of degree —1 of pa n (-) we have that j0fi n ((l + € )Z) < -p^ for an arbitrary e > 0. 
Therefore, in every finitely open neighborhood of (1 + e)Z there is a point W such 
that p(W) < 1. This means that (1 + e)Z is not in the interior in the finitely open 
topology on V nc of the convergence set for the series l|8.1[) . and then so is Z. Thus 
we obtain that T nCi fj n is the interior of T nc in the finitely open topology on V nc . 

2. Let m g N be fixed. If 0™ =1 Y g (T nCjfin ) sm , then clearly (T nCifin ) sm ^ 0. 
Conversely, if (T nC) g n ) sm , which is the interior of (T nc ) sm in the finitely open 
topology on y smxsm ; j s nonempty, then by |47[ Theorem 26.5.9] (see also |47[ 
Theorem 26.5.2]) ©™ =1 Y is an interior point of (T nc ) sm in this topology, i.e., 
Pfin(Osmxsm) > 1- Moreover, by the positive-homogeneity of degree —1 and lower 
semicontinuity of p& n {-) we have that pfi n (Z) > for every Z g ysroxsm an( j 
that Pfin(0 S mxsm) = oo. From now on, assume (T nCi g n ) sm ^ 0. By the positive- 
homogeneity of Pfin(-) the set (T nCi fi a ) is a complete circular set about ©™ =1 Y, 
for every m G N (see also 471 Theorem 26.5.9]). By |47[ Theorem 26.5.6] (see 
also |47[ Theorem 26.5.3 and Theorem 26.5.4]) the sum of the series (|8.1j) is 
G-differentiable on (T nCi g n ) sm . The absolute convergence of the series (|8.ip on 
(T"nc,fin)sm has been proved in the preceding paragraph. We also can prove this 
using Hartogs' theorem on the convergence in homogeneous polynomials [75, The- 
orem 1.3.3]. 

3. This statement for any fixed m and X follows from [47[ Theorem 26.3.8] 
(cf. Theorem 0^4)). 

4. It is clear that /((T nc ) sm ) C Let X e (T nc ) sm , X g (T nc ) srfl , 
and S g C smxsm be such that SX = XS. Taking the limit as TV -> oo in ([P]) 
(see Lemma T5. lip and using Lemma \8. 11 we see that Sf(X) = f(X)S if and only 

X 

converges to 0. For X,X E T where T C T nC) fi n is a finitely open nc set, we have 

\x 6(5e™ =1 y-e™ =1 ys) 



if the general term of the series (|8.ip evaluated at 

r C T nc fi n is < 

g r for e > small enough, so that the series 



that 



X 
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(|8.1j) converges at this point and a fortiori its general term converges to 0; therefore 
Sf(X) — f(X)S. We conclude that /|r is a nc function. It is a G-differentiable nc 
function by part 2 of the theorem. 

Next, if T nCi fi n _G =/= 0, then there exists a nonempty finitely open nc set T C 
TTnc.fin, i-e., Pfin(W) > 1 for every WeT. We have 

inf p(W) > inf p Rn (W) > 1 > 0. 
wer wer 

Conversely, if U C V nc is a nonempty finitely open nc set such that po := inf p(W) > 

weu 

0, then for any positive e < po the set (po — e)U C V nc is also a nonempty finitely 
open nc set and inf p(W) = p ^°_ f ■ Therefore for any Z G (po — e)U we have 



VKG(po-e)C/ 



p fin (Z) = liminf/)(W) > 

J2* 



> 1, 



and thus the finitely open nc set (po — e)U is contained in T 11C! fi n . We conclude that 

Ync,fin-G 7^ 0- 

If Y G T nCi g n _G, then there exists a finitely open nc neighborhood T of Y such 

that r C T nCi fj n . Then, as we have shown in the preceding paragraph, inf p(X — 

atg r 

©q 1 =i Y) > 0- Conversely, if there exists a finitely open nc neighborhood U of 

Y such that po ■= inf p(X — 0™^ Y) > 0, then arguing as in the preceding 

X&TJ 

paragraph we obtain that, for e > small enough, the set T consisting of X G T nc 
for which there is a X G U satisfying X - 0£* Y = (p - e)(X - 0™^ Y), is a 
subset of T nCi fi n . Since F is a finitely open nc neighborhood of Y, we conclude that 

Y G T nc , fia _ G . □ 

Remark 8.4. In the case s = 1, / is a nc function on T nc . It is clear from 
the form of the series (|8.1|) . It also follows from the proof of part 4 of Theorem 18. 21 
since in this case Y - ®f =1 YS = 0. 



The following example demonstrates the possibility that Y" = 0i x iGT 



nc : fin-G £ 



Example 8.5. Consider the series 



Z{{Z\Z2 — Z2Z1) 



£=0 

Here V = C 2 , W = C, with the Euclidean topologies on V nxn = (C 2 )" x ™ ^ 
(C" x ™) 2 and W nxn = C nxn . If Z= (Z l7 Z 2 ) G (C nxn f satisfies ZiZ 2 = Z 2 Z X (in 
particular, it is always the case when n = 1), then p(Z) = 00. If z = (z\,Z2) G 
yixi _ (j^2^ j.j len we nave p fin (2;) = p(z) = 00 and therefore (T nc ,fi n )i = C 2 . 
If Z = z ® z G V 2x2 and zi 7^ 0, then of course we have p(Z) = 00, however 
pa n (Z) = t^t. To show the latter, we first calculate, for any fixed e > 0, 



( 


Zi e 




~z 2 0" 


) 




zi 




. 6 Z2 _ 





lim sup 

l— >oo 



,2 ^ 



lim sup J 

l— >oo 



-£e 3 




= lim sup e+ \j e 2 \zi 



8.1. FINITELY OPEN TOPOLOGY 



133 



Hence 

1 



PRn(Z) < limp 

e— >0 



( 


z\ e 




~Z 2 0" 


) 




z x 




e Z2 





On the other hand, for any M, ]V e C 2x2 we have 

fi(zil 2 + M, z 2 h +N)= limsup e+ \/\\(ziI 2 + M) l {MN - NM)\\ 



< \\ Zl I 2 + M\\ lim e+ ?/\\MN - NM\\ < \\zih + M\\, 
and for M small enough we have p(zil 2 + M, Z2I2 + N) > \\ Zi j^ + m \\ ■ Hence 

PRn(Z) > j— -. 

\Z\ I 

We conclude that p& n (Z) — yK. If \zi\ > 1, we have that z = (zi, z 2 ) e T nc e n , 

1^1 1 ' 

however Z = z © z £ T nCi fi n . Thus the set T nCi g n is not a nc set. On the other 
hand, the subset T C T nc ,en consisting of pairs of matrices Z — (Zi,Z 2 ) satisfying 
|| .2a || < 1 (with the operator norm || • ||) is clearly a uniformly-open (and therefore 
finitely open) nc set, the series X)fc=o Z\{Z\Zi — Z 2 Z\) converges absolutely on T, 
and its sum / : T — > C nc is a G-differentiable nc function. 

The next example shows that it is also possible that (T nCj fi n )i. m 7^ 0, i.e., 
(B™=i Y = Oi-mxim G ^ncfin for all m G N, however Y = Oixi 4- Tnc,fin-G (in 
fact, we have 0i. mx i m ^ T nCi fi n _G f° r ah m G N). 

Example 8.6. Let p n be the homogeneous polynomial in two noncommuting 
variables of degree a n — ("+ 1 K"+ 2 ) ; n _ i ; 2, . . ., from Example 16.31 We remind 
the reader that p„ vanishes on all pairs of n x n matrices. Consider the series 

oo j—1 
j=2 fc=l 

We note that the total degrees of the homogeneous polynomials in this series strictly 
increase. Indeed, for any fixed j we have 

deg ({kx^-^-^pk) = ctj -j + k 

increasing as k changes from 1 to j — 1. On the other hand, for any fixed j we have 

otj ~j + {j - 1) = OLj - 1< atj+i -j = a j+1 - (j + 1) + 1, 

i.e., the degree increases when we pass from the last term in the j-th sum to the 
first term in the j + 1-th sum. Similarly to Example 18.51 we have V = C 2 , W = C, 
with the Euclidean topologies on V nxn = (C 2 )" x ™ (C nx ™) 2 and W nxn = C" xn , 
and (T nc>fin )i = C 2 . Let z = (z 1 ,z 2 ) e V lxl = C 2 be such that z\ ^ 0. Define 
Z{k) = ® J=1 z G V kxk . Ar guing as in Example 18.51 and using the subsequence 
of homogeneous polynomials (kxi) aj ~ ak ~ : > +k pk, j = 2,3,..., we can easily show 
that ps n (Z(k)) — k : z : . Therefore, there is no finitely open nc neighborhood of 
Omxm, for any m, where the series converges (otherwise \zi\ < -r for all k, which is 
impossible) . 
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8.2. Norm topology 

Let V and W be Banach spaces over C equipped with admissible systems of 
matrix norms, and let ft : (V sxs ) e — > W sxs , £ = 0, 1, . . ., be a sequence of bounded 
I- linear mappings. It follows that, for all Too, . . . , toj. 



smx sm 



sequence of bounded ^-linear mappings. Therefore, for Z G V 

z^f^f { e m - m \z,...,z) 

is a bounded homogeneous polynomial of degree £ on \> smxsm with values in 
>V s " lxsm and the series (|8.ip is a F-power series (a power series of bounded homo- 
geneous polynomials) on \? smxsm centered at (J)™ =1 Y with values in yy smxsm as 
in [HI Chapter 26] and [HI Chapter 1]. 
We introduce the quantities 

(8.10) p aoIm (Z)=]immip(W) 
(cf. 4H3J)), 



(8.11) ^ m = limsup / / sup \\Z & ^f e \\ sm , p m = /x m 1 . 



Analogously to /3fin(')j the function p n orm(') is positive-homogeneous of degree —1. 
We notice that the expression under the ^-th root is the norm of the homogeneous 
polynomial Z Gsi f e , see [13 Definition 26.2.4] and [57l Definition 2.1]. 

PROPOSITION 8.7. The following inequalities hold: 
1 



(8.12) - limsup {/\\fj\ < /ii < Kifx m < mK x K 2 limsup i/\ft\\, 

^ £— >oo I— voo 

where 

#1= mij 1 ||t|J|, i\T 2 = max jj^ || ; 

l<i<m lS 2 ^S m 

Woe/; injections, if^ , and block projections, nL , are defined in (|7.5p and (|7.6p . 

Notice that we also have estimates for K\ and K2 from the proof of Proposition 
17.11 via the constants in (|7.1I) and (|7.2p which determine the admissible system of 
norms on V nxn and W" x ", u = 1, 2, . . .: 

K\ < C2(sm)C' 1 (s, sm — s), K2 < Ci(s, sto — s)C2(sm), 

and that in the case where V and W are operator spaces one has ifi = .K2 = 1 • 

PROOF of Proposition 18.71 The leftmost inequality in (|8.12[) follows from 
the estimate 

ll/f||= sup \\(Zi® — ®Zt)fth<i sup \\Z* l ft\\ a 

\\Zx\\ 3 =—=\\Z t \\ a =l v - ||Z|U=1 

(see |571 Theorem 2.2]) by taking the £-\Sx root of both parts, then limsup^_ j . 00 , and 
then applying the Stirling formula. The second inequality in (|8.12p follows from 
the estimate 

sup ||Z®V*||.= sup IK((^^) 0a ^)ll,<IKIIII4ir sup \\W®-'f t 
\\z\\ s =i \\z\\ s =i \\w\\, m =i 
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by taking the £-th root of both parts, then lim sup^^ , and then mini<i< m . The 
last inequality in (|8.12p follows from the estimate 



sup \\Z^ e f e 
\\z\\ 3rn =i 



= su p_ ii E 4j(z &3 'hh 

\\Z\\ am -l l<i,j<m 

< J2 KW SU P Wi zQsl h) 



l<z,j<m 



\Z\\ sm = l 



E KW SU P_ \\(<k 1 Z^t lk2 Z^---®n 6 ke _ 2k ^ i Z^TTl_ iJ Z)f e \\ s 

l<i,ki ,...iki — i,j<rn Holism— 1 

< E Iklilllk&JIIKfetell ■ ■ • Ikfc^fe-JIIK^-ullll/^IU 

,...,ki _ 1 ,j< m 

<™ W i^2 SUp H^IIIIMI 

l<i ;< 7<m 

by taking the £-th root, then lim sup^^ , and then multiplying by K±. □ 



We recall that T nc C V nc denotes the convergence set for the series (|8.1[) . and 
/ denote the sum of the series. 



Theorem 8.8. 1. The set 

OO 

(8.13) T nc , norm = ]\ [Xe V smxsm : 



rn — 1 



Tri 

l ( J r-©y)>i} 



is contained in Y ncnn and «s i/ie interior o/T nc m £fte norm topology on V nc , i.e., 
m i/ie topology on V nc defined in the paragraph next to Remark \7.3\ 

2. For each m, (T nc norm ) sm is nonempty if and only if it contains © Q=1 Y . 
In this case, 

• Pnorm(O s „ lX sm) = oo and p notm {Z) > for every Z € V smxsm , 

• (T nc . n0 rm)sm is a complete circular set about © a=1 Y, and 

• /l(T nc norm ) sm is analytic. 

3. For every m G N and X G (T nCjnorm ) sm there exists an open complete 
circular set T normj x about ® a _j y which contains X and such that 



.14) 



£ 

e=0 wer nolm ,x K a=1 ' 



< oo. 



4-. For any open nc set T C T nc mrm , /|p is an analytic nc function. Let 
(8-15) 

^nc, norm— an ■ — {-X" £ T nC)]lorm . 3T, an open nc set, such that XeTC T nC)Ixorm }. 



TTien T nc norm „ an is nonempty if and only if there exists a nonempty open nc set 

„, . Ulini , ; n if and only if there 



U C Vnc such that inf p(Z) > 0. We have Y G T, 
zeu 



exists an open nc neighborhood ofY such that m£^p(X — © a =i Y) > 0; here mx 

is the size of a block matrix X with s x s blocks. 

5. The series (|8.1j) converges uniformly on every ball B(Q)™ =1 Y,5) with 5 < 
p m , moreover 



(8.16) 



E SU P 



a=l 



< OO. 
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The series (18. 1|) fails to converge uniformly on every ball B(Q™ =1 Y, S) with 6 > 
p m . The set (T nc . norm ) sm is nonempty if and only if p m > if and only if 
ioi{p(W): W € V smxsm , \\W\\ sm = 1} > 0. 

PROOF. 1. We first observe that the finitely open topology on V nc is stronger 
than the norm topology, hence Pnorm(^) < Pfin(Z) for any Z, and T nCinorm C 
Tr nc ,fin- Next we observe that the function p n0 rm(-) is lower semicontinuous in the 
norm topology and recall that p nor m(') is also positive- homogeneous of degree —1. 
The rest of the proof of part 1 is analogous to the proof of part 1 of Theorem 18.21 

2. Let to € N be fixed. If 0™ =1 Y G (T nCi „ orm ) sm , then clearly (T nCjnorm ) sm ^ 

0. Conversely, if (T nc norm ) sm , which is the interior of (T nc ) sm in the norm topology 
on v smxsm , is nonempty, then by \47\ Theorem 26.6.1] ©™ =1 Y is an interior 
point of (T nc ) sm in this topology and (T nCjnorm ) sm is a complete circular set about 
0™ =1 Y. Then p n orm(0 S mxsm) > 1- Moreover, by the positive-homogeneity of 
degree —1 and lower semicontinuiuty of p n0 rm(') we have that Pnorm(-Z) > for 
every Z € V smxsm and that (9 norlB (0 amxsra ) = oo. The analyticity of /|(T norm ) sm 
follows from [47\ Theorem 26.6.4]. 

3. This statement for any fixed to and X follows from [47\ Theorem 26.6.5] 
(cf. Theorem 171} . 

4. Since an open set is finitely open, /|T is a nc function by Theorem l8.21 part 
4. It is an analytic nc function by part 2 of the present theorem. The remaining 
statements can be proved analogously to the proof of part 4 of Theorem 18.21 

5. Let S < p m . Then for any e > there exists L > such that 

sup \\W & ^f e \\ sm <(p m + eY 
\\W\\. m =i 

for all I > L. Choosing e < S^ 1 — p rn , we obtain that, for all £ > L, 

sup \\W Q ^fA\sm <5 e (p m + e) e . 
weB(o smxsm ,s) 

Since 5(p m +e) < 1, the series (|8.1|) converges absolutely and uniformly on B(Q smxsm 
and 

oo 

V sup \\W & ° e f e \\ sm 

1=0 W£B(Q smxsm ,S) 

L oo 

<V sup \\W®> t h\\ sm + £ S e (p m + e) e <oo, 
l=0 weB(o smxsm ,S) t=L+1 

1. e., (I8T61) holds by setting X = W + 0™ =1 Y. 

Now let (5 > p m be fixed. Choose any e with < e < p m — S^ 1 . Then for any 
L > there exists £ > L such that 

sup \\W ° e f e \\ sm > {p m -ef. 
\\w\\. m =x 

For any such £ there exists Z G y smxsm with ||^|| sm = (p m — e) _1 < S such that 

\\Z^ e f e \\ sm >(p m ~eY\\Z\\i n = l. 

Hence the sequence Z 0sl fg, £ = 1,2,..., does not converge to smX sm uniformly 
on the ball B(0 smxsm , S). We conclude that the series (|8.ip does not converge 
uniformly on -B(©™ =1 Y, S). 
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If (Tnc.nornOsro 7^ $j i- e -: the interior of T nc in the norm topology is nonempty, 
then by [47\ Theorem 26.6.2] the series (|8.1|) converges uniformly on B(@™ =1 Y, S) 
for sufficiently small 5, hence p m > 0. Since p m < p(W) for every W G y smxsm 
with \\W\\ sm = 1, we have that p. m > implies mi{p(W) : W G V smxsm , \\W\\ sm = 
1} > 0. Finally, if a = m£{p(W): W G V smxsm , ||VF|| sm = 1} > 0, then by positive- 
homogeneity of degree —1 of both p(-) and Pnorm(') we have that p n orm(^) > Qf for 
any Z G y smxsm with ||Z|| sm = 1 and that /c n orm(0 S mxsm) = oo. The latter implies 
by part 2 that (T nc norm ) sm ^ 0. This completes the proof of the last statement of 
the theorem. □ 

Remark 8.9. Since the finitely open and the norm topologies coincide for finite- 
dimensional spaces, Examples 18 . 51 and 18 .61 also show that T nc norm is not necessarily 
a nc set, and that a (norm-open) nc neighborhood of Y, which is contained in 
Tfnc,norm, may or may not exist. 



8.3. Uniformly-open topology 

Let V and W be operator spaces over C, and let ft- (V sxs )^ -t W sxs , £ = 
0,1,.. ., be a sequence of completely bounded ^-linear mappings. We introduce the 
quantities 

(8.17) Pu„if(Z) =liminfp(W0 

(cf. (|8.4p and (|8.10p ). where W ™' Z means that the lower limit is taken in the 
uniformly-open topology on V nc , 



Munif-normal(Z) = hm limSUp J Sup ||W ^/*II> 

(8.18) A ^ Q V W ^ B M Z > S ) 

Punif — normal(^) — Munif — normal(^) j 

where \\W Q ^fi\\ = ||W »V*IUm for W G V smxsm , and 



(8-19) pcb = limsup {/WftWc*, Pcb = Mcb- 

We notice that the limit lim in (18.181) exists as a limit of a monotone function 

5->o 

(decreasing as 5 i 0) bounded from below by 0. Analogously to /?fi n (-) and p n orm('), 
the functions p U nif (•) and punif-normai(-) are positive-homogeneous of degree —1, cf. 
Remark 17.131 

We will need the following lemma [471 Lemma 26.5.1]; we provide its proof for 
completeness. 

Lemma 8.10. Let V be a vector space over C, W a Banach space over C, and 
let F C V be a complete circular set about 0. Suppose that u> : V k — > W is a k-linear 
mapping and that X G V. Then 

sup \\u(W,...,W)\\= sup \\u(W,...,W)l 

We U_(C^+r) wex+r 

where D = {C G C : |C| < 1} is the closed unit disk, X + F := {X + Z : Z G F} is a 
complete circular set about X and [J (£X +T) is a complete circular set about 0. 

C6D 
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PROOF. Fix an arbitrary Zq € T. Consider the function 

0:B^W, 4>: lj((X + Z Q ,...,(X + Z Q ). 

Clearly, is a polynomial and hence <p is analytic. By the maximum principle, there 
exists with |Co| = 1 such that ||</>(Co)|| = max^u ||0(C)||- By the homogeneity (of 
degree k) of w, 

||u(Co* + Z , ■ • • , CoX + Z Q )\\ = \\uj(X + Co'Zo, . . . , X + (o'Zol 



< sup\\lu(X + Z,...,X + Z)\\ 
zer 



since T is completely circular about 0. This proves the lemma. 
Theorem 8.11. 1. The set 



□ 



(8.20) 



cxj in 

T nc , unif = ]J [X e V smXsm : p unif (x -0r)>lj 



m—l a—1 

is contained in T nCillorm C Y nC) g n and is the interior of T nc in the uniformly- open 
topology on V nc . 
2. The set 

OO 

(8.21) TiiCjUnif— normal — y ^ ^ ^ " P u 1 '' '' 



rn—1 



m 

mal(X-0F) >l} 



a=l 



nc.norm 



< CO 



is a uniformly- open subset 0/ T n 

Tnc,unif— normal 

(8.22) 

= le T ncun if : 3<5 > such that sup sup 

•> l£N W£B nc (X,8) 

(8.23) 

OO 

= I X e T nc un if : 3(5 > such that \J sup 

L e=Q W€B„ c (X,8) a=1 

here rayy is the size of a block matrix W with s x s blocks. T nc un if _ llorma i is 
nonempty if and only if it contains Y . In this case. 

• Punif- normal (0 SXS ) = OO and /O un if- normal (Z) > for every Z G (V sxs ) nc , 

• T nc ,unif-normal is complete circular about Y (i.e., (T nc , umf _ normal ) sm is a 
complete circular set about @™ =1 Y for every m € NJ. 

3. For every m G N and X £ (T nCjUn if_ norma i) sm there exists a uniformly- open 
complete circular set T nCt x about ®™ =1 Y , which contains X and such that 



(w-(B Y ) f< 



< OO 



}■• 



(8.24) 



sup 

wer ac , x 



£=0 



Q.t 
Y) ft 



< oo. 



/|r is a uniformly 



4- For any uniformly-open nc set T C T ncun if_ norma i, 
analytic nc function. 

5. The series (|8.1j) converges uniformly on every nc ball B nc {Y, 5) with 5 < p c b, 
moreover 



1.25) 



£ sup 

1=0 W£B no {Y,6) 



(w-®y) f e 



< OO. 
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The series (|8.1|) fails to converge uniformly on every nc ball B nc (Y,S) with S > p CD . 
The set T nc , un if_ n0 rmai is nonempty if and only if p CD > 0. 

Remark 8.12. It is an open question whether T nCiUn jf is nonempty if and only 
if Punif(0 s xs) > 0. If Punif (0 s xs) > 0, then similarly to Theorems 18.21 and [87 
/5unif(0 s xs) = oo and T nc un jf is a complete circular set about Y. 



Proof of Theorem 18.111 1. We first observe that the norm topology on V nc 
is stronger than the uniformly-open topology, hence p U mi(Z) < Pnorm(Z) for any Z 
and T nc un if C T nc norm . The proof of part 1 is analogous to the proof of part 1 of 
Theorems E21 and Ell 

2&3. We first show that Punif-normaiO) is lower semicontinuous in the uniformly- 
open topology on V nc . Let 



k := limsup/Xunif-normaifW) = lim sup lim limsup 

unit' unif 5— >0 B_ 



l_ sup \\W®''f e \\. 

WeB nc (W,S) 



unif 



Then for an arbitrary e > there is a sequence W n — > Z such that 



lim lim sup 



'„ SUP 

W£B ac (W n ,8) 



\W®° ( ft\\ > n-e, n = 1,2,. 



Clearly, there exists N e N such that W„ e B UC (Z, S) for all n> N. Therefore, 



Munif-uormal(Z) = lim lim SUp 



l_ sup \\W®' l f t \\ 

W&B UC (Z,25) 



> lim lim sup 



sup 



\W®°*ft\\> K-e, n>N. 



weB BC (w n ,s) 

Since e can be chosen arbitrarily small, we obtain that 

Punif-normal(Z) > K = lim SUp /X un if_ norma l(W), 

w u ^i f z 

i.e., /iunif-normal(') is upper semicontinuous, and thus p U nif-normal(*) is lower semi- 
continuous, in the uniformly-open topology on V nc . This implies also that the set 
^nc, unif-normai is uniformly-open. 

Since clearly Punif-normai(-Z) < p{Z) for any Z 1 by the lower semicontinuity 
of Punif-normai(-) we obtain that Punif-normaK^) < Pumi{Z) for any Z and hence 

^nc.unif— normal ^= ^nc.unif- 

Let X G T nc ,unif-normal- Then 



Munif-normal(^-ffi^) = lim lim SUp 

Q — 1 

Hence, there exists S > such that 



\ 



sup 

WeB ac (X,5) 



a=l 



< 1. 



lim sup 



\ 



sup 

WeB ac (X,5) 



{w-® 



Y 



a=X 



< 1. 
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This implies that the sequence 



sup 

WeB ac (X,8) 



(V-®y) " f e , £ = 1,2, 

\ / smw 

is bounded, moreover there exists C > and r/ : < rj < 1 such that 

<<Y, £ = 1,2,.. 



sup 

W£B nc (X,8) 



(V-0y) ./■, 

Q = l 



Consequently, 



H sup 



mw q £ 



< 00. 



Conversely, if X £ T nC)Un if is such that for some S > the series 



H sup 

fcO VKe-B nc (X,5) 



0s (5 



converges, then the series 



A^ sup 

£=0 WeB nG (X,8) 



W-®y) f t 



mw „ £ 



as a series in A converges uniformly and absolutely on the closed unit disk D, and 
thus its radius of convergence 

-l 



lim sup 



I J. I ' V L j / , SUP 

t-Hx> \ W£B nc (X,5) 



a=l 



s f 



> 1. 



Since the left-hand side is increasing as 8 J, 0, we have that 



Punif — normal ( X ^ 



lim lim sup / 



5— i-0 



sup 



ill > . < A j >• . > ' 1 « | V 



> 1, 



i.e., X G Tnc,unif-normal' This proves equalities (|8.22|) and (|8.23p . 

Next, if Y" e T nC)Un if_ nann al s then clearly T nCiUnif _ norma i ^ 0. Conversely, 
assume that X £ (T nCiUn if_ norma i) sm for some m 6 N. Then by (|8.23p there exists 
a nc ball B nc (X, S) such that 

00 mw q ^ 

(V-0y)'*/« 



£ sup 



< OO. 



By Lemma \8. 101 this inequality holds with the suprema over B nc (X, S) replaced by 
the suprema over 



T nc ,* :=UM©Y + CO y -0r),*). 



ia=l 



a = l 
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This implies part 3 of the theorem, with T nc ^x as above. In particular, we obtain 

that 0™ =1 Y £ T nc ,unif-normal- We claim puwi--ooTtoaX(®jLl W) = /Ounif-narmal(W) 

for every k £ N and W £ V skxsk which yields Y £ T nc , uni f_ normal . Indeed, this 
follows from the equality 



(0^)°^ u =\\w°* e f4 

\ / skm 



and the definition of Punif-normal(-)- 

The remaining statements of part 2 (i.e., the ones under the bullets) follow 
from the positive-homogeneity and lower semicontinuity of Punif-normal(')- 

4. Since a uniformly-open nc set is a finitely open nc set, /|r is a G-diffcrcntiable 
nc function by Theorem 18.21 part 4. It follows from (|8.23[) that /|r is locally 
uniformly bounded. We conclude that /|r is a uniformly analytic nc function. 

5. If p c b > S > 0, then we have 



/i cb = limsup {/WftWc* < 00 
and there exists C > such that 

\\M\ci h <c»L, 1 = 0,1,.... 

Therefore 



v sup iiw ^n = y; sup ww^ft 

i=o weB ac (o SX3 ,5) e=0 \\w\\=s 



= -up ii^ ^ii=E^HMk b ^ c 'E 5 Vc b <oo ) 

£=0 ll^ll- 1 £=0 ^=0 

which is equivalent to (|8 . 25[) ; here we used Proposition 17.491 and the inequality 
$Pch < 1. In particular, the series (18.11) converges absolutely and uniformly on 
B ac (Y,S), so that Y £ T nC:Unif _ norma i and thus T nC:Unif _ norma i ^ 0. 

Now suppose S > p c b- Then for any e : < e < p c b — 5~ x and L > there exists 
I > L such that > (p c b — For any such I there exists W £ (V sxs ) nc 

with ||W|| = (^cb — < S such that 

||^ ^||>(Mcb-e)1W|| = l. 

Hence the sequence ||W®* /^||, £ — 0, 1, . . ., does not converge to uniformly on 
-Bnc(0 SX s, $), and the series (18.11) does not converge uniformly on B nc (Y, S). 

Finally, if T nCiUnif _ norma i ^ 0, then by part 2 we have that Y £ T nCjUni f_ normal . 
Therefore, again by part 2, there exists S > such that the series (|8.1|) converges 
absolutely and uniformly on B nc (Y, 5). This implies that p c h > 5 > 0. The proof is 
complete. □ 

The following example demonstrates a possibility that = p U nif(Z) < p n orm(Z) 
for some Z cind. tlius TT nC;Un if C TT nC;n0 rm- 

We also have in this example that 

= /3 c b < Pm for every fixed m £ N. 



Example 8.13. It was shown in [61 (see also |63l Chapter 3]) that for every 
p = 3,4,... there exist k p £ N (with k p increasing as p increases) and a linear 
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mapping 4> p : C p — > C kpXkp such that max^ g5? ||(/> P (C)|| = 1 and 

(8.26) sup \\^ c ^®4> P ){Z pU ...,Z pp )\\ 

neN,z pl ,...,z pp eC" x ": \\z pl \\=...=\\z pp \\=i 



||(id cfcpXfcp <8)<t> p )(Z% u . . . , Z%p)\\ = J- 



for some Z pl , . . . , Z pp E C fepXfep of norm 1, where || • || denotes the operator norm 
with respect to the standard Euclidean norms. Moreover, 




.27) ||(id c ^®&)(^i,...,2°,r||= J£ , £=1,2,. 



Let V be a Banach space consisting of bounded double- indexed sequences of complex 
numbers z = (z P g)p=3,4 1 ... ;g =i,...,p with the norm ||z||oo = su P P , g \ z pq\- O ne can 
identify n x n matrices over V with sequences ofnxn matrices over C, Z = 
(•2 P g) P =3,4,...;g=i,..., P - Then multiplication of such a, Z on the right (on the left) 
with a n x n matrix over C is defined as simultaneous right (left) multiplication 
with this matrix for all components Z pq . It is easy to see that the norms on V" xn 
defined by ||Z||oo,n = sup p? ||^ P q|| for n — 1,2,... determine an operator space 
structure on V. Let W be a Banach space consisting of block-diagonal infinite 
matrices (infinite direct sums) W = ©p^ 3 W p with W p € C fep x kp and with the 
norm ||M^||oo = sup p || W p \\. One can identify n x n matrices over W with direct 
sums of n x n matrices over <C kpXkp , W = 0™ 3 Wp. Multiplication of such a 
W on the right (on the left) with a n x n matrix S over C is then reduced to 
the simultaneous right (left) multiplication with this matrix for all diagonal (block) 
entries W p as follows: (WS) P = W p {S®I kp ) (resp., (SW) P = (S®I kp )W p . It is easy 
to see that the norms on W™ xn defined by || W||oo,n = sup p \\W P \\ for n = 1,2,... 
determine an operator space structure on W. For each I — 3,4, .. . we define a 
linear mapping <jM> : V — > VV by 



<f>W{z) = </> 3 (z 31 , z 32 ,z 33 ) © • • • © (f>i(zn, . . .,z u ) © Ok e+1 xk i+1 © Ok e+2 xk e+2 © • • • 
and a ^-linear mapping fg : V 1 — > W by 

/^\...y) = ^V)---</> w (A 

so that 

/,(z,...,^) = 0W(z/. 

The mappings cf>^ and /j are extended tonxti matrices over V in the standard 
way. Then by Proposition 17.491 and the equalities (|8.26p , (I8.27|) we have 

Wfth* = SUP \\Z &e fe\U n 

neN,zev™ x ": ||z|| 00j „=i 

sup \\MZ,...,Z)\\ 0o , n = sup ||0 (£ W||oc,„ 

neN,zeV" x ": ||^||oo,n=i neN,zeV" x ": ||z|| 00 ,„=i 

sup ||(id Cn x„©^)(Z n ,...,Z«) f || = ( W- ] , 

neN,z fl ,...,z«eC" x ": j|z n ||=...=||z £t .||=i V V i I 
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hence the ^-linear mappings ft, £ = 3, 4, . . ., are completely bounded. Now, consider 
the power series 

oo 

We have for every fixed m e N and Z = (Zp q )j,=3,4,... ;9 =i,...,p € V mxm with 
ll-^l oo.m = f that 



H(Z) = lim sup {/||^MU, m < lim sup ||0 (£) (^)ll 

<m 2 limsup max max \\(f>p(Zl 3 1 , . . . , Z l J)\\ < m 

l^oo P=3,...,ei<i,j<m 



where Z l J q is the (i, j)-th entry of the matrix Therefore p(Z) > m 2 for every 
Z G v mxm with ||^||oo,m = 1- It is easy to see that by the homogeneity of degree 
-1 we also have p noim (Z) > mT 2 for every Z e V mxm with ||Z||<x>,m = 1- This 
implies that /> norm (Z) > for every Z <G V nc and hence /9 n orm(0 mxm ) = oo for every 
m£N. We also obtain that p m > mr 2 for every m e N. 

Define the sequence Z j = (^ 9 ) p =3,4,... ;g =i,...,p € V fc3Xfc3 , j = 3,4, . . ., by 



P9 

Then 



y3 _ i fe3Xfe3 for j, 
z " ^ ^Z% for p ./• 1 • '/ • ./• 



lim H^- 7 ||oo,fc i = lim -^= 

however 



#7 ' 

lim = lim Iimsup(/||(^)©V«l|oo,fc, 

= .1™ -Tn lim su p ( id c^ x fc 3 ®S ) ( z °i ' • • • > z jj ) e W ~,fcj = lim -7r\ 3 o =0 °- 

Thus 

Punif(Oixi) = lim = 0. 

j-s-oo 

Note that we can show analogously that p U nif(^) = when Z / 0. E.g., for 
z = (-2pg)p=3,4,...;g=i,...,p with any z 3t q 7^ 0, q = 1, 2, 3, and z piJ = for all p > 3 and 
all g, we can define a sequence z ® Ikj + Z^ with Z J as above and verify that 

Punif (z) = lim p(z <g> 4 + Z 1 ) =0. 
Finally, we observe that 




p cb = (^lirnsup y\\fe\\c' ch J = ( lim sup \j - ] = 0. 

Thus all the statements formulated in the paragraph preceding this example are 
true. 

In the next example we demonstrate the possibility that — /0 U nif-normai(Oix i) < 
Punif(Oixi) and thus = T nCjUnif „ normal C T nc , unif . The sum of the nc power series 
in this example is an entire (i.e., analytic everywhere and bounded on every ball of 
n x n matrices, n — 1,2,...) nc function which is not uniformly analytic at 0i x i, 
that is, not uniformly analytic in any uniformly-open nc neighborhood of 0i x i- 
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Example 8.14. Let V = C 2 with the norm ||(zi,z 2 )|| = max{|zi|, \z 2 \} and 
W = C. We identify n x n matrices over V = C 2 with pairs of matrices over 
C. It is clear that the norms on y™ xn , n — 1,2,..., defined by \\(Zi, Z 2 )\\ n — 
max{||Zi||, ||^2||} and componentwise multiplication of pairs {Z\,Z 2 ) of matrices 
over C on the left (on the right) with a matrix over C determine the operator space 
structure on V. The canonical (i.e., with ||l||i = 1) operator space structure on 
W = C is uniquely determined. Consider the power series 
00 00 00 

J2z^f ak = 1 £c kPk (Z 1 ,Z 2 ) = Y l Ck E sign(7r)^- 1 Z a ...^ k+1 )- 1 Z a 

fc=l k=l k=l 7re5 fc+ i 

with positive constants Ck which will be defined later and at = degpk = ( fc +i)(fc+2) 
(see Example 16.31 for more details on the polynomials p k ). The a^-linear mappings 
fa k are completely bounded. Indeed, by Proposition 17.491 we have 

H/aJU'** = SU P C k \\p k (Z 1 ,Z 2 )\\n 

cb neN, Z=(Z 1: Z 2 )e(C"X") 2 : max{||.Zi||,||Z 2 ||}=l 

< c k (k + 1)! < 00. 

Since the polynomials p k vanish identically on pairs of k x k matrices, for every fixed 
n £ N and any Z = (Z\, Z2) € (c nx ™) 2 ^ e series contains only the powers smaller 
than a n and thus converges uniformly on (C nxn ) 2 . Therefore, p(Z) — 00 for every 
Z G V nc . We also have p unl [(Z) — 00 for every Z <E V nc and T nCjUn if = V nc . On 
the other hand, any nonzero polynomial p in two noncommuting indeterminates is 
not identically zero on pairs of square matrices of sufficiently large size due to the 
absence of polynomial identities for matrices of all sizes — see |71l Example 1.4.4 
and Theorem 1.4.5, page 22]. Therefore 



SUP \\Pk(Zl, Z 2 )\\n 7^ 0. 

nen, Z=(Zi,Z 2 )e(C" x ") 2 : max{||Zi||,||Z 2 ||} = l 



Define 



c k = k a "( sup \\ Pk {Z u Z 2 ) 

V nSN, Z=(Zi,Z 2 )G(C" x ") 2 : max{||Zi||,||Z 2 ||} = l 



\\fa 



k \\C" 



Then 

For any 5 > we have 

sup sup \\W @i f e \\ 
eeN weB nc (o lxl ,s) 

= supc k S ak k ak sup ||p fc (Zi,Z 2 )||„ 

ken men, z=(z u z 2 )e(C^^) 2 ■. max{||Zi||,||z 2 ||}=i 

= sup((5fc)" fc = 00. 

feGN 

Then by part 2 of Theorem 18.111 we have that 0i x i ^ T nc un if_ norma i and thus 
T n c,unif-normai = 0- Alternatively, we can compute 



Munif-normai(Oixi) = Hm lim sup e sup ||W 0f /£|l = lim lim 5k = oo, 

i^Q Y Wefl n o(0ixl,*) a^Ofe^oo 

and thus p U nif-normai(Oixi) = 0. By Remark 18.31 and Theorem l7.21| the sum of the 
series, f(Z) = Ylk*=i Z Gak f ak is not uniformly analytic at 0i x i- 
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Remark 8.15. It is not too difficult to modify Example 18. 141 bv changing the 
coefficients Ck so that T nG ,unif-normal £ Y nCl unif = (C 2 ) nc contains a nc ball centered 
at Oixi of a given finite radius. 

We consider now the case where V = C d with some operator space structure 
and we expand each term of the power series (|8.ip obtaining a series along the free 
semigroup F^. Our results will be the converse of Theorem 17.291 In other words, 
we shall consider the convergence of power series of the form 

(8-28) Yl (*-® y )' S /«■ 

wGFd a=l 

Here Y = (Y u . . . , Y d ) G (C sxs ) d is a given center; X = (X u . . . , X d ) G (C smxsm ) d , 
m = 1, 2, . . .; Z Q ° W for w = g il --- g lt and Z = (Z u ...,Z d )e (C smxsm ) d is defined 
in ()4.8() : f w : (C sxs ) e -t W sxs , w G F d , £ = |tu|, is a given sequence of ^-linear 
mappings (here C and, hence, C sxs are equipped with the canonical operator space 
structure); and conditions (|4.14j) - (|4.17|) are satisfied. The series (|8.28|) can be 
alternatively written as 

/ TCI TCI m \ 

E ( ^.(o)) ® ( ^,(d) ® • ■ ■ ® ( ® * ^ M ■ 



Here 



weF d 



fw = A wM ® A Wi(1) ® • • • ® A^^^i) G W sxs 



|-u?| times 

with the tensor product interpretation for the multilinear mappings /„, (Remark 
I3.4p . the sumless Sweedler notation (|4.19p . and the pseudo-power notation f|4.2 1|) . 
In the case s = 1, the series (|8.28p becomes 

E zw f™> 

weF d 

with f w G VV; more precisely, we identify the £-linear mapping /„, : C e — > W with 
the vector / w (l, . . . , 1) £ W, and 

(8.29) ||^%|U = ||^ ||||/«||i 

for every to G N and Z G (C mxm ) d (see [Ml Proposition 1.10(h)]), so that 

(8-30) \\f w \\ cib = ll/Jx. 

We associate with the series (18.28)) the series (|8.1I) where the £-linear mappings 
f t : ((C sxs ) d Y -> W sxs are defined by ([53]), so that (EU) and §3]) hold. Similarly 
to Remark 14.51 conditions (|4.14l) - (|4.17p on the linear mappings f w are easily seen 
to be equivalent to conditions (|4.4p - (|4.7p on the linear mappings fi. Notice that 
the completely bounded norms of fi and of f w for all w with \w\ = I are related by 

(8-31) \\h\\ cih < E Cf||/ W |k b , 

\w\=e 

where Ci = (||7Ti|| c b, . . . , ||7id|| c b) for the i-th coordinate mapping 7T; : C d — > C, and 
(8-32) \\f w \\ cib < C%\\fe\\ cib , 

where C 2 = (||ei||i, . . . , |] 1 1 1 ) - 



146 



8. CONVERGENCE OF NC POWER SERIES 



Let X be a, vector space over C with a direct sum decomposition X = Xj, 
and let Y = (Yi, . . . , Yd) £ X. A set T C X is called complete Reinhardt-like about 
Y if for every X = (X u . . . , X d ) £ T and every t = {t u . . . , t d ) £ C d with \tj\ < 1 for 
all j, onehas Y+topf-F) £ T, where to(X-Y) := (t^Xi-Yi), . . . , t d (X d -Y d )). 
Clearly, a complete Reinhardt-like set is complete circular. In the case of d = 1 
we recover the definition of complete circular set. In the case where X — C d and 
Xj = Cej, j = 1, . . . , d, we recover the usual definition of complete Reinhardt set 
[751 Page 8]. 

The following is an analogue of Lemma T8. 101 for complete Reinhardt-like sets. 

Lemma 8.16. Let X be a vector space over C with the direct sum decomposition 
X = ®j—iXj, let W be a Banach space over C, and let V C X be a complete 
Reinhardt-like set about 0. Suppose that u: X k — > W is a k-linear mapping whose 
restriction to the set 

diag[A- fe ] = {( W,. W) :W=(W 1 ,...,W d )e X} 

k times 

is homogeneous in Wj of degree kj (so that ki + ••• + k d = k), and suppose that 
X = (X u ...,X d ) £ X. Then 

sup \\oj(W,...,W)\\= sup \\oj(W,...,W)\\, 

we U (tox+r) wex+r 

where B d = D = {t = (ti,...,t d ) £ C d : \tj\ < 1} is the closed unit polydisk, 
X+T := {X+Z: Z £ L} is a complete Reinhardt-like set about X and [J (toX+T) 

is a complete Reinhardt-like set about 0. 

PROOF. Fix an arbitrary Z° £ T. Consider the function 

(f):W^W, c/):t^uj(toX + Z ,...,toX + Z a ). 

Clearly, is a polynomial in ti, . . . , t d and hence <f> is analytic. By the maxi- 
mum principle, there exists t° with \tj\ = 1, j = l,...,d, such that ||0(t°)|| = 
max 4g jp- ||^(i)||. By the simultaneous homogeneity of w, 

||w(t° o X + Z°, . . . , t° o X + Z°)\\ = \\u(X + (t )- 1 oZ°,...,X+ (t )- 1 o Z°)\\ 

< sup\\u(X + Z,...,X + Z)\\, 
zer 

where (t )^ 1 = ((£?) -1 , • • • , (trf) -1 )) since T is complete Reinhardt-like about 0. 
This proves the lemma. □ 

We shall be mostly interested in the case where X = (C™ x ") d and Xj = C nxn ej. 
A nc set T nc C (C d ) nc is called complete Reinhardt-like about Y £ (C sxs ) d if 
(T nc ) sm C (C smxsm )' ! is complete Reinhardt-like about ©™ =1 Y for every m £ N. 

For Y = (Yi,...,Y d ) £ (C 5XS ) d and r = (ri,...,r d ) a d-tuple of positive 
extended real numbers (i.e., < rj < oo, j = 1, . . . , d), define the noncommutative 
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polydisk centered at Y of multiradius r 

(B d )nc(») 

oo m 

= {z = {z 1 ,...,z d )e J] {C sm * sm ) d : Zj-QyA j I.. 

1. — II sm 

m— 1 a — 1 

Clearly, (O d ) nc (Y,r) is a complete Reinhardt-like nc set about Y. 

For r = (n, . . . , TVj) a d-tuple of nonnegative real numbers, we define 



(8.33) /i(r)=limsup ./ ^ r^l/^^. 

* _> °° y weF d -. \ w \=e 

Lemma 8.17. The function /i(-) is continuous on d-tuples of strictly positive 
real numbers. 

Proof. Let r° = (r?, . . . ,r° d ) G W\_ with r° > for all j = 1, . . . , ef. Let e > 0. 

r? 

Then for all d-tuplcs r of positive real numbers satisfying 1 — e < — < 1 + e for all 
j = 1 , . . . , d we have 

(1 - e) M (r) = ,i((l - e)r) < M (r°) < M ((l + e)r) = (1 + e)/i(r), 

since the function //(•) is nondecreasing in each argument and homogeneous of 
degree one. Therefore lim r ^ r o fi(r) — ^(r°), i.e., fi(-) is continuous at r°. □ 

We call nonnegative extended real numbers pi , . . . , pd associated radii of nor- 
mal convergence of the series (|8.28p if /i(r) < 1 for every r = (ri,...,fd) with 
fj < Pj, j = 1, • ■ • , d, and for every d-tuple r' = (r[, . . . , r^) of nonnegative ex- 
tended real numbers with > Pj so that strict inequality occurs for at least one 
j, there exists a d-tuple r = (ri,...,r,j) of nonnegative real numbers rj < r'j, 
j = 1, . . . , d, such that ^t(r) > 1. 



Theorem 8.18. 1. The set of absolute convergence of the series (|8.28p . 

, <3 s w 



OO m 

•34) T frco , abs =]l{xe (C smxsm ) d : E I ( X - F ) ' ' /« 



< oo 

sm j 



C T nc C (C d ) nc , 

is a nc set which is complete Reinhardt-like about Y . Here T nc is the convergence 
set (see Theorem \8.ty) of the corresponding series (|8.ip ; see (|5.5p and 
& T/ie set 

(8.35) Tf ree ,unif-aormal = € Tf rcCjabs : 3(5 > such that 

V sup <oo}cT 

- WGB nc (X,<5) v y ™w J 



nc.unif— normal 

sm\y 



(see Theorem \8.11\ for the definition of the set T nc un if_ norma i; here mw is the size 
of a block matrix W with s x s blocks) is a uniformly- open subset o/Tf ree a b s which 
is nonempty if and only if it contains Y. In this case, Tf reejUm f_ norma i is complete 
Reinhardt-like about Y (i.e., (Tf rcGjUn if_ norma i);, m is a complete Reinhardt-like set 
about (B™ =1 Y for every m £ N). 
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3. For every m G N and X G (Tf r0 e,unif-normai)sm there exists a uniformly- open 
complete Reinhardt-like set Yf rC c,x about Y, which contains X and such that 



3.36) 



ii)GP, 



E su p ( W -(B Y ) * 



0,,'uj 



< 00. 



^. Let p = (pi, . . . , pd) be a d-tuple of associated radii of normal convergence 
of the series (18.28|) . Then the series converges absolutely on every nc poly disk 
(B> )nc(Y, r) with rj < pj for all j = 1, . . . , d, moreover 



3.37) 



E su p 

toeFd H'G(D^ nc (Y,r) 



< 00. 



for every r mt/i fj > /or aZZ j = 1, . . . , d, so that strict inequality occurs for 
at least one j, (I8.37[) fails. In the case s = 1, there exists Z G (J} d ) nc (Y, r) swc/i 
that the series (|8.28[) does not converge absolutely at Z . The set Tf reeiUn jf_ norma i is 
nonempty if and only if there exists a d-tuple of strictly positive associated radii of 
normal convergence of the series (|8.28[) . 

Proof of Theorem 18.181 1. The statements in this part are straightfor- 
ward. 

2 & 3. The inclusion in (18.35[) and the fact that Tf rec un if _ llorma i is a uniformly- 
open subset of Tf ree! abs are obvious. 

Clearly, if Y G T frco , uni f_ nol . mal , then T frec ,unif-normai is nonempty. Conversely, 
suppose there exist m G N and X G (Tf reejUn if_ norma i) sm . Then there exists 8 > 
such that 



3.38) 



E SU P 

weFd weB nc (x,s) 



raw 



Y 



(D s w 



< OO. 



There exists a nc polydisk (H) d ) nc (X, p) contained in B nc (X, S), e.g., one can set 



Pj 



d 1 1 c 



j = 1, . . . , d, and then for W G (D d ) nc (X, p) smk one 



has 



k d k 

Msm/e II i e#«.fc 



smk 



i.e., W G S nc (X, o") smfe . Since T = (D d ) nc (0™ =1 V, p) is a complete Reinhardt-like 
nc set about (J)™ =1 ^, it follows from Lemma 18.161 that the inequality in (|8.38|) 
holds with the suprema over B nc {X, 5) replaced by the suprema over 

/ m tci \ 

T fre e,X:= (J (D d )nc 0r + io (x - y) , p\ . 



lei 



\a=l 



a=l 



This implies part 3 of the theorem with Yf rcc ,x as above. In particular, ©™ =1 Y G 



E SU P 

weFd WeB nc (®™ =1 Y,S) 



ffiW 



Y 



< OO. 
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By picking up only W £ B nc (0™ =1 Y, S) of the form W = ®™ =1 V, where V £ 
B nc (Y, S), we obtain that 



E ™p , r-0 y /« 



s to 



< oo, 

smy 



i.e., J €E X free, unif— normal- 

Since Y £ Tf ro0iU nif-normai and since the union of complete Reinhardt-like sets 
about Y for all m £ N is a complete Reinhardt-like set about Y, the set 

Xfrcc,unif— normal [^J ^frcc,X 

YeT frco . unif _ normal 

is a complete Reinhardt-like set about Y. This completes the proof of part 2. 

4. Let p = (pi, . . . , pd) be a d-tuple of associated radii of absolute convergence 
of the series (|8.28[> . and let r = (n,... , r^) be a <i-tuple of positive real numbers 
such that Tj < Pj. Then there exists e > small enough, so that fj = ry(l + e) < pj, 
j = 1, . . . , d. Then for r = (r"i, . . . , r<j) we have jtz(r) < 1. Since the function /i(-) is 
homogeneous of degree 1, we have 

, , u,(r) 1 
Hence there exists £q € N such that 



/ \ - .. , .. 1 + 0.5e 

// E rU, "/-ik b < -7+7- < 1 

for all i > Iq. This implies that the series (|8.28[) converges absolutely on the nc 
polydisk (B d ) nc (Y, r), moreover 



E -p ||(^-© y ) /•! = EE'"ii* 



<EE' w ii/«ii^+ E f 1 ^) <». 

f=0 \w\=i £=£o+l v 7 

Now suppose that r = (r\ , . . . , r^) is a d-tuple of positive extended real numbers 
with Tj > p 3 for all j and rj > p^ for some i. Then there exists a d-tuple r = 
(ri, . .. , Fd) of positive real numbers with ?j < fj such that p:(r) > 1. Then there 
exists e > such that p(r) > 1 + e. Hence 

(8.39) Yl * W \\f™\\ci b > (1 + 0-5e) £ > 1 + O.bie 

for infinitely many £ £ N. Let S C N be the (infinite) set of all such £'s. For any 
£ £ S and ineFj with \w\ — £, using an argument similar to the one in Proposition 
17.491 we obtain that 
(8.40) 

\\f w \\d h = sup{||W 0sW / w || sro :m£E 1 W£ (C smxsm ) d , \\W 3 \\ sm < 1, j = 1, . . . , d}. 

Therefore, there exist m w £ N and W w £ {^> d ) n c(0sxs, r) S m„ such that 

0.5£e 



\\W^ w f w \\ smu , >r w \\f w \\ c t 



d e 
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Set m(l) = E\ w \=i m W and W(i) = © H= , (w w + ©^i y) ■ Then W(£) £ 
(B d ) nc {Y,r) sm(e) and 

E I (^w - Y ) '"V-lUw > E ?t i/-ik b - °- 5 ^ > L 

Thus for r, and hence for r, (|8.37[) fails. 

Now, let s = 1. Choosing r € (B d ) nc (0i x i, r)i as in the preceding paragraph, 
we obtain from (JSHUJ), and that 

i.e., the series (|8.28[) does not converge absolutely at Z = r + Y. 

For the proof of the last statement, first suppose that p = (pi,..., pd) is a d- 
tuple of strictly positive associated radii of normal convergence of the series (|8.28p . 
We have B nc (Y, S) C (B d ) nc (T, (6, ...,S)) C (D d ) nc (F, p) for any positive real <5 < 
min pj, where for the first inclusion we used the fact that the block projections 

l<j<d 

irfj are completely contractive. By the (already proven) first statement of part 4, 
(EOTl) holds with r=(S,...,S). Then 



< oo, 

smw 



(8-41) ^ 
i.e., Y e T free ,unif — normal- 

Conversely, if T fro ^ uni f_ normal is nonempty, then by part 
2 of the theorem we have that Y € Tf reeiUni f_ norma i. The latter means that (I8.4ip 
holds for some (5 > 0. Then there exists a polydisk (B d ) nc (Y, r°) contained in 
B nc (Y, S), say for r° = ^ , j — 1, ■ • • , d, so that (|8.37|) holds with r° in the place 
of r. Clearly, in this case p(r°) < 1. Let 

Pi = sup{r x > r° : r°, . . . , r° d ) < 1}. 

Then for any positive real number r\ < p\ we have p(r\, r®, ■ ■ . , r d ) < 1 (in the case 
of pi < oo this is a consequence of Lemma I8.17[) . Let 

p2 = sup{r 2 > r\: p(r 1 ,r 2 ,rl, . . . , r°) < 1 for every ri < pi}. 

Then for any positive real numbers r\ < pi and ri < p2 we have p(?i, r%, r\, . . . , r d ) < 
1 (here we use Lemma [8 . 1 71 again in the case of p\ < oo and/or p2 < oo). Continuing 
this construction in an obvious way, we define p3, . . . , pd—i, and finally, 

Pd = sup{r d > r° d : p(r 1 , . . . ,r d _ x ,r d ) < 1 for every r x <p\,.. . ,r d _ x < p d -i}- 

Then for any <i-tuple r = (r*i, . . . , r^) of positive real numbers rj < pj we have 
M r ) — 1 ( we use Lemma 18.171 again when pj are finite). It is clear that p — 
(pi, . . . , pd) is a d-tuple of strictly positive associated radii of normal convergence 
of the series (|8^8]) . □ 

Remark 8.19. It follows from the homogeneity and monotonicity of p(-) that 
we have the following trichotomy: 

(1) /i(r) = oo for some, and hence for all, ci-tuples r of strictly positive real 
numbers; thus there is no strictly positive associated radii of normal con- 
vergence of the series (|8.28[) . 
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^ r j\\ e j\\i )A*cb, 



(2) < /i(r) < oo for some, and hence for all, (i-tuples r of strictly positive 
real numbers; the argument in the last paragraph of the proof of Theorem 
18.181 shows that there exists a <i-tuple of strictly positive associated radii 
of normal convergence of (18.28ft not all of which equal oo. 

(3) jLt(r) = for some, and hence for all, d-tuples r of strictly positive real 
numbers; thus the only d-tuple of associated radii of normal convergence 
of (|8~28f is (oo,...,oo). 

Remark 8.20. There exists a d-tuple of strictly positive associated radii of 
normal convergence of the series (|8.28[) if and only if p c b > — see (|8.19j) . One 
direction is obvious since T fr ee;Uni f _ nol . ma i C T n C|Unl f_ norroal . The other direction 
follows by applying Theorem 17.291 (or Corollary 17.311) to the nc function / which 
is uniformly analytic on T nc un if- n ormai- The statement also follows by direct esti- 
mates. We obtain from (|OTj) . (jQ2"l) . (15755]) . and (|87T5)) that 

d 

(8.42) M (r) < (r-C 2 Kb = 

i=i 

(8.43) n ch < n{C x ). 

These inequalities imply that /z c b < oo if and only if fi(r) < oo for some <i-tuple r 
of strictly positive real numbers. Clearly, /x c b < oo is equivalent to p c \ } > 0, and 
the conclusion follows from Remark 18.191 

For power series in several complex variables, the classical Abel lemma states 
that if the terms of the series at a point /i = (/ii, . . . ,/i^) are bounded, then the 
series converges absolutely and locally normally in the polydisk with multiradius 
■ ■ ■ , \fJ-d\) — see |75l Page 19]. We proceed to establish a noncommutative 
counterpart of this statement. 

For Y — (Yi, . . . ,Yd) E (C sxs ) d and r = (ri , . . . , r^) a d-tuple of positive 
extended real numbers, define the noncommutative diamond centered at Y of mul- 
tiradius r 

(0% c (Y,r) := fj {z=(Z 1 ,...,Z d )e : ^Hl_&iM<i}. 

m— 1 j—1 ^ 

Notice that O nc (Y,r) = (O d ) nc (Y,r) with r = (j^, ^) — see ^M- 

Theorem 8.21. 1. Suppose there exist fi = (fix, . . . , fid) E C d with all fij =^ 
and C > such that \^ w \\\f w \\ r \w\ < C for every m £ Fj (in the case s = 1 this 

means that the terms of the series (|8.28[) at Y + /! are bounded). Then the series 
(18.281) converges absolutely on every nc diamond (<!} d ) nc (Y,r) with rj < \fij\ for all 
j = 1, . . . , d. Moreover, 

raw ^ 

(8.44) V sup f u 
„ eF /e(« J ),c(y,r) v a=1 ' 

here my/ is the size of a block matrix W with s x s blocks. 

2. Assume there exist m e N and X = {X x , ...,X d ) E (C smxsm ) d such that 
the terms of the series (|8 . 28[) are bounded on some uniformly- open neighborhood of 
X, i.e., there exist 5 > and C > such that \\{W - 0™^ Y) Q ° w f w \\ smw < C 
for every W E B nc (X,S) and w E Fj_. Then the set Tf ree un if_ norma i is nonempty. 



< oo; 

smw 
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PROOF. 1. We may assume that < rj < (1 — e)|A*j| for some e > and for 
all j = l,...,d. Then 

OO 

^|^,ff6(0-)nc(0.x.,r) V n r d J 



<Di- e) 'E -p fS,...,™) kiii/, 



«'ll£ 



i=o | u ,| =< we(0-) nc (o. x .,r) V n r d 

For any fixed I and any w £ with |tu| = £ there exists W w £ (<C> d )nc(0 SX 5, r) 
such that 

sup (m t .jmy< il+e ynmM 



V n r d J \ n r d 



Define W(£) = ® M=e W w £ (<> d ) nc (0 sxs , r). Clearly, 

||(W w )i|| \\(W w ) d \\Y ^ [Wm \\W(£) 



r\ r d J V n r d 



Therefore, 



£ sup ||W "%|| 

u£ p 4 W6(«1) M (0,»„r) 



«=0 \w\=l 



c 



£=o j=i 3 e=o 



i.e., (|8T44)) holds. In the case s = 1 we have by (pT29l) and (IQU)) that 
||/™(^ lj ...,w)||i = |A* ,0 |||/«;Ll»l <C, w£F d . 

"-cb 

2. By Lemma \8. 101 the inequality 



sup 

WeB ac (X,8) 



holds with the suprema over £? nc (X, 5) replaced by the suprema over 

0y + c(x-©y),i . 

a=l a=l / 

In particular, taking £ = we obtain that 

, s tu 



sup 



<C, w£F a 

smw 
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By picking up only W € -B nc ^0™ =1 Y, 8 J of the form W = V, where V € 

B nc {Y,S), we obtain that 



sup 

VeB nc (Y,S) 



my 



O s iu 



fa 



<C, we F d . 



As in the proof of Thcorem l8.181 we can find a noncommutative polydisk 



which is contained in B nc (Y, 8), with pj = 



\ e j Hi 



j = 1 , . . . , d. Then 



p w \\U\\ 



we(D d ) nc (Y, P ) 



a=l 



I srav 

7YIV 



Illy 



a=l 



sup ( V 1 -^Y 1 



sup 

ve(D d ) nc (Y,p) 



By part 1 of the theorem for \i = p and every r = (r\. . . . , r<j) with < fj < /ij, 
j = l,...,d, (|8.44l) holds. Clearly, the nc diamond ((} d )nc{Y, r) is open in the 
uniformly-open topology on (C d ) nc . In particular, Y is its interior point. Indeed, 
B nc (Y, 2 mini<j<d r/) C ) nc (y, r). Therefore, we obtain that 

m w 



< 00, 



i.e., y e T 



frcc,unif — normal- 



□ 



Remark 8.22. It follows from Theorem 18.211 part 1, that one can formulate 
an analogue of Theorem 18.181 part 4, for noncommutative diamonds rather than 
noncommutative polydisks, replacing (|8.33p by 



(8.45) 



/u<>(r) = limsup e max r w ||/ w || 

l->oo V w£F d : \w\=i 



and defining the corresponding associated radii of normal convergence. 

For power series in several complex variables, the union of polydiscs of (abso- 
lute) convergence equals the interior of the set of locally normal convergence equals 
the interior of the set of absolute convergence equals the interior of the set of con- 
vergence. On the other hand, the interior of the set of convergence of a power series 
in several complex variables may be strictly contained in the interior of the set of 
convergence of the corresponding series of homogeneous polynomials — consider, 
e.g., the power series ^^Lo( Zl + Z2 )"- 

In the noncommutative setting we have, for the series (I8.28|) . the following 
sequence of inclusions 
(8.46) 

|^_J(D )nc(O s xs>P) 5= f free, unif— normal 5= lit Xf ree a b s C Int Tf rcc ^ C T nc un ;f. 
P 

Here the union on the extreme left-hand side is taken over all d-tuples p = [p\ , . . . , pa) 
of strictly positive associated radii of normal convergence, Int denotes the interior 
in the uniformly-open topology, Tf rcCi ^ is the convergence set of the series (|8.28[) 
with respect to some order -< on the free semigroup which is compatible with 
the word length (i.e., w -< w' =>■ |w| < \w'\), and T nc un jf = Int T nc (see Theorem 

ED. 
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We will calculate various sets appearing in (|8.46p for several examples. We 
need the following lemma (where r spec (Z) denotes the spectral radius of a matrix 
Z). 

Lemma 8.23. 



limlimsup A sup ||W^|| = limliminf A sup ||W^|| = r spec (Z). 

^^oo V WeB m (Z,8) I-* 00 A/ WeB no (Z,8) 

Proof. Suppose Z G £, s ~x s anc ] j e t e > 0. Using the lower semicontinuity of 
the spectral radius for elements of C(£ 2 ) [471 page 167], we obtain that there exists 
S > such that 

oo 

r spcc (X) < r spcc ( @ +€ = r spcc (Z) + e 

for every X G C{£ 2 ) with ||X-0~ =1 Z|| < (5. It follows that r spec (W) < r spcc (Z)+e 
for every W G B nc (Z, 5) (by taking X = 0^° =1 W). Set 

M<:= sup leN. 

WGS nc (Z : 5) 

Then for any fixed i we have < (\\Z\\ + S) £ < oo. Next, for every fixed I one 
can find W e G B nc (Z,5) such that > ^. Set X := 0~ x Wi G £(^ 2 ). Since 

r spcc (A") = sup^r 8pec (Wi) and r spec (W^) < r spec (Z) + e, we have 

'M e 



r spec (Z) + e > r spec (X) = lim {/||^|| > limsup {\\W'\\ > limsup {/— i 



= lim sup v = lim sup A sup ||W^|| > limliminf A sup ||W £ || 

«-*•(» f-voo V W<£B ac (Z,S) V lVGB„c(^,<5) 



> lim \/||Z*|| = r spec (2')- 

We conclude that 



limlimsup w sup ||W^|| = limliminf «/ sup = r spe c(i>) 

as required. □ 

The following two examples show that the first inclusion in (|8.46|) can be proper. 
Example 8.24. Let d — 1 and s = 1, i.e., (|8.ip and (|8.28[) both collapse to 

oo 

(8.47) 

where Z G C" ixm , m = 1,2,..., for a given sequence of vectors ft G W. Let p = 
^limsup^^QQ v^H/^ll^ be the (unique associated) radius of normal convergence; 
of course, p — p c b = p m for all m. Then clearly 
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with the convention that the fraction equals oo when the denominator is zero, 
irrespectively of the numerator. It follows from Lemma 18.231 that if p and r spe c(Z) 
are not both zero, then we have also 

Punif — normal(^) — 7~7\' 
^spec \^ ) 

Indeed, 

P{Z)> Punif — normal 



limlimsup A sup \\W e fi 

y WeB no (Z,5) 

1 



limlimsup,/ sup 

i-foo ft WeB nc (Z,8) 
> 1 = P = , z s 

lim lim sup e / sup 

||^||hmsup^/||7dl Ts p^{Z) 



which implies the required equality. It follows that 

^nc,unif— normal ^nc^uiiif ^nc,norm \Z G C nc . r S p ec (^T) <C p\ . 

Of course, T froC!Unif _ normal = T nC!Unif _ norma i; except for the cases p = and p = oo 
this is a much bigger set than 

(B 1 )nc(Oixi,p) = {^eC nc : ||Z|| <p}. 
Example 8.25. Consider the series 

oo 
n=0 

We have 

/i(r) = lim sup 2 %/rfr% = \pF\¥%. 

n— >oo 

It follows that a pair p — {p\,p2) of strictly positive extended real numbers is a 
pair of associated radii of normal convergence of the series if and only if p\p2 = 1, 
and 

U( M2 )nc(0ixi,p) = {(z 1} z 2 ) e (C 2 ) nc : \\Z 1 Z 2 \\ < 1}. 
p 

It is clear that the convergence set of this series is 

nc • 'spec 

(ZiZ 2 ) < 1}, 

and p(Z) = (r spcc (ZiZ2))~ 1 ■ It follows from Lemma T8.23I that 

p{Z) > /Ounif-normal(-Z') = ( lim lim SUp 



(Z) = ( lim lim sup J sup ilC^^TjF) 

\<5^0 \j (W 1 ,W 2 )eB nc (Z,8) 1 



> ( lim limsup J s^p" 1 - (r spC c(Z 1 Z 2 ))- 1 = p(Z), 

\6->0 £^oo y (W)£B nc (Z 1 Z 2 ,5) ' 

and therefore 

^nc^unif— normal — ^nc.unif — ^nc.norm — {(^1; Z2) G (C )nc • ^*spcc {Z\ Z2) <C 1}. 
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Since the series has only one term in each homogeneous polynomial, the convergence 
of this series along the free semigroup is the same as its convergence as a series of 
homogeneous polynomials, so that Tf re e, unif-n ormaJ = Y nc>unif _ nornial . Similarly to 
the previous example, the second set in (|8 .46[) is much bigger than the first one. 

The following two examples show that the last inclusion in (|8.46j) may be proper. 
The first example also shows that, unlike in the classical Abel lemma, the conver- 
gence of the series (18.28ft at a point fx = (fix, , . . ,fi d ) e C d does not imply its 
convergence on the nc polydisk of multiradius (\pi |, . . . , \p d \)- The second example 
also shows that the TT series along of a uniformly analytic nc function does not 
necessarily converge on a nc polydisk when the nc function is bounded there — cf. 
Theorem E2i and Corollary ESJ 

Example 8.26. Let d > 1 and let us consider "nc geometric series" 
(8.48) Z ' W i 

w£F d 

where Z G C mxm , m = 1, 2, . . . (i.e., s = 1, W = C, and f w = 1 for all w G F d ). 
Notice that 

53 z w = (z 1 +--- + z d y, 

weF d , \w\=e 



therefore 



{(Z u ...,Z d ) G (C d ) nc : r spec {Zi + --- + Z d ) < 1} 



and p{Z) = (r spcc (Zi + • ■ • + Z d )) 1 . Similarly to Example 18.251 it follows from 
Lemma 18.231 that 

(8.49) T ncum f —normal — ^nc^unif — ^nc,norm 

= {(Z u ...,Z d )G (C d ) nc : r spcc (Z! + • • • + Z d ) < l} 

as well. Notice that the set Tf rcC!prcc is properly contained in (|8.49|) for any order 
-< on F d which is compatible with the word length — because r spcc (Z w ) < 1 for 
every w £ F d is a necessary condition for the convergence of the series (|8.48|) , and 
there are plenty of (i-tuples of matrices in (|8.49p which violate this condition. 

Next, for a d-tuple r = (n,... ,r d ) of nonnegative real numbers, /i(r) = ri + 
■ ■ ■ + r d . Therefore a c?-tuple p = (pi, . . . , p d ) of strictly positive extended real 
numbers is a d-tuple of associated radii of normal convergence if and only if p\ + 
• • • + p d = 1 , so that 

(8.50) |J(©V(0ixi,p) = {Ze (C rf ) nc : \\Zi\\ + ... + ||Z d || < l} 

p 

= (O d )„c(0lxl,(l,...,l)). 

On the other hand, for a d-tuplc r = (r\, . . . ,r d ) of nonnegative real numbers, 
PO (r) = maxj rj. Therefore a d-tuplc p = (pi, ... , p d ) of strictly positive extended 
real numbers is a d-tuple of associated radii of normal convergence in the sense of 
diamonds — see Remark 18.221 — if and only if pi = ■ ■ ■ = p d = 1, so that the set 
(|8.50p coincides with U p ( < ^ d )nc(0ixi, p) where the union is taken over all d-tuples 
p = (pi, . . . , p d ) of of strictly positive associated radii of normal convergence in the 
sense of diamonds. 
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Clearly, Z € Tf rcG ,^ if and only if Z € T nc , i.e., r apcc (Z 1 H h Z&) < 1, and 



lim \ Z w = 0. 

Let d = 2 and let £ G C, — < |C| < 1- It folows that (£, — £) g Tf rcc if and only if 



.51) 



lim C lwi1 E (-1) H2 =0, 

MIl^'U) 2: |'U) 1 | = |Ml2|->00 j ' 



where |u>|2 denotes the number of times the letter <?2 appears in the word w. Notice 
that the number of words of length I with \1sj\2 even is the same as the number 
of words of length i with |w|2 odd and equals 2 £_1 . Thus if we choose the order 
-< so that all the words of a given length with |u>|2 even preceed all the words of 
the same length with \1v\2 odd, then (|8.51[) fails. On the other hand, if we choose 
the order -< so that words with \1v\2 even and words with |u>|2 odd interlace, then 
(|8.5ip holds. Therefore, ((,—() Tf rcc ,^ or (C, — C) G Tf rcc ,^, depending on the 
choice of -<. Furthemore, in the case where (C, — C) € T~f rcc ,^ the series does not 
converge on (B 2 ) n c(0ixi> (ICUCI))> e -g-> it does not converge at the point (e£, eC) 
for ^ < e < 1. 

Example 8.27. Consider 

f(Z) = (I - Z(Z) ® A)- 1 = (/- Z 1 (P 1 A) - Z 2 (P 2 Aj)-\ 

where 



.4 



an ai2 

0-21 «22 



Pi 



1 




p? 




1 



are 2x2 matrices over C, and 2(Z) 



Zi(S)P 1 + Z 2 (E)P 2 is a 2nx 2n ma- 



Z x 
Z 2 \ 

trix over C for every n £ N and Z € C" x ™. It is easy to see that / is a uniformly ana- 
lytic nc function on the uniformly-open nc set {Z € (C 2 ) nc : det(J— Z(Z) ® A) ^ 0}. 

From now on, we assume that || A\\ < 1, so that / is bounded on (B 2 ) n c(0ixi, (1, ■ • 
by (1 - \\A\l)- 1 . The TT series of / at 0i xl is 



Y J {Z{Z)®Af. 



For this series, it is clear that 

T nc = {ze (C 2 ) 

nc • '"spec 

and p(Z) = (r spoc (Z(Z) ® A))- 1 . Using Lemma [OS we obtain that 

"^nc.unif— normal " ^nc,unif — ^nc,norm — \^ ^ )nc* ^spec(^(^) ® ^) 1 } 

as well. 

We consider now the corresponding series along F2. The (z, j)-th entry of the 
sum is given by 

00 
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for all i,j = 1,2. For [zx,zi) 6 C 2 , the series converges absolutely if and only if 
the series 



3.52) 



E 

1=0 



( 


>ll 


" 






K2I 


) 







M_ 




\a>2i\ 


\a22\_ 





converges. We choose A with ||A|| < 1 and r spe c 

1-e " 



|an| |ai 2 | 
Ifflail \ a 22\ 



> 1, e.g., 



v^ 



1 -1 
1 1 



with e > small enough. Then for \zi\, \z2\ < 1 sufficiently close to 1, the series 
(15321 diverges. 



CHAPTER 9 



Direct summands extensions of nc sets and nc 

functions 

In this chapter, we consider a natural extension of a similarity invariant nc set 
SI to a larger nc set, fidirsum which contains all direct summands of matrices from 
SI, and the corresponding extension of nc functions on Q to nc functions on Sldirsum- 
Clearly, Sldirsum includes not only SI, but also the set rad SI which was introduced 
in Section [72] — see the paragraph preceding Proposition l7.15l 

Let M. be a module over a commutative unital ring TZ, and let SI C .Mnc be a 
similarity invariant nc set. We define the direct summands extension of SI by 

(9.1) Odirsum := {X £ M nc ■ X © Y £ fi for some Y £ M ac }. 

Since SI is invariant under similarities, in particular, when a similarity matrix is a 
permutation of rows (columns), X £ Odirsum if and only if Y 1 © X © Y 2 £ SI for 
some Y 1 , Y 2 £ M nc - 

Proposition 9.1. Let SI C M nc be a similarity invariant nc set. Then 

(1) Sldirsum is a radical similarity invariant nc set; 

(2) If ft, is right (resp., left) admissible, then so is fi d irsumj 

(3) If SI is finitely open (resp., open, uniformly- open), then so is Sldirsum; 
moreover, if £1 is uniformly-open, then Sldirsum is r-open (see Section \7.S\ 
for the definition of the pseudometric t). 

Proof. (1) IfX 1 , X 2 £ n dirsum , then X^Y 1 £ Q and X 2 ®Y 2 £ Q for some 
Y 1 , Y 2 £ M nc - Since O is a nc set, X 1 © Y 1 © X 2 © Y 2 £ SI. Since SI is similarity 
invariant, and the matrix X 1 © Y 1 © X 2 © Y 2 is similar, with the similarity matrix 
being a permutation, to X 1 © X 2 © Y 1 © Y 2 , the latter belongs to SI. Therefore, 
X 1 © X 2 £ Jldirsum, and we conclude that Sldirsum is a nc set. 

Let X £ (O dirsum )„ and let S £ K nxn be invertible. Then X ®Y £ Sl„ +m for 
some m £ N and Y £ M mxm ^ and since SI is similarity invariant, 

sxs- 1 ®y = (s ® i m ){x ®y){s ® ^y 1 £ n n+m . 

Therefore, SXS -1 £ (Sldh-sum)ri, and we conclude that fidirsum is similarity invari- 
ant. 

Suppose that Y £ rad Sldirsum- Then X = © a=1 Y £ Sldirsum for some m £ N. 
Therefore, X © Z e SI for some Z £ M nc , i.e., 

m— 1 

r©(0y)©zesi. 

Hence, y € Sldirsum- This proves the inclusion rad Sldirsum Q ^dirsum- Together 
with the obvious inclusion rad Sldirsum 2 ^dirsum, this implies that rad Sldirsum — 
^dirsum, i-e., the set fidirsum is radical. 
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(2) Suppose that fl is right admissible. Let X 1 G (fidiraum)m, X 2 G (fidirsum)n 2 , 
and Z G M niXn2 . Then there exist m 1 ,m 2 G N and Y 1 G M miXmi , Y 2 G 

Since Q is a 



M m 2 x m2 guch that x i yl g o an d X 2 © Y 2 G 



similarity invariant right admissible nc set, by Proposition IA.21 

'X 1 Z 

Y 1 

X 2 

Y 2 



n 2 +m 2 • 



+m 1 +n 2 +m 2 ■ 



The latter matrix is similar, with the similarity matrix being a permutation, to 



X 1 






zoo 

X 2 

o y 1 o 
o o y 2 



which therefore also belongs to £l ni +m 1 +n 2 

"X 1 Z 



^^1+712+^1+^2 • Hence, 



X 2 



€ (n dirsum /ni 



+n 2 ) 



and we conclude that fidirsum is right admissible. 

The statement for a left admissible ft is proved analogously. 

(3) Let M. = V be a vector space over C, and let the nc set f2 C V nc be finitely 
open. Let X G (fidirsum)n- Then there exist m G N and Y G y mxm such that 
X © Y G f2„+ m . Let W be a finite-dimensional subspace of V nx ™ which contains 
X. Then the space U © span{Y+ :={£/© aY : 17 G a G C} is finite-dimensional 
and contains Y. Since VL n+m is finitely open, there exists an open neighborhood L 
of X © Y in U © span{Y} which is contained in Q n + m . Moreover, one can choose 
such a neighborhood of the form L = $ © where $ is an open neighborhood of X 
in U, and ^ is an open neighborhood of Y in span{Y}. Since for every U G $ and 
VY G $ one has U © W G L C f2 n+m , we have that <& C (Qdirsum)n- We conclude 
that ridirsum is finitely open. 

Let M. = V be a Banach space equipped with an admissible system of matrix 
norms over V, and let the nc set f2 C V nc be open. Let X G (Sldirsum)n- Then 
there exist to G N and Y G V mxm such that X © Y G f2 n +m- Let e > be such 
that B(X ® Y,e) C O n+m . Set 5 := (7{(ra,m) _1 e (see (fTTj) where C^(n,m) is 
introduced). Then for every [7 G B(X, S) one has [7 © Y G B(X © Y, e) C Q n+m , 
hence U G (fidirsum)n- We conclude that fidiroum is open. 

Let A4 = V be an operator space, and let the nc set 57 C V nc be uniformly- 
open. Let X G (^dirsum)n- Then there exist m G N and Y G V mxm such that 
X © Y G Q„ +m . Let e > be such that B nc (X © Y, e) C ft. Let Z G B nc (X, e) nk , 
and let C7 g 7^(™+ m ) fcx (™+™) fc be a permutation matrix such that 

(9.2) U(($(X(B Y))^ 1 = (0l) © (0Y). 

a=l a=l j3=l 

Since VL is a similarity invariant nc set, this matrix belongs to Q( n +m)k- 
unitary, 

k 

(9.3) C7- 1 (z © Y) [7 g B nc (X © Y, e) C (n+m)fe , 

/3=l 



Since £7 is 
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and since Cl is similarity invariant, Z © ©g = i Y G Q( n +m)k- Therefore, Z G 
(Cl 

dirsum)nfc- This proves that B nc (X, e) C ridirsmm and we conclude that ^dirsum is 
uniformly-open. □ 

We define next a direct summands extension /dirsum of a nc function /. 

Proposition 9.2. Let M., M be modules over a unital commutative ring TZ, 
let n C >1 nc be a similarity invariant nc set, and let f : Cl — > J\f nc be a nc function. 
Then 

(1) There exists a uniquely determined direct summands extension of f, i.e., 
a nc function /dirsum : ^dirsum -t Wnc such that /dirsum |n = f; 

(2) If K = K is an infinite field, Cl = JJ^ =1 .M smxsm and f\ M * m *s m is 
polynomial on slices for every m£N, then fidirsum = -^nc and /dirsum 
is polynomial on slices; if, furthermore, the degrees of f\j^ sm x sm , m — 
1,2,.. ., are bounded, then so are the degrees of /dirsumlvw™*"? n = 1,2, . . ., 
so that /dirsum is a n c polynomial over M; 

(3) If A4 — V is a vector space over C, Af = W is a Banach space equipped 
with an admissible system of matrix norms over W, Cl C V nc is a finitely 
open nc set, and f is G- differ entiable on Cl, then /dirsum is G- differ entiable 
on Odirsum,' moreover, if X G (Cl divsum ) n , Z G v™ xn , and X ®Y e Cl n+m , 
then 

8f(X®Y)(Z®0 

mxm) — ^/dirsum /dirsum OH; 

(4) If M = V andAf = W are Banach spaces equipped with admissible systems 
of matrix norms over V and over W, Cl C V nc is an open nc set, and f is 
analytic on Cl, then /dirsum is analytic on fidirsum/ 

(5) // Ai — V and J\f = W are operator spaces, Cl C V nc is a uniformly- open 
nc set, and f is uniformly analytic on Cl, then /dirsum is uniformly analytic 

On ^dirsum- 



ymxm 



Proof. (1) Let X G (O diraum ) n . Then there exist m G N and Y G M r 
such that X © Y G Cl n+m . The matrix fjj n © vl m £ fc(n+™)x(n+m) ) with ar bitrary 
distinct jj,, v G 1Z, commutes with X © Y. Hence, /i/„ © vl rn commutes with 
f(X © Y). This is possible only if f(X @Y) = A® B, with some A G M nxn and 
B G J\f mxm . We will show now that A is independent of Y, i.e., is determined by 
/ and X only. Suppose X © Y' G fi n+m > for some m' G N and V G _A4 m ' xm '. 
Then, using the same argument as above, we conclude that f(X © Y') = A' © 
for some A' G W nx ™ and B' G 7V m ' xm '. Since 

m x m ) = {In © 

rn X m' 

we must have 

rnxm' ) = (J»9 ){A'®B'), 
so that A = A'. We define /dirsum(^0 : = A On the other hand, since f2 is similarity 
invariant, we have that Y G (^dirsum)m- An analogous argument then shows that 
B is uniquely determined by / and Y, and we define /dirsum(Y) •= -B. 

The mapping /dirsum : ^dirsum — > N nc is correctly defined. Indeed, by the simi- 
larity invariance of Cl, if X © Y € Cl and f(X ®Y) = A(S B, then Y © X G Cl and 
/(Y ©X) = B® A. 

Clearly, /dirsum((^dirsum)n) C _\f nxn for every n G N. Since, by Proposition 
19.11 fidirsum is a nc set, we have for arbitrary X € (^dirsum)n and X' e (fidirsum)n' 
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that X ffi X' £ (f2dirsum)n+n' and X ® X' ®Y £ fl n+n i +m , with some m £ N and 
Y £ J\4 mxm . Using the similarity invariance of il, we observe that 

f(X®X'®Y) = / dirsum 

(^) © /dirsum (^ )© /dirsum 00 — /dirsum(^©^')®/dirsum 

on, 

thus /dirsum 

(X ® X') = /dirsum(^) © /dirsum (X'), i.e., /dirsum respects direct sums. 
If X € (Odirsum)n and S £ JZ nxn is invertiblc, then, by Proposition 19.11 
SXS- 1 £ (Odirsum)™- We have X ®Y £ Vt n+m for some m € N and Y € M mxm . 
Since f2 is similarity invariant, we also have that 

SXS- 1 ®Y = (S®I m )(X®Y)(S®I m )- 1 £ n n+m . 

Then 

/dirsum (sxs- 1 ) ® / ditsura (y) = fisxs- 1 ® Y) 

= f((s®i m )(x®Y)(s®i m )- 1 ) = (sey/fierKSffl/j- 1 

= (S ® I m ) (/dirsum irsum(y)) (S ® I m ) — S fdiisum(X) S ©/dirsum 

thllS /"dirsum 

(SXS 1 ) = S'/dirsum(^)<S' 1 , i.e., /dirsum respects similarities. 
We conclude that /dirsum is a nc function. By the construction, /dirsum extends 
/ to fidirsum and such an extended nc function is unique. 

(2) It is obvious that fi dirsum = M nc . Let X £ M nxn . Then X®Y £ M smxsm 
for some m £ N and Y £ M. ( s) "-n)x(sm-n)_ gince f\ M s m xs m is polynomial on slices 
of some finite degree M sm , one has that, for an arbitrary Z £ Ai nxn , 

fx®Y,Zm (sm - n)x(sm - n) (t) = f((X + tZ) ®Y) = /dirsum(* + tZ) © /dirsumCH 

is a polynomial in t of degree at most M sm . Then so is (/dirsum)x ztt) = /dirsum(^+ 
tZ), and therefore, /dirsum is polynomial on slices. If, in addition, the degrees 
M sm of /l^vpmxsm, m = 1,2,..., are bounded, then the degrees 

of /dirsum \JA n x n : 

n = 1,2, . . ., are bounded by the same constant. By Theorem 16.81 /| dirsum is a nc 
polynomial over M. with coefficients in M . 

(3) Let X £ (O dilsum )„ and Z £ V nxn . Then X © Y £ Cl n+m for some m £ N 
and Y £ y mxm . Since is finitely open, so is fidirsum by Proposition 19.11 Then 
both X + tZ £ (Odirsum)n and (X + tZ) (BY £ fi„+ m for a sufficiently small scalar 
t. Since / is G-differentiable at X © Y, we have 

r ff7mW7ffln x f((X ®Y) + t(Z © mxm )) - f(X © Y) 

OJ (X © Y )(Z © Ornxm) = hill 

t->0 t 

= Um f((X + tZ)®Y)-f(X(BY) 
t->-o i 

_ j.^ (/dirsum (-^" + ^) ffi /dirsum(^)) (,/dirsum (^Q © /dirsum on) 

t->o £ 

,. (/dirsum(^ + tZ) /dirsum(^)) ffi /dirsum 

on 

,. /dirsum(^ + tZ) — /dirsum (X) 
= lim ffi /dirsum (Y) 

— ^/dirsum 

(X)(Z)®f dilsnm (Y), 

i.e., 5fdirsum(X)(Z) exists and is determined by Sf(X ffi Y)(Z ffi mX m)- Clearly, 
5/dirsum(^)(-^) is independent of the choice of Y, since it is unique as a limit. We 
conclude that /dirsum is G-differentiable on fidirsum- 
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(4) It suffices to show, either by the result of part (4) and the definition of an 
analytic nc function or by Theorem 17. 4[ that /dirsum is locally bounded on fidirsum- 
Let X G (^dirsum)™- Then X © Y G 0„ +m for some m G N and Y G V mxm . Since 



fl n +m is open and / is locally bounded on f2 n+m , there exists a constant K > 
such that ||/(H0||n+m < if for every W in some open ball B(X(&Y, e) C f2 n+m . By 
Proposition 19. 11 (f2dirsum)n is open. Let S < CJ(n, m)~ 1 e be such that B(X,8) C 
(^dirsum)n, where C[(n, m) = C^V; n, m) is the constant on the right-hand side of 
([771]) for V. Let Z G (5) be arbitrary. Then Z © Y G B{X © Y, e) and 

||/dirsum(Z)||„ < max{ || /dirsum (■^)||n: H/dirsum mil™} 

< Ci(n, m)||/dirsum(-^) © /dirsum 00 || 

= Ci(rc,m)||/(Z©Y)|| n+m < C 1 {n,m)K, 

where Ci(n, m) = Ci(W; n, m) is the constant on the left-hand side of (|7.1j) for W. 
Thus, /dirsum is locally bounded on fidirsum- 

(5) It suffices to show, either by the result of part (4) and the definition of a 
uniformly analytic nc function or by Corollarv l7.281 that /dirsum is uniformly locally 
bounded on fidirsum- Let X G (0<n rsum ) n . Then X © Y G On+m f° r some m G N 
and Y G ymxm Since f2 is uniformly-open and / is uniformly locally bounded 
on fi, there exists a constant if > such that ||/0^0IUw < if for every in 
some open nc ball B nc (X © Y, e) C (here is the size of the matrix W). By 
Proposition |9H1 ^dirsum is uniformly-open. Moreover, the argument in the proof of 
Proposition |nH] implies that B nc (X, e) C dirsum: for an arbitrary Z G B nc (X, e) n k, 
one has (|9.3I) with the permutation matrix {/ defined by (|9 . 2|) . By the properties 
of operator space norms, 



|| /dirsum(-^) || nk — /dirsum (^)©0/d irsum 

01 

13=1 

k 

U^fizQ^Y^U 



n k 



/(*©© 



Y 



/9=1 



3=1 



/([/-^ZffiQYjC/ 

/3=1 



We conclude that /dirsum is uniformly locally bounded on f2, 



dirsum ■ 



nk 



< K. 



□ 



Proposition 19.21 can be extended to higher order nc functions as follows. 

Proposition 9.3. Let Mo, . . . , Mk, A/o, • • • , A4 be modules over a commu- 
tative unital ring 1Z, let C A^o.nc ■ ■ ■ , C A^fc.nc &e similarity invariant 
nc sets, and let f G T fc (f^°\ . . . , flW;^),nc! ■ • ■ ,A/k, nc ). TTien 

(1) There exists a uniquely determined direct summands extension o//, i.e., a 



>(o) 

iirsum ' 



(k) 



dirsum ' 



A/o,, 



,A4 



nc function of order k, /dirsum G T (f2 di . 

SMcft iftai /dirsum|n(0) x - xO(' t ) = /> 

(2) If Mo = Vq, ■ ■ ■ , Mk = Vfc are vector spaces over C, A/o = Wo, ■ ■ ■ , Nk = 
Wk are Banach spaces equipped with admissible systems of rectangular 
matrix norms over Wo, ■ Wfc, C Vo, n c, • Q Vfc : , lc are 

finitely open nc sets, and f is Gw -differ -entiable on QS°> x • • ■ x ftW, then 



/dirsum is Gw -differ entiable on £1 

(^dirsum)»o; X k £ (tt 



(0) 



dirsum 
dirsum ) n k ) 



x ^dirsum- moreover, if X° G 



(fc) , ^o g y^rioXno 2 k £ y fc "fc x ™fc 
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W 1 £ Wi noXni , W k e W k n "- lXnh , andX°®Y° e U^+mo 
X k ffi Y k e n^ +mk , then 

j t f((X° ffi Y°) + t(Z° © moXmo ), . . . , (X k © Y k ) + t(Z k © mfcXm j) 
(W 1 ffi mo xrri! ) • • • j W ffi O mt _jxm t ) 



ffi OmnX'Ttfe ! 

{=0 



(3) If Mo = V , M k = V k , Afo = W , Mi = Wk are Banach 
spaces equipped with admissible systems of rectangular matrix norms over 
Vo, V k , W , W k , ftW C V ,nc, - C V fe ,nc are open nc 
sets, and / is analytic on fit ) x • • ■ x fiW, £/ien /dirsum is analytic on 

fi<?> X-.-xfiW ; 
dirsum dirsum? 

(4) If Mo = Vo, M k = Vk, No = W 0l Afk = W k are operator 
spaces, fi^°) C Vo, n c, ■ ■ ■ , Q Vk,nc are uniformly- open nc sets, and 
f is uniformly analytic on fit ) x ■■• x Q( k \ then /dirsum is uniformly 
analytic on fi^. sum x • • • x fi^ sum . 

We omit the proof which is essentially similar to that of Proposition 19.21 
Our next goal is to define the direct summands extension of a sequence of 
-linear mappings ft. (M sxs ) 1 Af sxs , I — 0,1,... satisfying conditions (|4.4[) - 



Proposition 9.4. let M and Af be modules over a commutative unital ring 
TZ, let si, . . . , s m € N be such that s = s% + • • • + s m , let Y — Yu ffi • • • ffi Y mm £ 
M sXS , with Yu G M SiXSi , i — l,...,m, and let a sequence of I -linear mappings 
ft: {M sxs f -^Af sxs , 1 = 0,1,... satisfy g^TJ) HE?} . Then 

(1) With respect to the corresponding block decomposition of s x s matrices, 

(9-4) /otX := (foU 6^ xs ^, a, j3 = 1, . . . , m, 

satisfy f$~ = ifa^/3, 

(9-5) fi(Z 1 ,...,Z e ) a p = ^2 /tao U .°'ai( 2 ao ai !---,2' f _ ia( ), 

l<ai,...,a^_i<m 

where ao — a, at = /3, a, /3 = 1, . . . , m, £=1,2,..., 
with uniquely determined i-linear mappings 

/^ao U . m .^ : M Sa o xs »i X • ■ ■ x M""'- 1 **"' -> Af s «» XS «i 
satisfying 

(9.6) Sfo;P,P -/0;a,a S = A;a,/3 [SYpp - Y aa S) , SeK* p , 

and /or £ = 1,2,..., 
(9-7) S/^... l04 (W 1 , . . . , W l ) - /^™« (S^\ • • • , W') 

= /l+r; l ™,7,Qi,...,Q <! ('5'^77 — ^>oao^! • • • J W ), S G !Z Sa ° X1 , 
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(9-8) ft~ a] _ in , a]+1 ,..., ae iW\ W*~\ W^S, Wi +1 ,. ..,W e ) 

- .C'ir:":,, (w 1 , . . . , w j , sw> +1 , w^ 2 ,...,w £ ) 

= ff~..., a] ,,, a]+u ..., at (W\ W j ,SY 77 - Y ajaj S, W* +1 , . • . , W% 
(9-9) ft~ ae .^{W\ W l -\W l S) - fiZ™ ae (W\ . . . , W l )S 

= f?~..., a ^iw\ ...,w\ sy^ - Y aeae s), s e n a ^. 

In particular, conditions (|9.6[) - (|9.9I) for fg." sum a , I = 0, 1, . . wzi/i a fixed 
a, coincide with (|4.4|) — (|4. T[) /or s replaced by s a and Y replaced by Y aa ; 

(2) If si = ... = s m and Yii = ■•• = Y mm , then the mappings /^™.™ Q( ,, 
1 < a o, ■ ■ ■ > ctg < m, coincide for every fixed I; 

(3) If TZ — C . M. = V and Af = W are Banach spaces equipped with admissi- 
ble systems of rectangular matrix norms over V and W, and the i-linear 
mappings fi are bounded, then so are /f dl a r ™ tt( ; 

(4) IflZ = C, M. = V andAf = W are Banach spaces equipped with admissible 
systems of rectangular matrix norms over V and W, (|7.40|) hold for V 
and W wif/i the constants C v and C w which are independent ofn,p,q, 
and m, and the i-linear mappings fi are completely bounded, then so are 

(9.io) ll/tT. m , Jk b < c w (c v y\\M\ cL ; 

in particular, if V and W are operator spaces, then 

(9-11) < \\hhi b - 

PROOF. (1) Let S = E a Ej G ft sxs . Since ST = FS*, we obtain from (JO} 
that (S/o)^ = (foS) a0 , i.e., (/ ) aj g = (/o) ac A*/?> hence (/ ) Q(3 = if a ^ f3 

c r 

m. us„xs,j v »fs„xss "k,, 

a,/3 

:=/i(SaWBj)^ 
Then (|4.4[) with T in the place of S implies 



For any a, (3 — 1, ... ,m, and for an arbitrary 5* € JZ SaXS/3 , we set T = E a SEj 
Define the linear mapping /^ s S m : M s <» Xs ' 3 ^W' s ° xs ' 9 by 



^/o™ 111 ~~ fo'a^S = S(fo)pp - (fo)aaS = (T/ - foT) a f3 = fl(TY - YT) aj3 

= fi(E a (SYpp — Y aa S)Ep) a p = fi&JIFiSYpp — Y aa S), 

i.e., (|9.6p holds. Similarly, for every I = 2, 3, . . ., ao, . . . , = 1, . . . , m, one defines 
the ^-linear mapping 

ydirsum . ^a xa 1 x . . . x _^ / ja f _ 1 XQ f _^ j^a xa e 

by 

(9-12) fc^ 1 , • ■ • , W*) := h{E ao W l El v . . . , l^W^ ) QoQ , 
and checks that (I97ri)-(l9l)l) hold. 
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Let 1 < a, (3 < m be arbitrary. Since EiEj commutes with Y for every 
i = 1, . . . , m, it follows by linearity from (|4.5j) - (|4.7j) that 



7oai^Qi J • • • ) 



l<7o,CKi<m 

X E~ 1l _ 2 Z lt _ 2at _ i E ae _ i , E "ii-i Z it-iii E it) a ^ 

l<7^_2,Q!^_i<m l<7^_i,7^<m 



= | E a E~l fi y ^2 E io z l oai E^ E ai Ej x , . . . , 

E p 7 l-\ F T F F T 

l<7^_2,Q:^_i<m 

XI E 1e-i Z 7 e -i~/* E w) E P E J) 
l<7e-l,7i<™ / ct/9 

ft[EaEa ^2 E -yo Z ? ro c n E a 1 ' E ai E ai ^ £ 7l Z^^E^ , . . . , 



l<7o,ai<m l<7i,a2<m 
7? F T TP 7*~ l P T 

1<7^_2,ck£ — i<m 

^a t _i-E^_ 1 J! E 1l-i Z 7t-l7t E ll E P E T) a p 

1<7^_1 ,7^ < m 

= X] fi( E a Z iai E aii E ai Z a ia2 El 2 , . . . , 

l<ai,...,a^_i<m 

771 y£—l pT 771 7^ 

l<ai,...,af_i<m 

i.e., (|9.5p holds. On the other hand, if (|9.5p is satisfied with some ^-linear mappings 

ftjiraum ._A^s c>0 x s „ 1 x ... x ,M s '>«-i Xs »(^J\/ , »«o x '»< ] 



then 



fe(- E a Z aoai E ai , . . . , E ai l Z ae iai E ae ) aoae 

j-dirsum / / p 7I pT \ I W 7^ ¥^ \ 

r'dirsum / 57I ^ 



which coincides with our original definition of fp." s um a a s in (|9.12l) . 
(2) follows from (|9~^ ]) -([9~3 J) with S = I s/m . 
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(3) By (jaUl) and jEH, we have for W 1 e V s "o xs °i, ...,W l £ y s -t-i xs "t : 
\\ft^,a t (W\...,W l )\\ aao , Bcil 

<C w (s ao ,s,s,s ae )\\f4\\E ao W 1 E^\\ s ---\\E ae _ 1 W e E]; i \\ s 

•IIMIII^ll^^-.-ll^lu^,^, 

where we indicate the corresponding Banach space in the superscript, for the corre- 
sponding rectangular block projections and constants. Thus the ^-linear mappings 
ftZZ^ are bounded. 

(4) By (|9.12p and (17.44[) . we have for every no, . . . , ng <G N and for ev- 
ery w 1 e (v s °» xs »i)"° xni v s °o™ oXS °i ni , w l e (v s ^-i xs ^)™'- lX ™' ^ 

ys at _ 1 ne-ix.s at ni . 

ll/SS^ , "' , * lt) (W 1 .....^)|| Wl . ai n 1 

= ||/]" -- '"^((idcnox^ g^j^^idc-xxn, . . . , 

(idpn^iXn^j (g)S a ^_ 1 )W (id C n^Xn^ ®£ ! a J)s ao n ,s c « 1 ni I! s ao n ,s Q1 m 
< C W ||M| £ , b ||(id c „ x„ ®B O0 )W 1 (id C » I x-i ®-Bj 1 )||«no,«n 1 ' ' ' 

■ ||(id c » t _ 1 x» t _ 1 ®E ai _,)W l (\A cni ^ t ®El t )\\ 

< c w (c v Y\\f e \\ cib \\w% aono , Saim ■ ■ ■ liwik^^,^, 

which implies (|9 . 10[) . Clearly, in the case of operator spaces, C v = C w = 1, and 
HQS) becomes (j9TT|) . □ 

Remark 9.5. Let fi C M. nc be a similarity invariant nc set, let /: fi — >■ A/" n c be 
a nc function, and let Y — (J)™ j i^j €= f2 s , with € M." iXSi . Then the sequence 
of Minear mappings / £ := A^/(Y, . . . , Y) : {M sxs f ^ N sxs , £ = 0,1,..., satisfies 
(|4.4[) - (|4.7[) ; see Remark [4.31 By Proposition 19.11 fidirsum ^ M nc is a similarity 
invariant nc set extending f2, and by Proposition 19.21 there exists a nc function 
/dirsum : ^dirsum — > A/" nc extending /. We then have (|3.6[) for fc = ^ and X° = ■ ■ ■ = 
X = Y, with / in the left-hand side replaced by fi, and / in the right-hand side 
replaced by Afj/dirsum- Comparing this equality with (I9.5[) . we conclude that 

(9.13) fe-,a ,...,a e — Ajj/dirsum(^QoQ j ■ • ■ i^QjaJ- 

On the other hand, given a sequence of ^-linear mappings fi : (A4 sxs ) i — > J\f sxs , £ = 
0, 1, . . ., satisfying conditions ([Q ]) -([47T |) for Y = 0™ x Y;; e _A/P XS , by Theorem 
!5.12l one can define a nc function 

(9.14) /(X ) = ^(x-0y)' 3 /, 

fcO Q=l 

on Nilp(M, Y) with values in Af nc . Moreover, by TheoremEU f e = A e R f(Y, . . . , Y). 
Extending / to Nilp(.M, Y)di rS um and writing the TT expansion for /dirsum (which is 
a finite sum at every point of Nilp(.M, Y)di rS um)j we can d e fi ne the direct summands 
extensions fg."l um ae of the £- linear mappings fi by (|9.13p . This gives an alternative 
way of proving parts (1) and (2) of Proposition ^. 4l using Proposition l9.2l Parts (3) 
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and (4) of Proposition 19.41 can also be derived from Proposition 19.21 provided the 
the series in (|9.14|) defines an analytic (resp., uniformly analytic) nc function / on 
some open (resp., uniformly open) neighborhood of Y. 

In a similar way, we can define the direct summands extension of a sequence 
of ^-linear mappings /„,: (M sxs ) ( — » Af sxs , w <E F<j, satisfying conditions (|4.14l) - 
(14.171) . The next proposition can be proved similarly to Proposition 19.41 or can be 
derived from the result of Proposition 19.41 via relations (|5.5p . (|5.7[) . 

Proposition 9.6. LetlZ be a commutative unital ring, letM be a module over 

K, let s lt . . . , s m e N be such that s = siH Vs m , MY = (Yi,. . . ,Y d ) e (K sxs ) d 

and Y k = (Y k ) n © ••• © (Y k ) mrn e K sxs , with (Y fc )« e K s > xs *, k = l,...,d, 
i = 1, . . . , m, and let a sequence of l-linear mappings f w : (1Z SXS ) — > J\f sxs , w S 
F d : \w\ =£, £ = 0, 1,..., satisfy (j¥T4l) - (|4~T7| . Then 

(1) With respect to the corresponding block decomposition of s x s matrices, 
(9-15) / tT:=(/0)^e^ x ^, a,/3 = l,...,m, 

satisfy f$~ = Q tfa^fS, 

(9.16) fwiA 1 , . . . , A l ) a p = 22 /^;a" m .,a f (^i ai' • ' • '^L-iaJ' 

l<ai,...,a^_i<m 

where \w\ = £, a Q = a, = j3, a, f3 = 1, . . . , m, I = 1,2, ... , 
with uniquely determined l-linear mappings 

fdirsum . t->s qo x Scv1 „ ... X 1?S-1 X S -A jV s »o xs «( 

satisfying 

d 

(9.17) 5/ d ; ^ m - / g ^rs = £ /^vm pp ~ (Y k ) aa s), sen-^, 

fe=i 

and for £ = 1,2,..., 



(9.18) Sf^_ ae (A\ ...,A 1 )- ft~.^{SA\A\ ...,A e ) 

d 

= /sfc™"t^,7,a;i,...,a f ('^(^fc)77 — (^ / fe)a ao'S'j A 1 , . . . ,A e ), S G TZ Sa ° X1 , 
k=l 

(9-19) /^™., ai _ 1;7 , a . +1 ,... >a ,(^ 1 , ■ ■ • , A''" 1 , A*S, A j+1 , . ..,A e ) 

_ jjdirsuro ( a1 a] c A3 + 1 A3 + 2 A i \ 

d 

= j-dirsum / a\ aA 

Z_^t J gi 1 ---gi j 9kgi j + 1 ---gi e ;ao,---,a j ,~t,a j+1 ,...,af\^ , 
k=l 

S(Y k )y^ — (Y k ) ajaj S, A^ +1 , . . . , A ), 

(9-20) /*Er. )£tt _ li7 (A\ . . . , A*" 1 , A f S) - /;!;::"'; ^ (A\ . . . , A*)S 

d 

= 2-j fwgl™,... ,ae,-y{A X , . . . , S(Y k ) T y — {Y k ) aeae S), S € lZ aeX1 . 



fc=i 
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In particular, conditions (|9.17p - (|9.20|) for f^"^ a) w € Fd, with a fixed 
a, coincide with (|4.14l) - (|4.17[) for s replaced by s a and Y replaced by Y aa ; 

(2) // Si = ... = s m and Y n = ■ ■ ■ = Y mm , then the mappings fw™o™.,at> 
1 < otQ, . . . , cii < m, coincide for every fixed w; 

(3) If TZ = C, M. = V and M = W are Banach spaces equipped with admissi- 
ble systems of rectangular matrix norms over V and VV , and the l-linear 
mappings f w are bounded, then so are /^'^" m ae ; 

(4) IfTZ = C, Ai = V andj\f = W are Banach spaces equipped with admissible 
systems of rectangular matrix norms over V and W, (|7.40[) hold for V and 
W with the constants C v and C w which are independent ofn,p,q, and 
m, and the i-linear mappings f w are completely bounded, then so are 



f 



'dirsum 



and 



(9.21) 



\\f*™,J\ci b <C w (C v Y\\f w \\ cib ; 



in particular, if V and W are operator spaces, then 



(9.22) 



II/; 



'dirsum 
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APPENDIX A 



Similarity invariant envelopes and extension of nc 

functions 



(by Shibananda Biswa£|, Dmitry S. Kaliuzhnyi-Verbovetskyi, 
and Victor Vinnikov) 

Proposition A.l. Let M. be a module over a commutative unital ring 1Z, and 
let Q C A^nc be a nc set. Then 



Q := {SXS- 1 : X G Sl n , S G U nxn invertible, neN} 



is a nc set. 



Clearly, fi is the smallest nc set that contains fl and that is invariant under 
similarities. We shall call Q the similarity invariant envelope of the nc set £1. 



Proof of Proposition [O Let X e fl n , Y e fl m , and let S G K nxn , 
T G TZ rnxm be invertible, n, m G N. Then S © T G ft(™+™)x(™+m) is inverti bi e; 
X © Y G fln+m, and 



SXS' 1 © TYT- 1 = (S © T)(X © Y)(S © T) _1 G 0„+ r . 



□ 



Proposition A. 2. If QC M nc is a right (resp., left) admissible nc set, then 
so is its similarity invariant envelope Q. Moreover, for any X G £l n , Y G fl m and 
Z G M nxm , one has 



o y 



and, respectively, for any X G V G U m and Z G A / J mx ", one 

G ^n+mi 



A 
Z Y 



Proof. We shall give the proof for a right admissible nc set f2. A similar 
argument works for a left admissible nc set f2. Let X G Cl n , Y G m and Z G 
^nxm Then there e ^ igt x e Q ^ y e O m , and invertible 5 G lZ nxn , T G TZ mxm , 

and reK such that A = SXS -1 , Y = TFT- 1 , and 

A tS~ x ZT 
Y 



G Q 



n+m ■ 
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Then 



X 


z 




"r- x S 0" 




X rS- 1 ZT 




r- x 5 0" 


-l 





Y 




T 




Y 




T 





n+m • 



□ 

Proposition A. 3. Let M, M be modules over a commutative unital ring 1Z, 
let fi C M nc be a nc set, and let f : O — > M nc be a nc function. Then there exists 
a unique nc function f : Q, —¥ J\f nc such that f |q = /. 

Proof. For any n G N and X G 0„, there exist X G f2„ and an invertible 
S G ft" x ™ such that X = SXS -1 , and we set /(X) = Sf(X)S~ 1 . This definition 
is correct, since SXS- 1 = TYT~ X for X,Y £ fl n and for invertible S,T G ^ nx ™ 
implies that V = (T- 1 5)X(T- 1 S')- 1 , hence /(F) = (T- 1 S')/(X)(T- 1 5)- 1 and 
T/(r)T- 1 = Sf(X)S~ 1 . It is straightforward to check that /: O A/" nc is a 
nc function and that / | n = /. If g: f2 — > J\f nc is another nc function such that 
g \a = /, then for any X G ft n and invertible 5 G JZ nxn we have 

(/(SXS- 1 ) = Sg(X)S- 1 = Sf{X)S- 1 = /(SXS -1 ), 

i.e., we have necessarily g = f. □ 



We will call the nc function / : Cl — > Af nc from Proposition IA.3I the canonical 
extension of the nc function f: Q, — > Af nc - 

Example A. 4. Let V = W = C, with the canonical operator space structure. 
The nc unit ball — B n c(0ixij 1) is a nc set. Then its similarity invariant envelope 
is 

n = {ZeC nc : r spcc (Z) < 1}. 

Indeed, let Z G C" xn be such that r spcc (Z) < 1. We need to show that Z = SXS- 1 
for some X G C" x " with \\X\\ < 1 and some invertible S G C" xn . It suffices to 
show this for Z a Jordan cell, i.e., for 

TA 1 



z 



with |A| < 1. Let e > be such that ||A|| < 1, where 



X = 



A 



-,6-"). 



Then Z = SXS- 1 with S = diag(e" 1 , 

Clearly the nc function /: Q — > W nc defined by /(^) = (I — Z)- 1 can be 
canonically extended to a nc function on 51 using the same formula. 



Proposition IA.3I can be extended to higher order nc functions as follows. 
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Proposition A.5. Let Mo, M k , No, Nk be modules over a com- 
mutative unital ring TZ, let C Mo,nc, ■ ■ ■ , Q M k , n c be nc sets, and let 
f G T k (fl (0) ,. . . , N , n c, . . . ,Nk,nc)- Then there exists a unique nc function of 
order k, /G T fe (^ (0) , • ■ • , ^ (fc) ; N ,nc, ■ ■ ■ , N k , nc ), such that /| n co) x ... x nW =/■ 

PROOF. For any n ,...,n k G N and X' J G f^, there exist X J G fi^; and 
invertible Sj G ft™'*™' such that Z j = SjX^Sy 1 , j = 0, . . . , k. We set, for any 



Zi G jV,"^ 



. i x n j ■ 



j = i, ...,k, 



f(X°, ...,X k ){Z\...,Z k ) = S f(X°, X k )(So 1 Z 1 S 1 , s-\z k s k )s~\ 

This definition is correct, since the equalities S^X^Sj 1 = TjY^T^ 1 for X 3 , Y j G 

Qn] and for invertible Sj,Tj G ft™^ imply = {T^S^X 3 ' (T^Sj)' 1 , hence 
by (031) 



/(y°, . . . , Y k )(To l S Z 1 St 1 T 1 , . . . , Tj^ 1 S k -iZ k Sj- l T k ) 

= T^SofiX , . . . , . . . , Z*)^ 1 ^, 

and for Wj = Sj-\Z ] SJ 1 we have 

T f(Y°, Y^iT^W 1 ^, T-\W k T k )T- x 

= S f(X°, . . .,X k )(S^W'S l7 . . . , S^W'S^S, 1 . 

It is obvious that / respects similarities and that / |n(°)x— xf2( fe ) = /■ We also have 

f(X ' © X°", ...,X k '(S X k ") 

.,X kl ®X k ") 



- Z lf,t 


Z lf,n- 




- Z k>,t 


Z k '<"' 




z 1 "-' 


Z 1 "" 


7 * ' * 1 


Z kii,i 


Z kll,ll 


) 



= (S © S' ')f{X {)l © X L 



{S' )- 1 Z 1 '>'S' 1 {S'^Z^'S'C 
(S'^Z^'Si {S ')- l Z l ">"S'{ 



(S' k _ 1 )- 1 Z k/ ''S' k (S' k _ 1 )- 1 Z k '>"S' k f 
{S'U)^Z k ^'S' k {S^Z k ">"S k > _ 



(S' k © S k ) 



s^r^si)- 1 siifii'ii(sii)- 1 

where according to (|3.1I) and (|3.2I) . for a, (3 £ {'," }, 
ya,/3 = ^ /(X° Q0 ,...,X feQfc ) 

((S a °)~ 1 z la ° : °' 1 S ai (S akl )~ 1 z kak ~ 1 ' otk S ak ^j 

Here n' G N, < G Z+, G f2^2, X 3 ' Q G f#2 for j = 0, . . . , fc are such that 

X ja = SfX^iSf)' 1 for an invertible Sj G ft"? x "? , a G {'," }; Z^'* 3 G Nj n ?~ lXn i 
for j = 1, . . . , k, a,/3 G {'," }, the block entry / Q,/3 is void if either nft or n k is 0, and 
a summand in the right-hand side sum is if at least one of n" J , j = 1, . . . ,k — 1, 
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is 0. Therefore, 

f(x ' e x°", ...,x k '(s x k ") 





■ z vj 


Z VM- 




" Z k> '' z k, '"~ 




( 


z 1 "-' 


Z 1 "" 






) 



t' t" 



with 



Sgf (X 0a °,...,X kak ) 

a , ...,a k e{' ,"} ■ ao=a,a k =/3 

((S aa )~ 1 z la °' ai S ai (S akl )~ 1 z kctk ~ 1 ' ak S ak ^j (S^)^ 1 

a a ,...,a k e{' ,"} : a =a,a k =l3 

Thus, / respects direct sums. Next, if g e T k {^°\ . ■ . , 0^; -A/o,nc, ■ • • , A/fe,„ c ) is 
another nc function of order k such that 5 IntOx — xn( fc ) = /> then f° r an y 
and invertible Sj e 7?™ 3 , j = 0, . . . , fc, we have 

g(S X°S , SkX k S k 1 )(S Z 1 S 1 , . . . , Sk-\Z k S k ) 

= S s(X°, • ■ • .X*)^ 1 , . . . , 1 = Sof(X°, . . .,X k )(Z\ . . . , Z k )S? 

= f{SoX S , . . . , SfcX 1 )(5'o^ 1 S' 1 , . . . , Sk-iZ 5 fe 1 ), 

i.e., we have necessarily g = f- □ 

We will call the nc function / e T fe (0(°), . . . , £l( fe );A/o, n c, • • • , A4,nc) the canon- 
ical extension of the nc function f € T k (Q(°\ . . . , O^^jVo^c, • • • )-A4,nc)- 



